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Preface

The concept of impulsive control and its mathematical foundation called im-
pulsive differential equations, or differential equations with impulse effects, or
differential equations with discontinuous righthand sides have a long history.
In fact, in mechanical systems impulsive phenomena had been studied for a
long time under different names such as: mechanical systems with impacts.
The study of impulsive control systems (control systems with impulse effects)
has also a long history that can be traced back to the beginning of modern
control theory. Many impulsive control methods were successfully developed
under the framework of optimal control and were occasionally called impulse
control. The so called impulse control is not exactly the impulsive control as
will be defined in this book. The reader should not mix up these two kinds of
control methods though in many papers they were treated as the same. Re-
cently, there is a tendency of integrating impulsive control into hybrid control
systems. However, this effort does not have much help to the development
of impulsive control theory because impulsive systems can only be studied
by the very mathematical tool based on impulsive differential equations. The
effort to invent a very general framework of hybrid control system for study-
ing impulsive control and other hybrid control problems will contribute no
essential knowledge to impulsive control.

On the other hand, the long history of impulsive differential equations
and impulsive control systems did not mean that we already had a good un-
derstanding of impulsive control systems. This is because for many years, the
study of impulsive control problems had been restricted to only a few kinds
of special problems such as mechanical systems with impacts and the optimal
control of spacecraft. Another fact contributed to the slow development of
impulsive control is that the early research activities were reported as Rus-
sian literature and therefore was not well-known to the English community.
Only within the last two decades impulsive differential equations had been
intensively studied in English literature and at least 7 English books had
been published on impulsive differential equations.

Even after the publication of many English books on impulsive differential
equations during the period of 1982 to 1995, the control community still
saw nothing exciting about these mathematical tools because the well-known
plants that can be studied by these mathematical tools seem to be too limited.
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For example, mechanical systems with impacts are not a main focus of control
community, predator-prey systems can not attract serious attention of control
engineers. Unfortunately, mathematicians only know the above few kinds
of real examples that fall into the scope of impulsive differential equations.
And to make things worse, the existing monographs on impulsive differential
equations target mainly mathematicians as potential readers.

Fortunately, this slow developing pace of impulsive control system had
been changed at the end of last century because of the following facts:

♣ the theory of impulsive differential equations had been gradually diffused
into control community;

♣ much more new plants, which can be modeled by impulsive differential
equations, were found such as nanoelectronic devices and chaotic spread-
spectrum communication systems . More important, these plants are of
great interests to electrical engineers because of their industrial applica-
tions.

This is the first one of two books that are dedicated to impulsive systems
and control. The second one entitled “Impulsive Systems and Control: Theory
and Applications” will be published by Nova Science Publishers, Inc. [44]. In
this book, the emphasis is put on the theoretical aspects of impulsive control
systems. Therefore, the existence and stability of impulsive control strategies
are studied in a very detailed manner. In the second book, the emphasis
will be put on the applications of impulsive control theory. Both books will
benefit three parties:

1. give mathematicians the real applications of impulsive differential equa-
tions and evoke new activities in pure and applied mathematical re-
searches on impulsive differential equations;

2. provide engineers with a tool box and a well organized mathematical
theory for impulsive control problems.

3. provide physicists and engineers with a new framework of modeling many
impulsive effects caused by quantum effects of nanodevices.

Special Styles of the Book

In this book some special styles are designed to help the reader understand
the text quickly and clearly. For theorems, lemmas, definitions and etc., the
symbols � are used to terminate statements. For remarks, examples and
proofs, the symbols �, F and � are used to show where are the ends of
statements. Since many kinds of impulsive control systems were studied in
this book, black boxes were used to highlight the control systems at the
beginnings of corresponding sections. For readers who do not bother to read
details of proofs, the highlighted control system models serve as an index for
quick check of conditions for impulsive controller design for different plants.
A special hypertext interface, called reasoning flow chart is used to represent
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the deriving processes of many proofs. A typical example is shown in (3.181).
The following table lists some special symbols used in reasoning flow charts.

symbols meanings symbols meanings

A⇐ B from B we have A; A⇒ B from A we have B;

A! B︸ ︷︷ ︸
C

A! B is due to C;
B
⇑ A from A we have B;

A
B

}
⇒ C from A and B we have C; B︸︷︷︸

A

from A we have B.

where the symbol! denotes any of <,>,≤,≥,≺,�,	,
, etc.

Organization of the Book

This book is organized in a highly self-contained and reader-friendly way.
Many important theorems are accompanied by detailed proofs because these
proofs can show the reader which assumption leads to which conclusion and
therefore make it easy to understand, to apply and to improve these results.
More important, the detailed proofs, which in many cases are constructive,
can guide the design of impulsive controllers. Although the reader can browser
papers and books to find many of these proofs, different symbols, jargons
and typos contributed by different authors and publishers will make it a
time-consuming and discouraging task.

In Chapter 1 the definitions of different kinds of impulsive control sys-
tems are presented. Some basic knowledge of impulsive differential equations
such as the existence and continuations of solutions are introduced briefly.
Explicit forms of solutions for different kinds of impulsive differential equa-
tions are presented. Some conditions for avoiding beating phenomena are
also presented. Some extensively used definitions and mathematical results
are summarized in this chapter.

In Chapter 2 we study time-invariant and time-varying linear impulsive
control systems. The stability and controllability are presented.

In Chapter 3 the stability of impulsive control systems are studied based
on comparison methods. We present the results based on single comparison
system and multicomparison systems which can also be called as vector com-
parison system. The applications to impulsive control of chaotic systems are
presented.

In Chapter 4 different methods for designing impulsive controllers with
fixed-time impulses are presented. In this chapter the plants are nonlinear and
in many cases we assume that they can be decomposed into linear parts and
nonlinear parts. We also use Lyapunov second method to study the stability
of impulsive control systems. The stability of sets and the stability in terms
of two measures are also studied.

In Chapter 5 the impulsive control systems with impulses at variable time
are studied by using linear decomposition methods and methods based on two
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measures. The stability of prescribed trajectories or control strategies is also
studied.

In Chapter 6 the practical stability of impulsive control systems are stud-
ied by using different methods based on single comparison system, multicom-
parison system and two measures. The controllability in practical sense is also
studied. We also study the practical stability of linear systems. Applications
to impulsive control of nonautonomous chaotic systems are presented.

In Chapter 7 the partial stability of impulsive control systems with im-
pulses at fixed-time and variable time is studied. We also study the stability of
integro-differential impulsive control systems based on comparison methods,
methods in terms of two measures and practical stability concept.

In Chapter 8 the principle of impulsive verb control are presented. Since
verb control is a brand mew control paradigm, some basic knowledge of verb
control is presented at the beginning of this chapter. Then the basic principles
of verb impulsive control are presented. This chapter may of great interest
to those readers who are familiar with fuzzy control because verb control is
a natural extension of fuzzy control.

In Chapter 9 we study the impulsive control of periodic motions in linear
periodic autonomous and nonautonomous systems. We also use parameter
perturbation methods to control periodic motions in impulsive control sys-
tems. Applications to stepping motor control and impulsive control of chaotic
systems to periodic motions are presented.

In Chapter 10 we present the impulsive control of almost periodic motions.
We study two kinds of plants; namely, almost periodic plants and periodic
plants driven by almost periodic control signals. The results can be used to
control chaotic systems and design nanoelectronic circuits.

In Chapter 11 we present the applications of impulsive control theory
to nanoelectronics which is an emerging discipline in electrical engineering.
Although nanoelectronics is an extension of classical microelectronics, many
device models in nanoelectronics are entirely different from those used in
microelectronics because of the quantum mechanical effects of nanodevices.
In this chapter we first present elementary impulsive device models that can
be used to model different kinds of devices used in nanoelectronics. Some
examples of nanodevices are then modeled by impulsive device models. Since
one promising method to implement Boolean logic in nanoelectronic circuits
is to encode two digit bits; namely, 0 or 1 by using different phase information
of a periodic solution, the existence and stability of periodic solutions are of
great interest to the design of nanoelectronic circuits. In this chapter, we will
study the stability of periodic solutions of different kinds of nanoelectronic
circuits.

Since the restriction to the volume of this book, it is impossible to include
all aspects of impulsive systems and control. Therefore, some theoretical as-
pects such as global stability, absolute stability, optimal impulsive control



Preface XI

and some application aspects such as impulsive secure and spread spectrum
communications will be put in the second one of the two sister books [44].

Berkeley, California, June 2000 Tao Yang
(
��

)



Notation

, defined as
N set of all positive integers

Z set of all integers

R set of all real numbers
R+ [0,+∞)

C set of all complex numbers

R
n real n-dimensional Euclidean space

C n complex n-dimensional Euclidean space
Re(z) real part of the complex number z

z∗ complex conjugate of the complex number z
x col(x1, x2, · · · , xn); namely, element of Rn or C n

‖x‖ norm of the element x ∈ R or x ∈ C

‖x‖2 ‖x‖2 ,

√√√√ n∑
i=1

xix∗i

S,[S]c closure of the set S
I n× n identity matrix
Im, Im×m m×m identity matrix
A = A(aij) n× n matrix with entries aij
A = A(aij)m×mm×m matrix with entries aij

A−1 inverse of the matrix A

A† pseudo-inverse of the matrix A
A� = A(aji) transposed matrix of the matrix A = (aij)

det A determinant of the matrix A

diag(A1, A2,
· · · , Am) block-diagonal matrix with blocks A1, A2, · · · , Am

S⊥ the orthogonal complement of S

H0
the set of function h ∈ C[R+ × Rn ,R+ ] satisfying
infx∈Rn h(t,x) = 0 for each t ∈ R+
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H

the set of function h : R+ × Rn → R+ satisfying
inf(t,x)∈(R+,Rn) h(t,x) = 0, h is continuous in (τi−1, τi)× R

n

and for each x ∈ Rn , i = 1, 2, · · · , lim(t,y)→(τ+i ,x) h(t,y) =

h(τ+k ,x) exists.

K the set of functions κ ∈ C[R+ ,R+ ] such that κ(t) is mono-
tone strictly increasing and κ(0) = 0.

K[Ω,R+ ] the set of functions κ ∈ C[Ω,R+ ] such that κ is monotone
strictly increasing and κ(0) = 0.

K1
the set of functions κ ∈ C[R+ ,R+ ] such that κ is increasing,
κ(0) = 0 and limw→∞ κ(w) =∞.

K2 the set of functions κ : R+ ×R+ → R+ such that κ(t, ·) ∈ K1
for any fixed t ∈ R+ .

KR the set of functions κ ∈ K satisfying limt→+∞ κ(t) =∞.

CK the set of functions κ ∈ C[R+×R+ ,R+ ] satisfying κ(t, s) ∈ K
for each t ∈ R+ .

PC[D,F ]
the set of functions ψ : D → F which are continuous for
t ∈ D, t �= τk, have discontinuities of first kind at the points
τk and are left continuous.

PC+[R+ ,R+ ]
the set of functions ψ : R+ → R+ which are continuous
for t ∈ (τi−1, τi] and limt→τ+i

ψ(t) = ψ(τ+i ) exists, where

0 < τ1 < τ2 < · · · < τi < · · · , limτi→∞ τi =∞.

J+(t0,x0)
the maximal interval of the form (t0, ω) in which the solution
x(t, t0,x0) is defined.

J−(t0,x0)
the maximal interval of the form (α, t0) in which the solution
x(t, t0,x0) is defined.

Sρ Sρ , {x ∈ Rn | ‖x‖ < ρ}
Sρ Sρ , {x ∈ Rn | ‖x‖ ≤ ρ}
Sρ(h) Sρ(h) , {(t,x) ∈ R+ × Rn | h(t,x) < ρ, h ∈ H}
Sxa(t)
ρ Sxa(t)

ρ , {x ∈ Rn | ‖x− xa(t)‖ < ρ, xa(t) ∈ Rn}

Gi
Gi , {(t,x(t)) ∈ R+×Rn | τi−1(x) < t < τi(x)}, i = 1, 2, · · · ,
where τ0(x) = 0 is assumed.
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G G =
⋃∞
i=1Gi

N(t, t+ T ) the number of impulses in interval [t, t+ T ).









1. Preliminaries

The basic mathematical tool for designing impulsive control systems is the
theory of impulsive differential equations. There are many English books on
impulsive differential equations [13, 2, 1, 27, 3, 25, 7]. In this chapter, we
present some basic knowledge on impulsive control system and impulsive
differential equations. Since many basic knowledge of impulsive differential
equations are well-documented in these above-mentioned books, we will not
give detailed proofs for many conclusions. The reader can refer to these books
for the basic mathematical aspects of impulsive differential equations.

1.1 What is Impulsive Control ?

Impulsive control is a control paradigm based on impulsive differential equa-
tions. In an impulsive control system, a nonimpulsive plant should have at
least one “impulsively” changeable state variable. An impulsive plant should
have impulsive effects in at least one state variable. The boundary between
impulsive plants and nonimpulsive plants is fuzzy. There exists and will exist
no crisp standard to distinguish impulsive plants from conventional plants.
Therefore, if an impulsive control model can be well-fit into experimental
observations, then keep it. Or else, you may need to model the plant under
different control paradigms. However, if the control actions are taken in a
much shorter(see, this is again a fuzzy quantity) time period comparing with
the time constant, or natural period of the plant, then you may need to take
a look at the possibility of modeling your controller under impulsive control
paradigm.

Definition 1.1.1. Impulsive control
Given a nonimpulsive plant P whose state variable is denoted by x ∈ Rn , a
set of control instants T = {τk}, τk ∈ R, τk < τk+1, k = 1, 2, · · · , and control
laws U(k,x) ∈ R

n , k = 1, 2, · · · . At each τk, x is changed impulsively by
x(τ+

k ) = x(τk)+U(k,x) such that the output y = g(t,x), g : R+×Rn → R
m ,

y ∈ Rm , approaches a goal y∗ ∈ Rm as k →∞. If the plant P is impulsive,
then the control law can be nonimpulsive. �

Remark 1.1.1.

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 1−15, 2001.
 Springer-Verlag Berlin Heidelberg 2001



2 1. Preliminaries

1. At least one state variable in a plant P can be changed “instantaneously”
to any value which is given by a control law. In this sense, not all physical
systems can be controlled by impulsive control schemes. The plant P may
also subject to nonimpulsive control in parallel.

2. We only need to change the changeable state variables at discrete instants
called control instants. Control instants are not necessary to be equidis-
tant. Control instants can also be chosen whenever some conditions are
satisfied. Control instants are generated by control instant generating
law.

3. The control law U(k,x) is something related to the concept of “control
input” in other control methods. However, in an impulsive control system,
U(k,x) gives a sudden change of x at instant τk.

4. The purpose of invention of impulsive control is not to compete with the
other control schemes, on the contrary, impulsive control provides a new
viewpoint when the plant has at least one changeable state variable or
when the plant has impulsive effects.

�

We then give some examples of plants whose state variables can be
changed instantaneously.

Example 1.1.1. To control the population of a kind of insect by using its
natural enemies, we can cultivate the natural enemies in a laboratory and
then release them at some proper instants. In this sense, some state variables
of this system can be changed instantaneously. F

Example 1.1.2. To control a mechanical system with impacts, the impacts
can cause “impulsive” changes of velocities which are state variables. F

Example 1.1.3. In a financial system, we suppose that one state variable is
the amount of money in a market and the other state-variables are saving
rates of a central bank. As it always occurs, the former can be controlled to
a desired value by changing the latter instantaneously. F

Example 1.1.4. In a nanoscale electronic circuit consisting of single-electron
tunneling junctions(SETJ), the electron tunneling effects can cause impulsive
changes of charge in SETJ junction capacitors. Since the charge is the state
variable of a SETJ capacitor, the quantum mechanical effects can be modeled
by impulsive differential equations. F

In many cases impulsive control can give an efficient way to deal with
plants which cannot endure continuous control inputs. Or, in some applica-
tions it is impossible to provide continuous control inputs. Let us consider
the following examples.

1. In some cases, the plant can not be controlled by using continuous con-
trol. For example, a government can not change savings rates of its cen-
tral bank everyday. A deep-space spacecraft can not leave its engine on
continuously if it has only limited fuel supply.
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2. In some cases, impulsive control is more efficient. For example, suppose
that the population of a kind of bacterium and the density of a bacteri-
cide are two state variables of a system. We can control the population
by instantaneously changing the density of the bactericide without en-
hance the drug resistance of bacteria which may be caused by continuous
control.

3. For plants that are impulsive in nature, impulsive control is the best
choice if not the only one. Nanodevices are among this kind of plant.

1.2 Different Types of Impulsive Control Schemes

Impulsive control systems can be classified into the following three types
based on the characteristics of plants and control laws.

A type-I impulsive control system is given by

ẋ = f(t,x), t 	= τk(x),
∆x = U(k,y), t = τk(x),

y = g(t,x) (1.1)

where x and y are the state variable and the output, respectively. U(k,y)
is the impulsive control law. In this kind of system, the control input is
implemented by the “sudden jumps” of some state variables.

A type-II impulsive control system is given by

ẋ = f(t,x, ũ), t 	= τk(x),
∆x = U(k,y), t = τk(x),

y = g(t,x, ũ), ũ = γ(t,y) (1.2)

where x and y are the state variable and the output, respectively. U(k,y) and
ũ are the impulsive control law and the continuous control law, respectively.
In this system, there are two kinds of control inputs. The first kind is the
continuous control input ũ and the second one is the impulsive control input
U(k,y).

A type-III impulsive control system is given by

ẋ = f(t,x, ũ), t 	= τk(x),
∆x = jk(x), t = τk(x),

y = g(t,x, ũ), ũ = γ(t,y) (1.3)

where x and y are the state variable and the output, respectively. ũ is the
continuous control law. In this kind of systems, the plant itself is impulsive
and the control is continuous.
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1.3 Mathematical Models of Systems with Impulsive
Effects

The mathematical model of an evolving process with impulsive effects is given
by

1. A differential equation

dx

dt
= f(t,x), (1.4)

where x ∈ Ω and t ∈ R.
2. A switching set Σt ∈ Ω × R.
3. A jumping operator Jt defined on the switching set Σt such that Jt◦Σt ⊂
Ω × R.

Following a tradition from classical mechanics , the set Ω is called the phase
space; namely, the set of all possible states of this evolving process. Phase
space is also called state space. A distance d between two states should be
defined, allowing for comparison between two states. Therefore, a phase space
is a metric space. In this book, the phase space is chosen as a real vector space
R
n of some finite dimension n ∈ N, or a manifold in this space. We usually

use the Euclidean norm to measure two states x,y ∈ Rn as

d(x,y) = ‖x− y‖ = √< x− y,x− y > =

√√√√ n∑
i=1

(xi − yi)2

where < ·, · > denotes the scalar product in Rn . The state variable x(t) repre-
sents the state of the evolving process at time t ∈ T. In general T can be any
ordered set. In control literature, we usually consider two kinds of dynam-
ical systems; namely, continuous-time dynamical systems with T = R and
discrete-time dynamical systems with T = Z. If we need only n parameters
to describe x(t) at t and n is a finite number, then this evolving process is
finite dimensional. In this case, x(t) is an n-dimensional vector of the Eu-
clidean space Rn and Ω is a subset of Rn . We call Ω ×R the extended phase
space.

With an initial state, x(t+0 ) = x0
1, (1.4) defines a dynamical system which

is the mathematical formalization of deterministic processes. The solution to
(1.4) is often written as φt(x0), or x(t) = x(t, t0,x0). The map φt : Ω → Ω
is called the evolution operator of the dynamical system. The one-parameter
family of mappings {φt}t∈T satisfies

φt+s = φt ◦ φs
1 Note that in a conventional dynamical system, the initial state is defined as
x(t0) = x0.
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and
φ0(x) = x,

and is called the flow. The set of points {φt(x0)| t ∈ T} is called a trajectory,
or an orbit of (1.4) through x0. If an impulsive event happens at t = τi, then
the trajectory hits the switching set Σt at t = τi; namely, x(τi) ∈ Σt. As soon
as x(t) hits the switching set Σt at t = τi, it “jumps” immediately to a point
defined by the jumping operator Jt; namely, x(τ+) = Jt ◦ x(τ). Thus, the
solution of the impulsive system φt(x0), satisfies (1.4) outside the switching
set Σt and has discontinuities of the first kind at the points where it hits the
switching set Σt with the jumps

∆x(t) = φt+(x0)− φt(x0) = Jt ◦ φt(x0)− φt(x0). (1.5)

We then have a concise form of impulsive differential equation as

dx

dt
= f(t,x), (t,x) /∈ Σt,

∆x = Jt ◦ x− x, (t,x) ∈ Σt. (1.6)

Equation (1.6) can have the following three kinds of solutions:

1. φt(x0) does not hit Σt or the hitting points are fixed points of Jt. In this
case, there is no impulsive event.

2. φt(x0) hits Σt at a finite number of points that are not fixed points of
Jt. In this case, there are finite number of impulsive events.

3. φt(x0) hits Σt in a countable number of points that are not fixed points
of Jt. In this case, there are countable number of impulsive events.

Based on different characteristics of impulsive events, we usually en-
counter three primary types of impulsive systems

1. in which impulses occur at fixed time;
2. in which impulses occur when the trajectory hits a hypersurface in the

extended phase space;
3. which are discontinuous dynamical systems.

1.3.1 Impulsive Events at Fixed Time

If the impulsive events occur in a finite or infinite sequence of time {τk}, then
system (1.6) can be written as

dx

dt
= f(t,x), t 	= τk,

∆x = Jk(x), t = τk. (1.7)

The solution of (1.7) is a piecewise continuous function x = φ(t) that has

discontinuities of the first kind at t = τk.
dφ(t)
dt = f (t, φ(t)) is satisfied for all

t 	= τk. At t = τk, φ(t) satisfies the following jumping condition:

∆φ|t=τk = φ(τ+
k )− φ(τk) = Jk(φ(τk)). (1.8)
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Remark 1.3.1. In some references (1.8) is written as

∆φ|t=τk = φ(τ+
k )− φ(τ−k ) = Jk(φ(τ

−
k )) (1.9)

where φ(τ−k ) = φ(τk) is assumed. �

1.3.2 Impulsive Events at Variable Time

In this kind of system, the impulsive events occurs when trajectories hit a
hypersurface ℵ(t,x) = 0. This kind of impulsive differential equation can be
written as

dx

dt
= f (t,x), ℵ(t,x) 	= 0,

∆x = J(t,x), ℵ(t,x) = 0. (1.10)

In this case, the switching set is given by

Σt = {(t,x)| ℵ(t,x) = 0}, (1.11)

and the jumping operator Jt is given by

Jt : (t,x)→ (t,x+ J(t,x)). (1.12)

If the equation ℵ(t,x) = 0 has a countable number of solutions with
respect to t, we denote these solutions by t = τk(x) and index then by the
set of integers (or a subset of integers) such that τk(x)→∞ as k →∞ and
τk(x)→ −∞ as k → −∞. In this case, the jumping operator is given by

Jτk(x) : x→ x+ J(τk(x),x), (1.13)

which can be simplified as

Jτk(x) : x→ x+ Jk(x). (1.14)

Then (1.10) can be rewritten as

dx

dt
= f (t,x), t 	= τk(x),

∆x = Jk(x), t = τk(x). (1.15)

System (1.10) is more difficult to study than system (1.7). The solutions
of system (1.10) starting at different initial conditions have different points
of discontinuity. A solution of system (1.10) may hit the same hypersurface
ℵ(t,x) = 0 many times and cause so called “beating phenomenon” or “pulse
phenomenon”. Different solutions of system (1.10) may coincide after some
time and behave like a single solution thereafter and thus cause “confluence”.
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1.3.3 Discontinuous Dynamical Systems

When the differential equation (1.4) does not explicitly depend on t and the
jumping operator Jt = J for all t ∈ R, let J : Σ → Σ0 be a mapping between
the switching set Σ and a target set Σ0, then a discontinuous dynamical
system is given by

dx

dt
= f(x), x /∈ Σ,

∆x = Jx− x = J(x), x ∈ Σ. (1.16)

Many electrical circuit models containing switching capacitors belong to
this kind of impulsive system. To get interesting phenomena from this kind
of impulsive system, we usually assume that the switching set Σ is a compact
or locally compact manifold in the phase space with dimension (n − 1). Or
else, there is a good chance that a large part of the motions will not have
impulsive effects.

1.4 Existence and Continuation of Solutions

Consider the initial value problem for the following impulsive differential
equation:

dx

dt
= f(t,x), t 	= τk(x),

∆x = Jk(x), t = τk(x),

x(t+0 ) = x0, t0 ≥ 0 (1.17)

where f : D → R
n and Jk : Ω → R

n . Here we let Ω ⊂ R
n be an open set

and D = R+ × Ω. We assume that τk ∈ C[Ω,R+ ], τk(x) < τk+1(x) and
limk→∞ τk(x) =∞ for k = 1, 2, · · · , x ∈ Ω.

Definition 1.4.1. A function x : (t0, t0 + ε) → R
n , t0 ∈ R+ , ε > 0, is a

solution of (1.17) if

1. x(t+0 ) = x0 and (t,x(t)) ∈ D for t ∈ [t0, t0 + ε),
2. x(t) is continuously differentiable and satisfies ẋ(t) = f (t,x(t)) for t ∈

[t0, t0 + ε) and t 	= τk(x(t)),
3. if t ∈ [t0, t0 + ε) and t = τk(x(t)), then x(t

+) = x(t) + Jk(x), and at
such t’s we always assume that x(t) is left continuous and α 	= τi(x(α))
for any i = 1, 2, · · · , t < α < δ, for some δ > 0.

�

Remark 1.4.1. Observe that instead of the initial condition, x(t0) = x0, used
in ordinary differential equations, the limiting condition x(t+0 ) = x0 is used.
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This is because (t0,x0) may be such that t0 = τk(x0) for some k. Whenever
t0 	= τk(x0) for any k, then x(t+0 ) = x0 is the same as x(t0) = x0. Unlike
ordinary differential equations, (1.17) may have no solution event if f is
continuous or continuously differentiable since its only solution of the initial
value problem may entirely lie on a surface Σk : t = τk(x). Thus we need
some extra condition on τk and/or f besides continuity in order to establish
existence theory for (1.17). �

Theorem 1.4.1. Assume that

1. f : D → R
n is continuous at t 	= τk(x), k = 1, 2, · · · , and for each (t,x) ∈

D there is an l ∈ L1
loc such that for any (α,y) in a small neighborhood

of (t,x) we have

‖f(α,y)‖ ≤ l(α); (1.18)

2. for any k, t1 = τk(x1) implies the existence of a δ > 0 such that

t 	= τk(x) (1.19)

for any t− t1 ∈ (0, δ) and ‖x− x1‖ < δ.
Then, for each (t0,x0) ∈ D, there exists a solution x : [t0, t0 + γ) → R

n of
the initial value problem (1.17) for some γ > 0. �

Proof. If t0 	= τk(x0) for any k then the conclusion is true. If t0 = τk(x0) for
some k, from (1.18) and since f is continuous, we know that there exists a
local solution x(t) of ẋ = f(t,x) and x(t+0 ) = x0. Since τi(x) < τj(x) for
i < j and t0 = τk(x0), we know t 	= τj(x) for j 	= k and t sufficiently close to
t0. Condition (1.19) does not permit t = τk(x(t)) in a sufficient small right
neighborhood of t0. Hence x(t) is a local solution of system (1.17). �

Theorem 1.4.2. Assume that

1. f : D → R
n is continuous;

2. τk : Ω → (0,∞) are differentiable;
3. if t1 = τk(x1) for some (t1,x1) ∈ D and k ≥ 1, then there is a δ > 0

such that

∂τk(x)

∂x
f (t,x) 	= 1 (1.20)

for (t,x) ∈ D with t− t1 ∈ (0, δ) and |x− x1| < δ.
Then, for each (t0,x0) ∈ D, there exists a solution x : [t0, t0 + α) → R

n of
the initial value problem (1.17) for some α > 0. �

Proof. For the cases of t0 	= τk(x0) for any k the proof is straightforward.
If t0 = τk(x0) for some k ≥ 1 and x(t) is a solution of ẋ = f(t,x) and
x(t+0 ) = x0, set γ(t) = t− τk(x(t)). Then γ(t0) = 0 and
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γ̇(t) = 1− ∂τk(x(t))
∂x

f(t,x(t)). (1.21)

From (1.20) it follows that γ̇(t) 	= 0 in a small right neighborhood of t0.
Hence γ(t) is either strictly increasing or decreasing in that neighborhood
and we have t 	= τk(x(t)) for t− t0 ∈ (0, δ) for some δ > 0. The rest of proof
is similar to that of Theorem 1.4.1. �

We then consider the continuation of solutions of (1.17) to the right.
Given a solution x(t) of (1.17) defined on [t0, t0 +α) with α > 0, we say that
a solution x∗(t) of (1.17) is a proper continuation to the right of x(t) if x∗(t)
is defined on [t0, t0 + β) for some β > α and x(t) = x∗(t) for t ∈ [t0, t0 + α).
The interval [t0, t0+α) is called the maximal interval of existence of a solution
x(t) of (1.17), if x(t) is well defined on [t0, t0 + α) and it does not have any
proper continuation to the right. We then have the following theorem.

Theorem 1.4.3. Assume that Ω = R
n and

1. f : D → R
n is continuous;

2. Jk ∈ C[Ω,Rn ], τk ∈ C[Ω,R+ ] for all k > 1.

Then, for any solution x(t) of (1.17) with a finite [t0, β) as its maximal
interval of existence, we have

lim
t→β−

‖x(t)‖ =∞, (1.22)

if one of the following three conditions is satisfied:

1. for any k ≥ 1, t1 = τk(x1) implies the existence of a δ > 0 such that
t 	= τk(x) for all (t,x) with t− t1 ∈ (0, δ) and ‖x− x1‖ < δ;

2. for all k ≥ 1, t1 = τk(x1) implies that t1 	= τj(x1 +Jk(x1)) for all j ≥ 1;
3. τk ∈ C1[Ω,R+ ] for all k ≥ 1 and t1 = τk(x1) implies that t1 = τj(x1 +
Jk(x1)) for some j ≥ 1 and

∂τj(x
+
1 )

∂x
f (t1,x

+
1 ) 	= 1, (1.23)

where x+
1 = x1 + Jk(x1).

�

Proof. See pages 17 to 20 of [13]. �

Some other results on the continuation of solutions can be found in Chap-
ter 3 of [2]. We do not repeat them here.

1.5 Beating Phenomena

The solutions of an impulsive differential equation may hit the same switching
surface finite or infinite number of times causing beating phenomena. Consider
the following impulsive differential equation:
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dx

dt
= f(t,x), t 	= τk(x),

∆x = Jk(x), t = τk(x),

x(t+0 ) = x0, t0 ≥ 0 (1.24)

where f ∈ C[R+ ×Ω,Rn ] and Ω ⊂ Rn is an open set.

Theorem 1.5.1. Assume that

1. f ∈ C[R+ × Ω,Rn ], τk ∈ C1[Ω,R+ ], τk(x) < τk+1(x) for every k,
limk→∞ τk(x) =∞ uniformly in x ∈ Ω and Jk ∈ [Ω,Rn ];

2. a) ∂τk(x)
∂x f(t,x) ≤ 0 for (t,x) ∈ R+ ×Ω, and

b) x+ Jk(x) ∈ Ω for x ∈ Ω and(
∂τk(x+ εJk(x))

∂x

)
Jk(x) ≤ 0,

ε ∈ [0, 1], for every k.

Then, each solution of (1.24) hits any given switching surface Σi : t = τi(x)
at most once. �

Proof. See pages 22 and 23 of [13]. �

Theorem 1.5.2. Assume that

1. f ∈ C[R+ × Ω,Rn ], τk ∈ C1[Ω,R+ ], τk(x) < τk+1(x) for every k,
limk→∞ τk(x) =∞ uniformly in x ∈ Ω and Jk ∈ [Ω,Rn ];

2. a) ∂τk(x)
∂x f(t,x) ≤ δ, 0 ≤ δ ≤ 1, for (t,x) ∈ R+ ×Ω;

b) x+ Jk(x) ∈ Ω for x ∈ Ω and(
∂τk(x+ εJk(x))

∂x

)
Jk(x) < 0,

ε ∈ [0, 1], for every k.

Then, each solution of (1.24) hits any given switching surface Σi : t = τi(x)
at most once. �

Proof. Similar to that of Theorem 1.5.1. �

Theorem 1.5.3. Assume that

1. f ∈ C[R+ × Ω,Rn ], Jk ∈ C[Ω,Rn ], τk ∈ C1[Ω,R+ ], τk(x) is bounded
and τk(x) < τk+1(x) for every k;

2. a) ∂τk(x)
∂x f(t,x) ≤ 1, for (t,x) ∈ R+ ×Ω;

b) (
∂τk(x+ εJk(x))

∂x

)
Jk(x) < 0;
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c) (
∂τk(x+ εJk−1(x))

∂x

)
Jk−1(x) ≥ 0

where x+ Jk(x) ∈ Ω for x ∈ Ω and ε ∈ [0, 1], for every k.

Then, each solution x(t, t0,x0) of (1.24) with 0 ≤ t0 < τ1(x0) hits each
switching surface Σi : t = τi(x) exactly once. �

Proof. See pages 24 and 25 of [13]. �

1.6 Solutions of Impulsive Differential Equations

Let us consider the solution of the following linear impulsive differential equa-
tion: {

ẋ = A(t)x, t 	= τk,
∆x = Bkx, t = τk, k = 1, 2, · · · . (1.25)

Theorem 1.6.1. Assume that

1.

0 = τ0 < τ1 < · · · , lim
k→∞

τk =∞; (1.26)

2.

A ∈ PC[R+ , C n×n ], Bk ∈ C n×n , k = 1, 2, · · · . (1.27)

Then for any (t0,x0) ∈ R+ ×Rn there exists a unique solution φ(t) of system
(1.25) which is defined for t > t0 with φ(t+0 ) = x0. Furthermore, if det(I +
Bk) 	= 0 for every k, then this solution is defined for all t ∈ R+ . �

Proof. See the proof of Theorem 3.6 of [2]. �

Assume that det(I+Bk) 	= 0 for all k ∈ Z and let the following n functions

x1(t), · · · ,xn(t) (1.28)

be solutions of system (1.25) defined in R. Let us set

Φ(t) , (x1(t), · · · ,xn(t)) (1.29)

as a matrix function with columns as the solutions in (1.28). If x1(t), · · · ,xn(t)
are linearly independent, then we call Φ(t) a fundamental matrix of sys-
tem (1.25). x1(t), · · · ,xn(t) are linearly independent in R if and only if
detΦ(t+0 ) 	= 0 for some t0 ∈ R.

The following facts about fundamental matrices are useful.

Theorem 1.6.2. Assume that
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1. τk < τk+1, k ∈ Z and

lim
k=−∞

τk = −∞, lim
k=∞

τk =∞;

2. A ∈ PC[R, C n×n ] and Bk ∈ C n×n for all k ∈ Z;
3. det(I + Bk) 	= 0 for all k ∈ Z and Φ(t) is a fundamental matrix of

system (1.25).

Then we have the following two conclusions:

1. for any constant matrix A ∈ Cn×n , Φ(t)A is a solution of system (1.25);
2. If Φ1 : R → C

n×n is a solution of system (1.25), then there is a unique
matrix S ∈ C n×n such that Φ1(t) = Φ(t)S. Furthermore, if Φ1(t) is also
a fundamental matrix of system (1.25), then detS 	= 0.

�

Let the state transition matrix (or, fundamental matrix) of the linear
system

ẋ = A(t)x, t ∈ (τk−1, τk] (1.30)

be Φk(t, s) (t, s ∈ (τk−1, τk]) and conditions (1.26) and (1.27) hold, then the
solution of system (1.25) is given by

x(t; t0,x0) = Ψ(t, t
+
0 )x0, (1.31)

where Ψ(t, s) is called state transition matrix (or, fundamental matrix,
Cauchy matrix) of system (1.25) and given by

Ψ(t, s) =




Φk(t, s),
for t, s ∈ (τk−1, τk],

Φk+1(t, τ
+
k )(I +Bk)Φk(τk, s),

for τk−1 < s ≤ τk < t ≤ τk+1,
Φk(t, τk)(I +Bk)

−1Φk+1(τ
+
k , s),

for τk−1 < t ≤ τk < s ≤ τk+1,

Φk+1(t, τ
+
k )
(∏i+1

j=k(I +Bj)Φj(τj , τ
+
j−1)

)
(I +Bi)Φi(τi, s),

for τi−1 < s ≤ τi < τk < t ≤ τk+1,

Φi(t, τi)
(∏k−1

j=i (I +Bj)
−1Φj+1(τ

+
j , τj+1)

)
(I +Bk)

−1Φk+1(τ
+
k , s),

for τi−1 < t ≤ τi < τk < s ≤ τk+1.

(1.32)

Ψ(t, s) has the following properties:

Ψ(t, t) = I,

Ψ(τ−k , τk) = Ψ(τk, τ
−
k ) = I,

Ψ(τ+
k , s) = (I +Bk)Ψ(τk, s),

Ψ(s, τ+
k ) = (I +Bk)

−1Ψ(s, τk), s 	= τ+
k ,

∂Ψ

∂t
(t, s) = A(t)Ψ(t, s), t 	= τk. (1.33)
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We then consider the solution of the following linear impulsive nonau-
tonomous system:{

ẋ = A(t)x+ g(t), t 	= τk,
∆x = Bkx+ jk, t = τk, k = 1, 2, · · · , (1.34)

where g ∈ PC[R+ , C
n ], jk ∈ C n . Then the solution of system (1.34), x(t) ,

x(t, t0,x0), is given by

x(t) =



Ψ(t, t+0 )x(t

+
0 ) +

∫ t
t0
Ψ(t, s)g(s)ds

+
∑
t0<τk<t

Ψ(t, τ+
k )jk, t > t0,

Ψ(t, t+0 )x(t
+
0 ) +

∫ t
t0
Ψ(t, s)g(s)ds

−∑t≤τk≤t0 Ψ(t, τ
+
k )jk, t ≤ t0.

(1.35)

We then consider the solution of the following impulsive differential equa-
tions: {

ẋ = A(t)x+ g(t,x), t 	= τk,
∆x = Bkx+ jk(x), t = τk, k = 1, 2, · · · , (1.36)

where A ∈ PC[R+ ,R
n×n ], Bk ∈ Rn×n , g ∈ R+ ×Ω → R

n , and jk ∈ Ω → R
n

where Ω ⊂ Rn . Then the solution of system (1.36), x(t) , x(t, t0,x0), is
given by

x(t) =



Ψ(t, t+0 )x(t

+
0 ) +

∫ t
t0
Ψ(t, s)g(s,x(s))ds

+
∑
t0<τk<t

Ψ(t, τ+
k )jk(x(τk)), t ∈ J+(t0,x0),

Ψ(t, t+0 )x(t
+
0 ) +

∫ t
t0
Ψ(t, s)g(s,x(s))ds

−∑t≤τk≤t0 Ψ(t, τ
+
k )jk(x(τk)), t ∈ J−(t0,x0).

(1.37)

1.7 Definitions and Basics

Definition 1.7.1. Let V : R+ ×Rn → R+ , then V is said to belong to class
V0 if

1. V is continuous in (τk−1, τk]× Rn and for each x ∈ Rn , k = 1, 2, · · · ,

lim
(t,y)→(τ+

k ,x)
V (t,y) = V (τ+k ,x) (1.38)

exists;
2. V is locally Lipschitzian in x and V (t, 0) = 0 for all t ∈ R+ .

�

Definition 1.7.2. Let V : R+ ×Rn → R+ , then V is said to belong to class
V1 if V ∈ V0 and it is continuously differentiable on G. �
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Definition 1.7.3. A function V : R+ × Rn → R+ is a member of class V2
if V (t,x) is continuous on Gi and for (t0,x0) ∈ Σi, where Σi : t = τi(x) is
a switching surface, the following limits exist

lim
(t,x)→(t0,x0),(t,x)∈Gi

V (t,x) = V (t−0 ,x),

lim
(t,x)→(t0,x0),(t,x)∈Gi+1

V (t,x) = V (t+0 ,x), (1.39)

and V (t−0 ,x) = V (t
+
0 ,x) holds. �

Definition 1.7.4. For two n-vectors x� = (x1, x2, · · · , xn) and y� =
(y1, y2, · · · , yn) we define the following componentwise inequalities:

1. x ≺ y if xi < yi for all i = 1, 2, · · · , n;
2. x � y if xi > yi for all i = 1, 2, · · · , n;
3. x � y if xi = yi for at least one i ∈ {1, 2, · · · , n} and xi < yi for the rest
i ∈ {1, 2, · · · , n};

4. x � y if xi = yi for at least one i ∈ {1, 2, · · · , n} and xi > yi for the rest
i ∈ {1, 2, · · · , n}.

�

Definition 1.7.5. A function f : Rn → R
n is quasimonotone nondecreasing

if x � y and xi = yi for some i ∈ {1, 2, · · · , n}, then fi(x) ≤ fi(y) for all
i ∈ {1, 2, · · · , n}. �

Definition 1.7.6. A function g : Rn → R
n is said to be nondecreasing in

R
n if for u,v ∈ Rn , u � v implies g(u) � g(v). �

Let a general impulsive system be

ẋ = f(t,x), t 	= τk, t ∈ J,
x(τ+

k ) = Ψk(x(τk)), k = 1, · · · , q,
x(0) = x(T ) (1.40)

where J ∈ [0, T ], τk ∈ (0, T )(k = 1, · · · , q) and Ψk : Rn → R
n , k = 1, · · · , q.

Definition 1.7.7. The function v ∈ PC1[J,Rn ] is said to be a lower solution
of system (1.40) if

v̇(t) � f (t,v(t)), t 	= τk, t ∈ J,
v(τ+

k ) � Ψk(v(τk)), k = 1, · · · , q,
v(0) � v(T ) (1.41)

and v is not a solution of system (1.40). �
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Definition 1.7.8. The function v ∈ PC1[J,Rn ] is said to be an upper solu-
tion of system (1.40) if

v̇ � f (t,v), t 	= τk, t ∈ J.
v(τ+

k ) � Ψk(v(τk)), k = 1, · · · , q.
v(0) � v(T ) (1.42)

and v is not a solution of system (1.40). �

Remark 1.7.1. In Definitions 1.7.7 and 1.7.8, that v is not a solution of system
(1.40) means that at least one inequality should be satisfied. �

Let ẋ = f (t,x) then we have the following two generalized derivatives
of a Lyapunov function V (t,x) as follows:

D+V (t,x) , lim
δ→0+

sup
V (t+ δ,x+ δf(t,x))− V (t,x)

δ
,

D−V (t,x) , lim
δ→0−

inf
V (t+ δ,x+ δf (t,x))− V (t,x)

δ
.

Note that if V ∈ C1[R+ × Rn ,R+ ], then we have

D+V (t,x) = D−V (t,x) =
∂V (t,x)

∂t
+
∂V (t,x)

∂x
f(t,x).

Definition 1.7.9. Let λ : R+ → R+ be measurable. Then λ(t) is integrally
positive if ∫

℘

λ(s)ds =∞ whenever ℘ =
∞⋃
i=1

[ai, bi],

ai < bi < ai+1, and bi − ai ≥ δ > 0.

�

The following lemma gives one important impulsive integral inequality:

Lemma 1.7.1. For t ≥ t0 let a nonnegative piecewise continuous function
u(t) satisfy

u(t) ≤ c+
∫ t

t0

v(s)u(s)ds+
∑

t0≤τi<t
biu(τi) (1.43)

where c ≥ 0, bi ≥ 0, v(s) > 0. u(t) has discontinuous points of the first kind
at τi. Then we have

u(t) ≤ c
∏

t0≤τi<t
(1 + bi) exp

{∫ t

t0

v(s)ds

}
. (1.44)

�



2. Linear Impulsive Control

In a linear impulsive control system, the plant and the impulsive control laws
are both linear.

2.1 Linear Impulsive Control System with Constant
Parameters

If parameters in the plant are constant, then a linear impulsive control system
with fixed-time impulses is given by



ẋ = Ax, t �= τk,
y = Cx,
∆x = Py = PCx, t = τk, k ∈ N

(2.1)

where x ∈ R
n is the state variable, A ∈ R

n×n , y ∈ R
m is the output,

C ∈ R
m×n and P ∈ R

n×m . Observe that the impulsive feedback law is
linear. We assume that

t0 = τ0 < τ1 < τ2 < · · · , lim
k→∞

τk =∞.

Let x(t) = x(t,x0) = x(t, t0,x0) be any a solution of (2.1) with initial
condition x(t0) = x0, then we have

x(t,x0) = x0e
A(t−τk)

k∏
j=1

(I + PC)eA(τj−τj−1),

τ0 = t0, t ∈ (τk, τk+1]. (2.2)

Since the impulsive control effects at moments {τk}, the system (2.1) is a
nonautonomous system. And the solutions of (2.1) is no longer invariant with
respect to shifts. Given arbitrary matrices A and PC, it is difficult to say
something on the property of the solutions of (2.1). Therefore even a linear
impulsive control system is more difficult to study than the corresponding

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 17−33, 2001.
 Springer-Verlag Berlin Heidelberg 2001
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continuous control systems. However, if the matrices A and PC are commute
then we can get a simpler form of the solution in (2.2) as

x(t,x0) = eA(t−t0)(I + PC)N(t0,t)x0 (2.3)

where N(t0, t) denotes the number of impulses in time interval [t0, t). From
(2.3) it follows that the property of solutions depends on the eigenvalues
of the matrices A and PC and the {τk} sequence. If we use an equidistant
impulse moment generating law, i.e., τk = τ1 + (k − 1)δ, where δ > 0 is the
impulse interval, and assume that (I+PC) is nonsingular, then the solutions
in (2.3) can be further simplified as

x(t,x0) = eA(τ1−t0)(I + PC) exp{−α ln(I + PC)}

× exp

{
[A+

1

δ
ln(I + PC)](t− τ1)

}
x0 (2.4)

where

α =
t− τ1
δ
−
⌊
t− τ1
δ

⌋
and 	x
 denotes the integer part of x ≥ 0. Then we have the following theo-
rem.

Theorem 2.1.1. Assume A and PC are commute, {τk} is equidistant with
interval δ, 0 < δ <∞, then the trivial solution of the impulsive control system
(2.1) is

1. asymptotically stable if all eigenvalues of the matrix [A + 1
δ ln(I + PC)]

are in the left half s-plane;
2. unstable if at least one eigenvalue of the matrix [A+ 1

δ ln(I + PC)] is in
the right half s-plane.

�

Remark 2.1.1. For the corresponding conventional linear control system

ẋ = Ax+ u
y = Cx
u = Py

(2.5)

the property of solutions are determined solely by matrix (A + PC). From
Theorem 2.1.1 it follows that for a linear impulsive system the property of
solutions is determined by A, PC and δ. On the one hand, if the plant is
unstable, by choosing proper PC and δ, we can stabilize it “impulsively”.
On the other hand, we can also distabilize a stable plant “impulsively”. To
make some stable plants unstable by impulsive control can find applications
to chaos generator design and this mechanism maybe used by real neurons
to generate complex behaviors for the purpose of information processing. �

If A and PC are not commute then we have the following theorem:
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Theorem 2.1.2. Assume that {τk} is equidistant with impulse interval δ,
0 < δ <∞, then the trivial solution of the impulsive control system (2.1) is
asymptotically stable if and only if all eigenvalues of the matrix (I+PC)eAδ,
λi, i = 1, 2, · · · , n, satisfy |λi| < 1. �

Proof. From the assumptions it follows that the spectral radius of (I +
PC)eAδ, ρ((I +PC)eAδ), satisfies ρ((I +PC)eAδ) < 1. From Theorem 5.3.4
on page 198 of [24] it follows that

lim
k→∞

[(I + PC)eAδ]k = 0.

From (2.2) if follows that

x(t,x0) = x0e
A(t−τk)

k∏
j=1

(I + PC)eA(τj−τj−1),

= x0e
A(t−τk)[(I + PC)eAδ]k,

τ0 = t0, t ∈ (τk, τk+1], (2.6)

from which we know

lim
t→∞

x(t,x0) = 0 (2.7)

for any ‖x0‖ <∞. �

If {τk} is not equidistant, then we have the following theorem.

Theorem 2.1.3. If

0 < α = inf
k∈N

(τk+1 − τk) ≤ sup
k∈N

(τk+1 − τk) = β <∞

then the trivial solution of the impulsive control system (2.1) is asymptotically
stable if ‖eA(τk−τk−1)(I + PC)‖ < 1, k ∈ N. �

Proof. From (2.2) it follows that

x(t,x0) = x0e
A(t−τk)

∏
t0<τj<t

(I + PC)eA(τj−τj−1),

τ0 = t0, t ∈ (τk, τk+1] (2.8)

from which we have

‖x(t,x0)‖ ≤ x0‖eA(t−τk)‖
∏

t0<τj<t

‖(I + PC)eA(τj−τj−1)‖

τ0 = t0, t ∈ (τk, τk+1]. (2.9)

Since
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0 < α = inf
k∈N

(τk+1 − τk) ≤ sup
k∈N

(τk+1 − τk) = β <∞

we know that ‖eA(t−τk)‖ <∞, therefore we know if ‖eA(τk−τk−1)(I+PC)‖ <
1, k ∈ N then

lim
t→∞

‖x(t,x0)‖ = lim
k→∞

‖x(t,x0)‖ = 0

for any x0 ∈ Rn . �

Theorem 2.1.4. If A and PC are commute and

0 < θ1 = inf
k∈N

(τk+1 − τk) ≤ sup
k∈N

(τk+1 − τk) = θ2 <∞, k ∈ N,

let
α =

n
max
j=1

Reλj(A)

and

θ0 =

{
θ1, if α ≥ 0
θ2, if α < 0

and if

α+
1

θ0
ln

n
max
j=1
|1 + λj(PC)| < 0 (2.10)

then the trivial solution of the impulsive control system (2.1) is asymptotically
stable. �

Proof. Since A and PC are commute, the state transition matrix of system
(2.1) is given by

Ψ(t, t0) = eA(t−t0)(I + PC)N(t0,t) (2.11)

where N(t0, t) is the number of control impulses in [t0, t). Let

β =
n

max
j=1
|1 + Reλj(PC)|

then for t > t0 there exist a constant K1 ≥ 1 and an arbitrary small ε > 0
such that

‖eA(t−t0)‖ ≤ K1e
(α+ε)(t−t0),

and there exists K2 = K2(ε) ≥ 1 such that

‖(I + PC)N(t0,t)‖ ≤ K2(β + ε)N(t0,t).

We then have from (2.11) that

‖Ψ(t, t0)‖ ≤ K1K2e
(α+ε)(t−t0)(β + ε)N(t0,t)

≤ K1K2e
(α+ε)θ0[e(α+ε)θ0(β + ε)]N(t0,t) (2.12)
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from which we know that if

eαθ0β < 1 ⇐ (2.10)

then
‖Ψ(t, t0)‖ → 0 as t→∞.

It is because we can choose ε > 0 small enough such that

eαθ0β < 1⇒ e(α+ε)θ0(β + ε) < 1.

�

Theorem 2.1.5. Assume that

1. A is in real canonical form and

γ =
n

max
j=1

Reλj(A);

2. let N(t, t+T ) be the number of control impulses in interval [t, t+T ) and
the limit

lim
T→∞

N(t, t+ T )

T
= p,

exists and is uniform with respect to t > t0;
3. let

α2 =
n

max
j=1

λj [(I + PC)�(I + PC)]

with α > 0 and γ + p lnα < 0.

Then the impulsive control system (2.1) is asymptotically stable. �

Proof. For any two solutions of system (2.1) x(t,x0) and x(t,y0), we have

x(t,x0)− x(t,y0) = eA(t−τi)
∏

t0<τi<t

(I + PC)eA(τj−τj−1)(x0 − y0).(2.13)

Since A is in real canonical form, we have

‖eAtx‖2 ≤ e(γ+ε)t‖x‖2
with ε > 0. Then from (2.13) it follows

‖x(t,x0)− x(t,y0)‖2 ≤ e(γ+ε)(t−t0)αn(t,t0)‖x0 − y0‖2, t > t0. (2.14)

From assumption 2 it follows that for any ξ > 0 there exists K = K(ξ) such
that

αN(t0,t) ≤ Ke(p lnα+ξ)(t−t0)

and therefore we have

‖x(t,x0)− x(t,y0)‖2 ≤ Ke(γ+p lnα+ξ+ε)(t−t0)‖x0 − y0‖2, t > t0.

Since ε and ξ can be chosen arbitrarily small, then from assumption 3 we
finish the proof. �
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Theorem 2.1.6. Assume that

1. A and PC are commute and I + PC is nonsingular;
2. let N(t, t+T ) be the number of control impulses in interval [t, t+T ) and

the limit

lim
T→∞

N(t, t+ T )

T
= p,

exists and is uniform with respect to t > t0;
3. all eigenvalues of A+ p ln(I + PC) are in the left half s-plane.

Then the impulsive control system (2.1) is asymptotically stable. �

Proof. Since A and PC are commute, for any two solutions of system (2.1)
x(t,x0) and x(t,y0), we have

x(t,x0)− x(t,y0) = eA(t−t0)(I + PC)N(t0,t)(x0 − y0), (2.15)

or

x(t,x0)− x(t,y0) = e[A+p ln(I+PC)](t−t0)

×(I + PC)[N(t0,t)−(t−t0)p](x0 − y0). (2.16)

From assumption 2 it follows that there are a constant K1 > 0 and any a
small constant ε > 0 such that

‖(I + PC)[N(t0,t)−(t−t0)p]‖ ≤ K1e
ε(t−t0), t ≥ t0. (2.17)

From assumption 3 it follows that there are constants K2 > 0 and γ > 0 such
that

‖e[A+p ln(I+PC)]t‖ ≤ K2e
−γt, t ≥ t0. (2.18)

Therefore, from (2.16) it follows that

‖x(t,x0)− x(t,y0)‖ ≤ K1K2e
−(γ−ε)(t−t0)‖x0 − y0‖ t ≥ t0. (2.19)

Since ε can be chosen arbitrarily small such that γ − ε < 0, we finish the
proof. �

2.2 Impulsive Control of Time-varying Linear Systems

Let us consider the following time-varying linear impulsive control system:

{
ẋ(t) = A(t)x, t �= τk
∆x = Bkx, t = τk, k = 1, 2, · · · , (2.20)
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where A(t) ∈ Rn×n is continuous matrix bounded for t ≥ t0, Bk ∈ Rn×n are
matrices uniformly bounded with respect to k ∈ N and

t0 < τ1 < τ2 < · · · , lim
k→∞

τk =∞.

Theorem 2.2.1. Assume that

1.

inf
i∈N
| det(I +Bi)| ≥ δ > 0; (2.21)

2. let N(t0, t) be the number of control impulses in the interval [t0, t) and

lim
t→∞

N(t0, t)

t
= p (2.22)

exists and is finite;
3. the largest eigenvalue of 1

2 [A(t) +A�(t)], λn, satisfies

λn ≤ γ (2.23)

for all t ≥ t0;
4. let Λi be the largest eigenvalues of matrices (I +B�

i )(I +Bi) such that

Λ2
i ≤ α, i ∈ N; (2.24)

5.

γ + p ln
√
α < 0. (2.25)

Then the control system (2.20) is asymptotically stable. �

Proof. For any x0 ∈ Rn we have

lim
t→∞

ln ‖x(t,x0)‖
t

≤ lim
t→∞

1

t

[∫ t

t0

λn(s)ds+
∑

t0<τi<t

lnΛi

]

≤ γ + p ln
√
α < 0. (2.26)

The proof is completed. �

Let us then consider the following impulsive control system:

{
ẋ = Ax+ P (t)x, t �= τk,
∆x = Bx+ Jkx, t = τk, k = 1, 2, · · · , (2.27)
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where A ∈ R
n×n , B ∈ R

n×n , P (t) ∈ R
n×n is a continuous or piecewise

continuous matrix for t ≥ t0, Jk ∈ Rn×n are constant matrices, k ∈ N. Let
us also consider the following reference system{

ẋ = Ax, t �= τk,
∆x = Bx, t = τk, k = 1, 2, · · · . (2.28)

We then have the following theorem.

Theorem 2.2.2. Assume that

1. the solutions of the reference system (2.28) are exponentially stable;
2. for sufficiently large t and k ∈ N, we have

‖P (t)‖ < ξ, ‖Jk‖ < ξ (2.29)

where ξ > 0 is sufficiently small;
3.

0 < θ1 ≤ τk+1 − τk ≤ θ2, k ∈ N.
Then the solutions of impulsive control system (2.27) are exponentially stable.

�

Proof. Let Ψ(t, s) be the state transition matrix of system (2.28), then from
assumption 1 it follows that there are K > 0 and γ > 0 such that

‖Ψ(t, s)‖ ≤ Ke−γ(t−s), t ≥ s. (2.30)

For any two solutions of system (2.27), x(t,x0) and x(t,y0), we have

x(t,x0)− x(t,y0) = Ψ(t, t0)(x0 − y0)

+

∫ t

t0

Ψ(t, s)P (s)[x(s,x0)− x(s,y0)]ds

+
∑

t0<τk<t

Ψ(t, τk)Jk[x(τk,x0)− x(τk,y0)]

from which and (2.30) it follows

eγ(t−t0)‖x(t,x0)− x(t,y0)‖ ≤

K‖x0 − y0‖+
∫ t

t0

Keγ(s−t0)‖P (s)‖‖x(s,x0)− x(s,y0)‖ds

+
∑

t0<τk<t

Keγ(τk−t0)‖Jk‖‖x(τk,x0)− x(τk,y0)‖.

Let us choose T > t0 such that for any t > T and τk > T , assumption 2
holds, then we have
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eγ(t−t0)‖x(t,x0)− x(t,y0)‖ ≤

φ+

∫ t

T

Kξeγ(s−t0)‖x(s,x0)− x(s,y0)‖ds

+
∑

T≤τk<t
Kξeγ(τk−t0)‖x(τk,x0)− x(τk,y0)‖,

where

φ = K‖x0 − y0‖+
∫ T

t0

Keγ(s−t0)‖P (s)‖‖x(s,x0)− x(s,y0)‖ds

+
∑

t0<τk<T

Keγ(τk−t0)‖Jk‖‖x(τk,x0)− x(τk,y0)‖. (2.31)

Therefore we have

eγ(t−t0)‖x(t,x0)− x(t,y0)‖ ≤

φ+

∫ t

t0

Kξeγ(s−t0)‖x(s,x0)− x(s,y0)‖ds

+
∑

t0<τk<t

Kξeγ(τk−t0)‖x(τk,x0)− x(τk,y0)‖. (2.32)

Then from Lemma 1.7.1 we have

eγ(t−t0)‖x(t,x0)− x(t,y0)‖ ≤ φ(1 +Kξ)N(t0,t)eKξ(t−t0), (2.33)

and from assumption 3 we have

‖x(t,x0)− x(t,y0)‖ ≤

φ exp

{
−
(
γ −Kξ − 1

θ1
ln(1 +Kξ)

)
(t− t0)

}
. (2.34)

If ξ is so small that

γ −Kξ − 1

θ1
ln(1 +Kξ) > 0, (2.35)

then we have
‖x(t,x0)− x(t,y0)‖ → 0 as t→∞.

�

Similar to Theorem 2.1.5 we have the following theorem.

Theorem 2.2.3. Assume that

1. A is in real canonical form and let

γ =
n

max
j=1

Reλj(A);
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2. let N(t, t+T ) be the number of control impulses in interval [t, t+T ) and
the limit

lim
T→∞

N(t, t+ T )

T
= p

exists and is uniform with respect to t > t0;
3. let

α2 =
n

max
j=1

λj [(I +B)�(I +B)]

with α > 0 and γ + p lnα < 0;
4. for sufficiently large t and k ∈ N, we have

‖P (t)‖ < ξ, ‖Jk‖ < ξ (2.36)

where ξ > 0 is sufficiently small.

Then the solutions of impulsive control system (2.27) are asymptotically sta-
ble. �

Similarly, we have the following theorem.

Theorem 2.2.4. Assume that

1. A is in real canonical form and let

γ =
n

max
j=1

Reλj(A);

2. τk, k ∈ N satisfy 0 < θ1 ≤ τk+1 − τk ≤ θ2;
3. let

α2 =
n

max
j=1

λj [(I +B)�(I +B)]

with α > 0 and

γ +
1

θ
lnα < 0

where

θ =

{
θ1, if α ≥ 1,
θ2, if 0 < α < 1;

4. for sufficiently large t and k ∈ N, we have

‖P (t)‖ < ξ, ‖Jk‖ < ξ (2.37)

where ξ > 0 is sufficiently small.

Then the solutions of system (2.27) are asymptotically stable. �

2.3 Controllability of Linear Impulsive Control Systems

In this section we study the controllability of type-I and type-II linear im-
pulsive control systems.
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2.3.1 Time-varying Cases

In this section we consider the impulsive control of the following time-varying
linear system:

ẋ(t) = A(t)x (2.38)

where x ∈ R
n and A ∈ C[R+ ,R

n×n ]. We denote the fundamental matrix
of system (2.38) as Φ(t). The corresponding impulsive controlled system is
given by

{
ẋ(t) = A(t)x+B(t)u(t), t �= τk
∆x = Bkuk, t = τk, k ∈ N (2.39)

where u(t) ∈ R
m̃ , B ∈ C[R+ ,R

n×m̃ ], m̃ < n, uk ∈ R
m , Bk ∈ R

n×m and
m < n.

Definition 2.3.1. The time-varying linear system (2.38) is called impul-
sively controllable if for all vector pair x1 ∈ Rn , x2 ∈ Rn , and any open time
interval (t1, t2), there exist real numbers τk ∈ [t1, t2], k = 1, 2, · · · , p < ∞,
τ1 < τ2 < · · · < τp, and control vectors uk ∈ R

m , such that the controlled
system (2.39) has a solution x(t) existing on [t1, t2] satisfying x(t1) = x1

and x(t+2 ) = x2. �

Theorem 2.3.1. Given two terminal conditions (t1,x1) and (t2,x2), the
control system in (2.39) is controllable at time t1 if and only if

1. the n ×m matrix function Φ(t)Φ−1(t1)B(t) are linearly independent on
[t1, t2],
or,

2. Rank([Φ−1(τ1)B1 Φ−1(τ2)B2 · · · Φ−1(τp)Bp]) = n.

�

Proof. In control system (2.39) there are two kinds of control signals gener-
ated by linear continuous control laws and linear impulsive control law. The
controllability of (2.39) can be considered with respect to linear continuous
control law and linear impulsive control law, respectively. Therefore the proof
consists of two steps. In the first step we set uk = 0 for all k = 0, 1, 2, · · · , then
the control system (2.39) becomes a conventional linear control system. Then
the control system in (2.39) is controllable at time t1 if and only if the n× m̃
matrix function Φ(t)Φ−1(t1)B(t) are linearly independent on [t1, t2]. We first
prove the sufficiency. If the rows of Φ(t)Φ−1(t1)B(t) are linearly independent
on [t1, t2], then the n× n Grammian matrix
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W (t1, t2) ,

∫ t2

t1

Φ(t1, t)B(t)B�(t)Φ�(t1, t)dt (2.40)

is nonsingular and thus W−1(t1, t2) exists and Φ(s, p) , Φ(s)Φ
−1(p). Since

x(t2) = Φ(t2, t1)

{
x1 −

[∫ t2

t1

Φ(t1, t)B(t)B�(t)Φ�(t1, t)dt

]
[W−1(t1, t2)(x1 − Φ(t1, t2)x2)]

}
= Φ(t2, t1)[x1 −W (t1, t2)W

−1(t1, t2)(x1 − Φ(t1, t2)x2)]

= Φ(t2, t1)Φ(t1, t2)x2 = x2 (2.41)

we know that

u(t) = −B�(t)Φ�(t1, t)W
−1(t1, t2)(x1 − Φ(t1, t2)x2) (2.42)

is a control input that satisfying the terminal conditions (t1,x1) and (t2,x2).
Thus the control system in (2.39) is controllable.

We then prove the necessity which implies that if the control system
in (2.39) is controllable then the n rows of Φ(t)Φ−1(t1)B(t) are linearly
independent. Let us assume that (2.39) is controllable but the rows of
Φ(t)Φ−1(t1)B(t) are linearly dependent. Thus, there exists a nonzero and
constant 1× n real vector w such that

wΦ(t1, t)B(t) = 0 for all t in [t1, t2]. (2.43)

We can choose x(t1) = x1 = w� as an initial state and x(t2) = x2 = 0 as a
terminal state because the system is controllable. Then we have

0 = Φ(t2, t1)

[
w� +

∫ t2

t1

Φ(t1, t)B(t)u(t)dt

]
(2.44)

from which we have

0 = ww� +

∫ t2

t1

wΦ(t1, t)B(t)u(t)dt. (2.45)

Followed (2.43), (2.45) reduces into

ww� = 0 (2.46)

which in turn implies that w = 0. This is a contradiction.
In the second step, we assume that u(t) = 0 for t ∈ [t1, t2]. For given τk,

uk, k = 1, 2, · · · , p, the unique solution of impulsive control system (2.39)
satisfying the initial condition x(t1) = x1 is given by{

x(t) = Φ(t)Φ−1(t1)x1, t ∈ (t1, τ1],
x(t) = Φ(t)Φ−1(τk)x(τ

+
k ), t ∈ (τk, τk+1], k = 1, 2, · · · , p. (2.47)
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From (2.39) and (2.47) it follows

x(t+2 ) = Φ(t2)

(
Φ−1(t1)x1 +

p∑
k=1

Φ−1(τk)Bkuk

)
. (2.48)

From the definition of impulsive controllability we know that x(t+2 ) = x2

should be satisfied, we then have

p∑
k=1

Φ−1(τk)Bkuk = Φ−1(t2)x2 − Φ−1(t1)x1. (2.49)

Let us define

v , Φ−1(t2)x2 − Φ−1(t1)x1,

W , [Φ−1(τ1)B1 Φ−1(τ2)B2 · · · Φ−1(τp)Bp],

U�
, (u�

1 ,u
�
2 , · · · ,u�

p ) (2.50)

then (2.49) can be rewritten as

WU = v.

Because x1, x2 and therefore v are arbitrary, the impulsive controllability of
system (2.38) is equivalent to

Rank(W ) = n. (2.51)

�

If the condition in (2.51) is not satisfied, then we can only find partial
impulsive controllability of impulsive control systems. Then our question be-
comes as follows: Given two pairs of terminal conditions (t1,x1) and (t2,x2)
under which conditions we can find a solution of system (2.39) to satisfy both
of them. From (2.49) it follows that the necessary and sufficient condition for
the existence of such a solution is given by

v ∈ col{W}, (2.52)

where col{W} is the column space of W .

2.3.2 Time-invariant Cases

If the A(t) matrix is constant and there is no continuous control law, then
the linear impulsive control system (2.39) can be recast into

{
ẋ(t) = Ax, t �= τk
∆x = Bkuk, t = τk, k = 1, 2, · · · . (2.53)
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In this case, the fundamental matrix is given by

Φ(t) = eAt.

Followed (2.50) we have

W = [e−Aτ1B1 e−Aτ2B2 · · · e−AτpBp]. (2.54)

By using Cayley-Hamilton theorem we can use an nth-order polynomial in
A to represent eAt. Let

Λ(λ) = λn +
n−1∑
i=0

aiλ
i

be the characteristic polynomial of A and let the scalar functions fi(λ), i =
0, 1, · · · , n− 1, be the unique solution to the following system



df0(λ)
dλ

df1(λ)
dλ

df2(λ)
dλ
...

dfn−1(λ)
dλ


 =




0 0 · · · 0 −a0

1 0 · · · 0 −a1

0 1 · · · 0 −a2

...
...
. . .

...
...

0 0 · · · 1 −an−1







f0(λ)
f1(λ)
f2(λ)

...
fn−1(λ)


 , (2.55)

satisfying

f0(0) = 1,

fi(0) = 0, i = 1, 2, · · · , n− 1. (2.56)

We then have the following lemmas.

Lemma 2.3.1.

eAλ =
n−1∑
i=0

fi(λ)A
i.

�

Proof.

d

dλ

n−1∑
i=0

fi(λ)A
i = f0(λ)A+ f1(λ)A

2 + · · ·+ fn−2(λ)A
n−1

+fn−1(λ)(−a0I − a1A− · · · − an−1A
n−1). (2.57)

By Cayley-Hamilton theorem we know that

An = −a0I − a1A− · · · − an−1A
n−1.
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We then have

d

dλ

n−1∑
i=0

fi(λ)A
i = A

n−1∑
i=0

fi(λ)A
i. (2.58)

Also,

n−1∑
i=0

fi(λ)A
i

∣∣∣∣∣
λ=0

=
n−1∑
i=0

fi(0)A
i = A0 = I. (2.59)

Thus, the solution to (2.58) and (2.59) is unique and eAλ satisfies (2.58)
and (2.59). �

Lemma 2.3.2. The functions fi(λ), i = 0, 1, · · · , n − 1, defined in (2.55)
and (2.56) are linearly independent in any open interval (t1, t2). �

Proof. Suppose
n−1∑
i=0

cifi(λ) = 0

for some constants ci, it follows from (2.56) that c0 = 0 and we also have

d

dλ

n−1∑
i=0

cifi(λ) = 0.

Then followed (2.55) we have

n−1∑
i=1

ci[fi−1(λ) − aifn−1(λ)] = 0. (2.60)

If we define fi(λ) = 0 for i < 0, then (2.60) can be rewritten as

n−1∑
i=0

ci[fi−1(λ) − aifn−1(λ)] = 0. (2.61)

Evaluating (2.61) at λ = 0 and followed (2.56) we have c1 = 0. We differen-
tiate (2.61) and get

n−1∑
i=0

ci{fi−2(λ)− ai−1fn−1(λ) − ai[fn−2(λ) − an−1fn−1(λ)]} = 0, (2.62)

which upon evaluation at λ = 0 gives c2 = 0. By using the similar process,
it is easy to show that ci = 0, i = 0, 1, · · · , n− 1. Thus, the functions fi(λ)
are linearly independent on any interval containing zero. Furthermore, since
the functions fi(λ) satisfy a linear constant coefficient system of ODEs, it
is known that they must be analytic. This implies that these functions are
linearly independent in any open interval (t1, t2). �
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Lemma 2.3.3. If f1(λ), f2(λ), · · · , fn(λ) are linearly independent functions
in every open interval, then for a given p ≤ n, and any open interval (t1, t2),
there exist real numbers τi, i = 1, 2, · · · , p, such that t1 ≤ τ1 < τ2 < · · · <
τp ≤ t2, and the matrix

Γp ,



f1(τ1) f1(τ2) · · · f1(τp)
f2(τ1) f2(τ2) · · · f2(τp)

...
...

. . .
...

fn(τ1) fn(τ2) · · · fn(τp)




has rank p. �

Proof. We can choose τ1 ∈ [t1, t2) such that Γ1 has rank one. Suppose that
we choose time moments τi, i = 1, 2, · · · , q, satisfying t1 ≤ τ1 < τ2 < · · · <
τq ≤ t2 such that Γq has rank q, q < p ≤ n. For fixed k we view Γk as a
linear transformation Tk : Rn → R

n defined by Tkx = (Γk 0k)
�x where

0k is the n× (n − k) zero matrix. It follows that dim{ker Tq} = n− q > 0.
Choose nonzero w ∈ ker Tq and suppose w ∈ ker Tq+1 for all τq+1 ∈ (τq , t2).
It follows that

(Γq+1 0q+1)
�w = 0.

hence

[f1(τq+1), f2(τq+1), · · · , fn(τq+1)]w = 0, ∀τq+1 ∈ (τq, t2). (2.63)

However, the function fi(τ) are linearly independent in (τq , t2) so that (2.63)
can not hold. This is a contradiction. Therefore, there exists a time τq+1 ∈
(τq , t2) such that w �= ker Tq+1, and since kerTq+1 ⊂ ker Tq, we have
dim{ker Tq+1} = dim{ker Tq} − 1 = n − (q + 1), implying Γq+1 has rank
q + 1. Thus by mathematical induction we can construct Γp to have rank
p ≤ n. �

Theorem 2.3.2. If A and Bk ≡ B are constant matrices then system (2.53)
is impulsively controllable if and only if

Rank[B,AB,A2B, · · · , An−1B] = n. (2.64)

Furthermore, the maximum number of impulses required to achieve any de-
sired final state for a controllable constant system is p = �n/m�, where �x�
denote the smallest integer greater than or equal to x. �

Proof. The controllability condition is given by (2.50) and (2.51) and followed
Lemma 2.3.1 we have
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W =

[
n−1∑
i=0

fi(−τ1)AiB,
n−1∑
i=0

fi(−τ1)AiB, · · · ,
n−1∑
i=0

fi(−τp)AiB
]

= [B,AB, · · · , An−1B]

×



f0(−τ1)Im f0(−τ2)Im · · · f0(−τp)Im
f1(−τ1)Im f1(−τ2)Im · · · f1(−τp)Im

...
...

. . .
...

fn−1(−τ1)Im fn−1(−τ2)Im · · · fn−1(−τp)Im


 ,

(2.65)

where Im is the m×m identity matrix. We then need to show that the matrix

S ,



f0(−τ1)Im f0(−τ2)Im · · · f0(−τp)Im
f1(−τ1)Im f1(−τ2)Im · · · f1(−τp)Im

...
...

. . .
...

fn−1(−τ1)Im fn−1(−τ2)Im · · · fn−1(−τp)Im


 (2.66)

has full rank that is no less than n for some choice of ordered time moments
τk ∈ [t1, t2], k = 1, 2, · · · , p, where p = �n/m�. The matrix S has full rank if
and only if the matrix

Q ,



f0(−τ1) f0(−τ2) · · · f0(−τp)
f1(−τ1) f1(−τ2) · · · f1(−τp)

...
...

. . .
...

fn−1(−τ1) fn−1(−τ2) · · · fn−1(−τp)


 (2.67)

has full rank. S has pm columns, hence Rank(S) ≥ n implies p ≥ n/m; this
provides the lower bound for p. Let p = �n/m�, then since m ≥ 1, p ≤ n and
by Lemma 2.3.2 we can apply Lemma 2.3.3 so that there exist τ1, τ2, · · · , τp
such that Q has full rank. �

Corollary 2.3.1. If A and Bk ≡ B are constant matrices, then the linear
impulsive control system (2.53) is impulsively controllable if and only if

Rank[sI −A,B] = n, ∀s ∈ C . (2.68)

�

Proof. By using simple linear algebra we know

Rank[B,AB,A2B, · · · , An−1B] = n (2.69)

if and only if

Rank[sI −A,B] = n, ∀s ∈ C . (2.70)

Then by using Theorem 2.3.2, we finish the proof. �

Note 2.3.1. The controllability of linear impulsive system is adopted from
[20]. �



3. Comparison Methods

In this chapter let us study the stability of impulsive control systems using
comparison methods.

3.1 Single Comparison System

Let us consider the following impulsive control system:



ẋ = f (t,x) + u(t,x), t �= τk,
∆x = U(k,x), t = τk,
x(t+0 ) = x0, k = 1, 2, · · · .

(3.1)

Definition 3.1.1. Comparison System
Let V ∈ V0 and assume that{

D+V (t,x) ≤ g(t, V (t,x)), t �= τk,
V (t,x+ U(k,x)) ≤ ψk(V (t,x)), t = τk,

(3.2)

where g : R+ × R → R is continuous in (τk−1, τk] × R and for each x ∈ R,
k = 1, 2, · · · ,

lim
(t,y)→(τ+k ,x)

g(t, y) = g(τ+k , x)

exists. ψk : R+ → R+ is nondecreasing. Then the following system

ẇ = g(t, w), t �= τk,
w(τ+k ) = ψk(w(τk)),
w(t+0 ) = w0 ≥ 0

(3.3)

is the comparison system of (3.1). �

Consider the following system

ẇ = g(t, w), t �= τk,
w(τ+k ) = ψk(w(τk)), τk > t0 ≥ 0
w(t0) = w0

(3.4)

where g ∈ C[R+ × R,R], ψk : R → R, we have the following definitions.

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 35−70, 2001.
 Springer-Verlag Berlin Heidelberg 2001
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Definition 3.1.2. Let wmax(t) = wmax(t, t0, w0) be a solution of (3.4) on
[t0, t0 + T ). If for any solution w(t) = w(t, t0, w0) of (3.4) on [t0, t0 + T ) the
following inequality

wmax(t) ≥ w(t), t ∈ [t0, t0 + T )

holds, then wmax(t) is the maximal solution of (3.4) on [t0, t0+T ). The min-
imal solution, wmin(t) = wmin(t, t0, w0) on [t0, t0 + T ) satisfies the following
inequality:

wmin(t) ≤ w(t), t ∈ [t0, t0 + T ).

�

Theorem 3.1.1. Consider the following system

ẇ = g(t, w), t �= τk,
w(τ+k ) = ψk(w(τk)), τk > t0 ≥ 0
w(t0) = w0

(3.5)

Suppose that

1. {τk} satisfies 0 ≤ t0 < τ1 < τ2 < · · · and limk→∞ τk =∞;
2. p ∈ PC1[R+ ,R] and p(t) is left-continuous at τk, k = 1, 2, · · · ;
3. g ∈ C[R+ ×R,R], ψk : R → R, ψk(w) is nondecreasing in w and for each

k = 1, 2, · · · ,

D−p(t) ≤ g(t, p(t)), t �= τk, p(t0) ≤ w0,

p(τ+k ) ≤ ψk(p(τk)); (3.6)

4. wmax(t) is the maximal solution of (3.5) on [t0,∞).

Then p(t) ≤ wmax(t), t ∈ [t0,∞). �

Proof. From the classical comparison theorem we know that p(t) ≤ wmax(t)
for t ∈ [t0, τ1]. Since p(τ1) ≤ wmax(τ1) and ψ1(w) is nondecreasing we have

p(τ+1 ) ≤ ψ1(p(τ1)) ≤ ψ1(wmax(τ1)) = w+
1 . (3.7)

For t ∈ (τ1, τ2] by using classical comparison theorem we know that p(t) ≤
wmax(t), where wmax(t) = wmax(t, τ1, w

+
1 ) is the maximal solution of (3.5) on

t ∈ [τ1, τ2]. Similarly, we have

p(τ+2 ) ≤ ψ2(p(τ2)) ≤ ψ2(wmax(τ2)) = w+
2 . (3.8)

By repeating the same process we can finish the proof. �

Theorem 3.1.2. Let wmax(t) = wmax(t, t0, w0) be the maximal solution of
(3.3) on [t0,∞), then for any solution, x(t) = x(t, t0,x0), t ∈ [t0,∞), of
(3.1), V (t+0 ,x0) ≤ w0 implies that

V (t,x(t)) ≤ wmax(t), t ≥ t0. (3.9)

�
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Proof. Let Ṽ (t) = V (t,x(t)) for t �= τk such that for a small δ > 0 we have

Ṽ (t+ δ)− Ṽ (t) = V (t+ δ,x(t+ δ))− V (t+ δ,x(t) + δ(f (t,x) + u(t,x)))

+V (t+ δ,x(t) + δ(f (t,x) + u(t,x)))− V (t,x(t)). (3.10)

Since V (t,x) is locally Lipschitzian in x for t ∈ (τk, τk+1], from (3.2) we have

D+Ṽ (t) ≤ g(t, Ṽ (t)), t �= τk, Ṽ (t+0 ) ≤ w0,

Ṽ (τ+k ) = V (τ+k ,x(τk) + U(k,x(τk))) ≤ ψk(Ṽ (τk)). (3.11)

Therefore, followed Theorem 3.1.1 we finish the proof. �

For some special case of g(t, w) and ψk(w) we have the following corollary.

Corollary 3.1.1. If in Theorem 3.1.2 we assume that

1. g(t, w) = 0, ψk(w) = w for all k, then V (t,x) is nonincreasing in t and
V (t,x) ≤ V (t+0 ,x0), t ≥ t0;

2. g(t, w) = 0, ψk(w) = dkw, dk ≥ 0 for all k, then

V (t,x) ≤ V (t+0 ,x0)
∏

t0<τk<t

dk, t ≥ t0;

3. g(t, w) = −γw, γ > 0, ψk(w) = dkw, dk ≥ 0 for all k, then

V (t,x) ≤
(
V (t+0 ,x0)

∏
t0<τk<t

dk

)
e−γ(t−t0), t ≥ t0;

4. g(t, w) = λ̇(t)w, λ(t) ∈ C1(R+ ,R+ ), ψk(w) = dkw, dk ≥ 0 for all k, then

V (t,x) ≤
(
V (t+0 ,x0)

∏
t0<τk<t

dk

)
eλ(t)−λ(t0), t ≥ t0.

�

Then the following theorem gives sufficient conditions in a unified way for
various stability criteria.

Theorem 3.1.3. Assume that

1. f(t, 0) = 0, u(t, 0) = 0, g(t, 0) = 0 and U(k, 0) = 0 for all k;
2. V : R+ × Sρ → R+ , ρ > 0, V ∈ V0, D+V (t,x) ≤ g(t, V (t,x)), t �= τk;
3. There exists a ρ0 > 0 such that x ∈ Sρ0 implies that x + U(k,x) ∈ Sρ

for all k and V (t,x+ U(k,x)) ≤ ψk(V (t,x)), t = τk, x ∈ Sρ0 ;
4. β(‖x‖) ≤ V (t,x) ≤ α(‖x‖) on R+ × Sρ where α(·), β(·) ∈ K.
Then the stability properties of the trivial solution of comparison system (3.3)
imply the corresponding stability properties of the trivial solution of (3.1). �
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Proof. From condition 1 we know that the trivial solutions of both (3.1)
and (3.3) exist. We then prove the equivalence of stable, uniformly stable,
asymptotically stable and uniformly asymptotically stable properties of sys-
tems (3.1) and (3.3).

1. Stable: Let us suppose that the trivial solution of (3.3) is stable and
let 0 < η < min(ρ, ρ0), then there exists an ε1(t0, η) > 0 such that
0 ≤ w0 < ε1 implies w(t, t0, w0) < β(η) where t ≥ t0 and w(t, t0, w0)
is an arbitrary solution of (3.3). Let us choose w0 = α(‖x0‖) and let
ε2 = ε2(η) such that α(ε2) < β(η). Let ε = min(ε1, ε2) then we have the
following claim:
Claim 3.1.3: For any solution, x(t, t0,x0), of (3.1) if ‖x0‖ < ε then
‖x(t)‖ < η for t ≥ t0.
If Claim 3.1.3 is not true then there are a k and a solution x1(t) =
x1(t, t0,x0) of (3.1) satisfying

η ≤ ‖x1(t1)‖ and ‖x1(t)‖ < η for t ∈ [t0, τk] (3.12)

where ‖x0‖ < ε, t1 > t0 and t1 ∈ (τk, τk+1].
From 0 < η < min(ρ, ρ0) we know that 0 < η < ρ0, then from condition
3 we have ‖x1(τk) + U(k,x1(τk))‖ < ρ. Therefore there exists a t2 ∈
(τk, t1] such that η ≤ ‖x1(t2)‖ < ρ. Followed conditions 2 and 3 and
Theorem 3.1.2 we have

V (t,x1) ≤ wmax(t, t0, w0), w0 = α(‖x0‖), t ∈ [t0, t2] (3.13)

where wmax(t, t0, w0) is the maximal solution of (3.3). Followed condition
4 and recall that any solution of (3.3), w(t, t0, w0) < β(η), we have

β(η) ≤ β(‖x1(t2)‖) ≤ V (t2,x1(t2)) ≤ wmax(t2, t0, w0) < β(η) (3.14)

which leads to a contradiction. Hence, Claim 3.1.3 is true and the trivial
solution of system (3.1) is stable.

2. Uniformly stable: Let us suppose that the trivial solution of (3.3) is uni-
formly stable, then ε is independent of t0 and therefore following the
same procedure of the stable case we can prove that the trivial solution
of the system (3.1) is uniformly stable.

3. Asymptotically stable: Let us suppose that the trivial solution of (3.3)
is asymptotically stable from which we know that the trivial solution of
(3.3) is attractive and stable. Following the proof of stable case, we know
that the trivial solution of (3.1) is stable. Let ε3 = ε(t0,min(ρ, ρ0)) then
the stable property leads to

‖x0‖ < ε3 implies ‖x(t)‖ < ρ, t ≥ t0. (3.15)

We then need to prove the attractive property. Let 0 < η < min(ρ, ρ0),
t0 ∈ R+ and because the trivial solution of (3.3) is attractive, there exist
ε4 = ε4(t0) > 0 and T = T (t0, η) > 0 such that
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0 ≤ w0 < ε4 implies w(t, t0, w0) < β(η), t ≥ t0 + T. (3.16)

Let us choose ε0 = min(ε3, ε4) and let ‖x0‖ < ε0, then from (3.15) we
know that

‖x(t)‖ < ρ, t ≥ t0,

from this fact and use the same process that leading to (3.13) we have

V (t,x(t)) ≤ wmax(t, t0, α(‖x0‖)), t ≥ t0 (3.17)

from which we have

β(‖x(t)‖) ≤ V (t,x(t))

≤ wmax(t, t0, α(‖x0‖)) < β(η), t ≥ t0 + T (3.18)

which proves the trivial solution of (3.1) is attractive. Therefore the trivial
solution of (3.1) is asymptotically stable.

4. Uniformly asymptotically stable: Let us suppose that the trivial solution
of (3.3) is uniformly asymptotically stable, then ε0 and T are independent
of t0 and therefore following the same procedure of asymptotically stable
case we can prove that the trivial solution of the system (3.1) is uniformly
asymptotically stable.

�

Remark 3.1.1. The system in (3.3) is a scalar impulsive differential equation.
If we can find the comparison system of a high order impulsive control system,
then the stability analysis may be simplified to that of a scalar impulsive
differential equation. �

Theorem 3.1.4. Let g(t, w) = λ̇(t)w, λ ∈ C1[R+ ,R+ ], λ̇(t) ≥ 0, ψk(w) =
dkw, dk ≥ 0 for all k, then the origin of system (3.1) is

1. stable if

λ(τk+1) + ln(dk) ≤ λ(τk), for all k (3.19)

is satisfied.
2. asymptotically stable if

λ(τk+1) + ln(γdk) ≤ λ(τk), for all k, where γ > 1 (3.20)

is satisfied.

�

Proof.
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1. Stable: Let w(t, t0, w0) be any solution of the following comparison sys-
tem:

ẇ = λ̇(t)w, t �= τk,

w(τ+k ) = dkw(τk),

w(t+0 ) = w0 ≥ 0 (3.21)

then we have

w(t, t0, w0) = w0

∏
t0<τk<t

dke
λ(t)−λ(t0), t ≥ t0. (3.22)

From λ̇(t) ≥ 0 we know that λ(t) is nondecreasing and from (3.19), in
the case of 0 < t0 < τ1, we have

w(t, t0, w0) ≤ w0e
λ(τ1)−λ(t0), t ≥ t0. (3.23)

Then for a given η > 0 we can choose ε = η/2eλ(τ1)−λ(t0) such that
0 ≤ w0 < ε implies w(t, t0, w0) ≤ η/2 < η. Hence we proved that the
trivial solution of system (3.21) is stable. Followed Theorem 3.1.3 we
know that the origin of system (3.1) is stable.

2. Asymptotically stable: If (3.20) holds then by using similar process we
have

w(t, t0, w0) ≤
w0

γk
eλ(τ1)−λ(t0), t ∈ (τk−1, τk] (3.24)

from which we know limt→∞w(t, t0, w0) = 0. Hence we proved that the
trivial solution of system (3.21) is asymptotically stable. Followed The-
orem 3.1.3 we know that the origin of system (3.1) is asymptotically
stable.

�

Let the plant be the following nonlinear system:{
ẋ = Ax+ φ(x)
y = Cx

(3.25)

where x ∈ R
n is the state variable, A is an n × n constant matrix, y ∈

R
m is the output and C is an m × n constant matrix. φ : Rn → R

n is a
nonlinear function. The control instants are given by τk, k = 1, 2, · · · . Then
the nonlinear impulsive control system is given by


ẋ = Ax+ φ(x),
y = Cx, t �= τk,
∆x = By, t = τk, k = 1, 2, · · · ,

(3.26)

where B is an n×m constant matrix. Then the impulsive control system can
be rewritten as
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

ẋ = Ax+ φ(x), t �= τk,
∆x = BCx, t = τk, k = 1, 2, · · · ,
x(t+0 ) = x0.

(3.27)

From which we know that U(k,x) = BCx.

Theorem 3.1.5. Let the n×n matrix Γ be symmetric and positive definite,
and λ1 > 0, λ2 > 0 are respectively, the smallest and the largest eigenvalues
of Γ . Let

Q = ΓA+A�Γ (3.28)

and λ3 be the largest eigenvalue of Γ−1Q. φ(x) is continuous and ‖φ(x)‖ ≤
L‖x‖ where L > 0 is a constant. λ4 is the largest eigenvalue of the matrix

Γ−1[I + (BC)�]Γ (I +BC). (3.29)

Then the origin of impulsive control system (3.27) is asymptotically stable if(
λ3 + 2L

√
λ2
λ1

)
(τk+1 − τk) ≤ − ln(γλ4), γ > 1. (3.30)

�

Proof. Let us construct a Lyapunov function V (x) = x�Γx, when t �= τk we
have

D+V (x) = x�(A�Γ + ΓA)x+ [φ�(x)Γx+ x�Γφ(x)]

= x�Qx+ [φ�(x)Γx+ x�Γφ(x)]

≤
(
λ3 + 2L

√
λ2
λ1

)
V (x), t �= τk. (3.31)

Hence, condition 2 of Theorem 3.1.3 is satisfied with g(t, w) =
(
λ3 + 2L

√
λ2
λ1

)
w.

Since

‖x+ U(k,x)‖ = ‖x+BCx‖
≤ ‖I +BC‖‖x‖ (3.32)

and ‖I +BC‖ is finite we know that there exists a ρ0 > 0 such that x ∈ Sρ0
implies that x+ U(k,x) ∈ Sρ for all k.

When t = τk, we have
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V (x+BCx)|t=τk = (x+BCx)�Γ (x+BCx)

= x�[I + (BC)�]Γ (I +BC)x

≤ λ4V (x). (3.33)

Hence condition 3 of Theorem 3.1.3 is satisfied with ψk(w) = λ4w. And we
have

λ1‖x‖2 ≤ V (x) ≤ λ2‖x‖2. (3.34)

From which one can see that condition 4 of Theorem 3.1.3 is also satisfied
with β(x) = λ1x and α(x) = λ2x. It follows from Theorem 3.1.3 that the
asymptotic stability of the impulsive control system (3.27) is implied by that
of the following comparison system:


ẇ(t) =

(
λ3 + 2L

√
λ2
λ1

)
w(t), t �= τk,

w(τ+k ) = λ4w(τk),
w(t+0 ) = w0 ≥ 0.

(3.35)

It follows from Theorem 3.1.4 that if∫ τk+1

τk

(
λ3 + 2L

√
λ2
λ1

)
dt+ ln(γλ4) ≤ 0, γ > 1 (3.36)

i.e., (
λ3 + 2L

√
λ2
λ1

)
(τk+1 − τk) ≤ − ln(γλ4), γ > 1 (3.37)

is satisfied, then the origin of (3.27) is asymptotically stable. �

We then generalize Theorem 3.1.5 for the following time-varying impulsive
system:

ẋ = A(t)x+ φ(t,x), t �= τk,

∆x = Bkx, t = τk,

x(t+0 ) = x0 (3.38)

where A(t) is a continuous n×n matrix, Bk, k = 1, 2, · · · , are n×n matrices.
In this case, the impulsive control law is linear; namely, U(k,x) = Bkx.

Theorem 3.1.6. Suppose that

1. There is a self adjoint and positive matrix Γ (t) that is continuously dif-
ferentiable. Let λmin > 0 and λmax > 0 be the smallest and the largest
eigenvalues of Γ (t);
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2. Let

Q(t) =
dΓ (t)

dt
+ Γ (t)A(t) +A�(t)Γ (t) (3.39)

and µmax ∈ C[R+ ,R+ ] be the largest eigenvalue of the matrix Γ−1(t)Q(t);
3. φ ∈ C[R+ × Sρ,Rn ] and ‖φ(t,x)‖ ≤ L(t)‖x‖ on R+ × Sρ where β ∈

C[R+ ,R+ ] and let

σ(t) = µmax(t) + 2L(t)

√
λmax
λmin

;

4. ψk ∈ C[R+ ,R+ ] is the largest eigenvalue of the matrix

Γ−1(t)(I +B�
k )Γ (t)(I +Bk), for all k; (3.40)

Then the origin of the system (3.38) is asymptotically stable if∫ τk+1

τk

σ(s)ds+ ln[γψk(τk)] ≤ 0, γ > 1. (3.41)

�

Proof. Let us construct a Lyapunov function

V (t,x) = x�Γ (t)x,

when t �= τk we have

D+V (t,x) = x�[A�(t)Γ (t) + Γ (t)A(t)]x+ [φ�(t,x)Γ (t)x+ x�Γ (t)φ(t,x)]

= x�Q(t)x+ [φ�(t,x)Γ (t)x+ x�Γ (t)φ(t,x)]

≤ σ(t)V (t,x), t �= τk. (3.42)

Hence, condition 2 of Theorem 3.1.3 is satisfied with g(t, w) = σ(t)w.
Since

‖x+Bkx‖ ≤ ‖I +Bk‖‖x‖ (3.43)

and ‖I + Bk‖ is finite for all k, then there is a ρ0 > 0 such that x ∈ Sρ0
implies x+Bkx ∈ Sρ.

When t = τk, we have

V (t,x+Bkx)|t=τk = (x+Bkx)
�Γ (t)(x+Bkx)

= x�(I +B�
k )Γ (t)(I +Bk)x

≤ ψk(τk)V (t,x). (3.44)

Hence condition 3 of Theorem 3.1.3 is satisfied with ψk(w) = ψkw. And we
have
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λmin‖x‖2 ≤ V (x) ≤ λmax‖x‖2. (3.45)

From which one can see that condition 4 of Theorem 3.1.3 is also satisfied
with β(x) = λminx and α(x) = λmaxx. It follows from Theorem 3.1.3 that
the asymptotic stability of the impulsive control system (3.38) is implied by
that of the following comparison system:

ẇ = σ(t)w, t �= τk,

w(τ+k ) = ψk(τk)w(τk),

w(t+0 ) = w0 ≥ 0. (3.46)

It follows from (3.41) and the second conclusion of Theorem 3.1.4 we know
that the trivial solution of (3.46) is asymptotically stable. Therefore, the
trivial solution of (3.38) is asymptotically stable. �

Remark 3.1.2. We have the following special cases:

1. When σ(t) = σ > 0, then condition (3.41) becomes

ψk(τk) ≤
σ

γ
eτk−τk+1 ;

2. Let σ(t) = 1
t+c > 0, then condition (3.41) becomes

ψk(τk) ≤
τk + c

γ(τk+1 + c)
;

3. Let σ(t) = c+ sin(t) > 0, then condition (3.41) becomes

ψk(τk) ≤
1

γ
exp[c(τk − τk+1) + cos(τk+1)− cos(τk)].

�

Since the usefulness of the stability of comparison systems, we present
some results of this kind as follows. Let us consider the following comparison
system:

ẇ = −σ(t)χ(w), t �= τk,

w(τ+k ) = ψk(w(τk)),

w(t+0 ) = w0 ≥ 0 (3.47)

where t, w ∈ R+ , k ∈ N, σ ∈ PC[R+ ,R+ ], ψk, χ ∈ K.

Theorem 3.1.7. Assume that there is such a , > 0 that for θ ∈ (0, ,] and
k ∈ N

−
∫ τk+1

τk

σ(s)ds+

∫ ψk+1(θ)

θ

1

χ(s)
ds ≤ −.k+1, .k+1 ≥ 0. (3.48)

Then the trivial solution of the comparison system (3.47) is
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1. stable;
2. asymptotically stable if

∞∑
k=1

.k =∞. (3.49)

�

Proof. Let us assume that 0 ≤ t0 < τ1 and choose δ = δ(t0) > 0 such that if
w0 ∈ (0, δ) then ψ1(w0) < ,. Let w(t) = w(t, t0, w0) be a solution of system
(3.47), then w(t) is nonincreasing in (τk, τk+1], k ∈ N and since ψ1 ∈ K we
have

w(τ+1 ) = ψ1(w(τ1)) ≤ ψ1(w0)︸ ︷︷ ︸
w(τ1)≤w0

< ,. (3.50)

Since w(t) is nonincreasing in t ∈ (τ1, τ2], it follows from (3.50) that

w(τ2) ≤ w(τ+1 ) < ,. (3.51)

It follows from (3.47) that for t ∈ (τk, τk+1], k ∈ N we have∫ w(t)
w(τ+k )

1

χ(s)
ds = −

∫ t
τk

σ(s)ds. (3.52)

From (3.52) it follows that∫ w(τ2)
w(τ+1 )

1

χ(s)
ds = −

∫ τ2
τ1

σ(s)ds. (3.53)

It follows from (3.48) and (3.51) that

∫ w(τ+2 )

w(τ2)

1

χ(s)
ds =

∫ ψ2(w(τ2))

w(τ2)

1

χ(s)
ds ≤

∫ τ2
τ1

σ(s)ds −.2. (3.54)

It follows from (3.53) and (3.54) that

∫ w(τ+2 )

w(τ+1 )

1

χ(s)
ds =

∫ w(τ2)
w(τ+1 )

1

χ(s)
ds+

∫ w(τ+2 )

w(τ2)

1

χ(s)
ds ≤ −.2 (3.55)

from which and since χ ∈ K we know that w(τ+2 ) ≤ w(τ+1 ) < ,. Using
mathematical induction we can prove that

∫ w(τ+k+1)

w(τ+k )

1

χ(s)
ds ≤ −.k+1 (3.56)
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and w(τ+k+1) ≤ w(τ+k ) which yields w(τ+k ) < , for all k ∈ N. Since w(t) is
nonincreasing in (τk, τk+1], k ∈ N, we immediately know that if w0 < δ then
w(t) < , for all t > t0. This proves the stability of the trivial solution.

To prove the asymptotic stability we only need to prove the following
claim:
Claim 3.1.7:

lim
k→∞

wk = 0.

If Claim 3.1.7 is false, then there is such a η > 0 that w(τ+k ) ≥ η for k ∈ N.
Since the sequence {w(τ+k )} is nonincreasing and χ ∈ K we have

χ(η) ≤ χ(w(τ+k )) ≤ χ(w(τ+k+1)). (3.57)

And it follows from (3.56) and (3.57) that

.k ≤
∫ w(τ+k−1)

w(τ+k )︸ ︷︷ ︸
(3.56)

1

χ(s)
ds ≤

w(τ+k−1)− w(τ+k )
χ(η)︸ ︷︷ ︸

(3.57)

. (3.58)

It follows from (3.58) that

w(τ+k ) ≤ w(τ+k−1)− χ(η).k,

w(τ+k+i) ≤ w(τ+k )− χ(η)
k+i∑
j=k+1

.j. (3.59)

It follows from (3.59) and (3.49) that we have the following contradiction to
the fact that w(t) ≥ 0:

lim
i→∞

w(τ+k+i) = −∞.

Therefore Claim 3.1.7 is true and this finishes the proof. �

Theorem 3.1.8. Assume that

1. there is such a , > 0 that for θ ∈ (0, ,] and k ∈ N

−
∫ τk+1

τk

σ(s)ds +

∫ ψk+1(θ)

θ

1

χ(s)
ds ≤ −.k+1, .k+1 ≥ 0; (3.60)

2. there is a ψ ∈ C[R+ ,R+ ], ψ(s) > 0 if s > 0, ψ(0) = 0, such that
ψk(s) ≤ ψ(s) for s ∈ (0, ,] and k ∈ N.

Then the trivial solution of the comparison system (3.47) is

1. uniformly stable;
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2. uniformly asymptotically stable if for any K > 0 there is such a φ > 0
that for t0 ∈ R+ and t ≥ t0 + φ

∞∑
t0<τk<t

.k > K.

�

Proof. We first prove the uniform stability. From the proof of the first con-
clusion of Theorem 3.1.7 we know that the trivial solution is stable. Then
it follows from condition 2 that we can choose such a δ > 0 independent of
t0 that ψ(w0) < , if w0 ∈ (0, δ). Therefore, the trivial solution is uniformly
stable because for any t0 ∈ (τk, τk+1], k ∈ N, we have ψk+1(w0) ≤ ψ(w0) < ,
(this leads to w(t) < , for all t > t0).

We are now going to prove the uniform asymptotic stability. Let us choose
such a δ > 0 that ψ(s) < , for s ∈ [0, δ). Let w(t) = w(t, t0, w0) with t0 ∈ R+
and w(t0, t0, w0) = w0 ∈ [0, δ), then for t > t0 we have w(t) < , because
the trivial solution is uniformly stable. Let us choose an arbitrary number
ξ ∈ (0, δ), then it follows from the last assumption that there is a φ > 0 such
that for any t0 ∈ R+ and t ≥ t0 + φ we have∑

t0<τk<t

.k −.ν(t0,t) >
,

χ(ξ)
(3.61)

where ν(t0, t) , min{i ∈ N| τi ∈ (t0, t)}. It follows from (3.56) that for an
m ∈ N ∫ w(τ+j )

w(τ+j+m)

1

χ(s)
ds =

∫ w(τ+j )

w(τ+j+1)

1

χ(s)
ds+

∫ w(τ+j+1)

w(τ+j+2)

1

χ(s)
ds+ · · ·

+

∫ w(τ+j+m−1)

w(τ+j+m)

1

χ(s)
ds =

m∑
i=1

.j+i. (3.62)

Assume that t0 ∈ [τj−1, τj) and t0 + φ ∈ (τk, τk+1) and w0 ∈ [0, δ), then we
have the following claim:
Claim 3.1.8: w(τ+i ), i = j, j + 1, · · · , k are not greater than ξ.

If Claim 3.1.8 is not true, then we have

,− w(τ+k )
χ(ξ)

=

∫ �
w(τ+k )

1

χ(ξ)
ds >

∫ w(τ+j )

w(τ+k )︸ ︷︷ ︸
w(t)<�

1

χ(ξ)
ds >

∫ w(τ+j )

w(τ+k )

1

χ(s)
ds︸ ︷︷ ︸

w(τ+i )>ξ,i=j,j+1,··· ,k.

≥
∑

t0<τi<t0+φ

.i −.ν(t0,t0+φ) ⇐ (3.62)

>
,

χ(ξ)
⇐ (3.61) (3.63)

which leads to w(τ+k ) < 0. This is a contradiction. Therefore, Claim 3.1.8 is
true. This finishes the proof. �
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3.2 Impulsive Control of Chaotic Systems

We then present some design examples to show how to perform impulsive con-
trol on chaotic dynamical systems. Impulsive control of chaotic systems has
important applications to secure communication systems and spread spec-
trum communication systems. Since Lorenz system is a benchmark of chaotic
systems, in this section we present the impulsive control of Lorenz system.

3.2.1 Theory

The Lorenz (chaotic) system[21] is given by

ẋ = −σx+ σy
ẏ = rx− y − xz
ż = xy − bz

(3.64)

where σ, r, and b are three real positive parameters. When these parameters
are chosen as σ = 10, r = 28, and b = 8

3 , the Lorenz system is chaotic.
By decomposing the linear and nonlinear parts of the Lorenz system in

(3.64), we can rewrite it as

ẋ = Ax+ Φ(x) (3.65)

where x� = (x, y, z) and

A =


−σ σ 0

r −1 0
0 0 −b


 , Φ(x) =


 0
−xz
xy


 . (3.66)

The impulsively controlled Lorenz system is then given by{
ẋ = Ax+ Φ(x), t �= τk,
∆x = Bx, t = τk, k = 1, 2, · · · , (3.67)

where τk denote the moments when impulsive control occurs. Without loss
of generality, we assume that τ1 > t0. We say {τi} is equidistant if exists
a constant δ > 0 such that τi+1 − τi = δ, i = 1, 2, · · · . Then we use the
following theorem to guarantee that the impulsively controlled Lorenz system
is asymptotically stabilized at origin.

Theorem 3.2.1. Let d1 be the largest eigenvalue of (I + B�)(I + B). Let
q be the largest eigenvalue of (A + A�) and impulses be equidistant with an
interval δ > 0. If

0 ≤ q ≤ −1

δ
ln(ξd1), ξ > 1 (3.68)

then the origin of the impulsively controlled Lorenz system (3.67) is asymp-
totically stable. �
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Proof. Let V (t,x) = x�x. For t �= τi, we have

D+V (t,x) = x�Ax+ x�A�x+ x�Φ(x) + Φ�(x)x

≤ qx�x+ 2(−xyz + xyz) (3.69)

= qV (t,x).

Hence condition 2 of Theorem 3.1.3 is satisfied with g(t, w) = qw. Since

‖x+ U(i,x)‖ = ‖x+Bx‖
≤ ‖I +B‖‖x‖ (3.70)

and ‖I+B‖ is finite, this is a ρ0 > 0 and x ∈ Sρ0 such that x+U(i,x) ∈ Sρ.
For t = τi we have

V (τi,x+Bx) = (x+Bx)�(x+Bx)

= x�(I +B�)(I +B)x

≤ d1V (τi,x). (3.71)

Hence condition 3 of Theorem 3.1.3 is satisfied with ψi(w) = d1w. We can see
that condition 4 of Theorem 3.1.3 is also satisfied. It follows from Theorem
3.1.3 that the asymptotic stability of system (3.67) is implied by that of the
following comparison system:


ω̇ = qω, t �= τi,
ω(τi) = d1ω(τi),
ω(t+0 ) = ω0 ≥ 0.

(3.72)

Since 0 ≤ q ≤ −1
δ ln(ξd1), we have∫ τi+1

τi

qdt+ ln(ξd1) ≤ 0, ξ > 1, for all i (3.73)

It follows from Theorem 3.1.4 that the trivial solution of (3.67) is asymptot-
ically stable. �

The above Theorem also gives an estimation of the upper boundary of δ,
δmax:

δmax = − ln(ξd1)

q
> 0, ξ → 1+. (3.74)

From above we can see that d1 should satisfy 0 < d1 < 1.

3.2.2 Simulation Results

We then use some simulation results to show how the impulsive control
scheme works.
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Example 3.2.1. In this example, we choose the matrix B as

B =


k 0 0

0 −1 0
0 0 −1


 (3.75)

then the impulsively controlled Lorenz system is given by

ẋ = −σx+ σy
ẏ = rx− y − xz
ż = xy − bz

, t �= τi,

∆


x
y
z


 =


k 0 0

0 −1 0
0 0 −1




x
y
z


 , t = τi. (3.76)

We have

(I +B�)(I +B) =


 (k + 1)2 0 0

0 0 0
0 0 0


 (3.77)

whose largest eigenvalue is given by

d1 = max(1, (k + 1)2). (3.78)

Since d1 ∈ (0, 1) should be satisfied, from above we know that k ∈ (−2, 0).
Let the parameters be σ = 10, r = 28 and b = 8

3 , then we have

A =


−10 10 0

28 −1 0
0 0 − 8

3


 , A+A� =


−20 38 0

38 −2 0
0 0 − 16

3


 . (3.79)

We find q = 28.051249. Then estimations of the boundaries of stable regions
are given by

0 ≤ δ ≤ − ln ξ + ln(k + 1)2

q
, k ∈ (−2, 0). (3.80)

Figure 3.1 shows the stable region for different ξ’s. The entire region
under the curve of ξ = 1 is the stable region. When ξ →∞, the stable region
approaches a vertical line k = −1.

The simulation results are shown in Fig. 3.2. The solid, dash-dotted, and
dotted waveforms show x(t), y(t) and z(t), respectively. Figure 3.2(a) shows
the stable results within the stable region with k = −1.5 and δ = 0.04.
Observe that the system asymptotically approaches the origin with a settling
time about 0.2. Figure 3.2(b) shows the unstable results with k = −1.5 and
δ = 0.17. F
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Fig. 3.1. The estimation of boundaries of stable region with different ξ’s used in
Example 3.2.1.

Example 3.2.2. In this example, we choose the matrix B as

B =


k 0 0

0 −0.6 0
0 0 −0.6


 . (3.81)

Similarly, k should satisfy −2 < k < 0. Then we have

d1 =

{
(k + 1)2, (k + 1)2 ≥ 0.16,
0.16, otherwise.

(3.82)

Then an estimation of the boundaries of the stable region is given by

0 ≤ δ ≤
{
− ln ξ+ln(k+1)2

q , (k + 1)2 ≥ 0.16

− ln ξ+ln(0.16)
q , otherwise

, − 2 < k < 0. (3.83)

Figure 3.3 shows the stable region for different ξ’s. The entire region under
the curve of ξ = 1 is the stable region.

The simulation results are shown in Fig. 3.4. The solid, dash-dotted, and
dash-dotted waveforms show x(t), y(t) and z(t), respectively. Figure 3.4(a)
shows a stable result within the stable region with k = −0.6 and δ = 0.06.
Observe that the system asymptotically approaches the origin with a settling
time around 1 time unit. Figure 3.4(b) shows an unstable result with k = −0.6
and δ = 0.09. F
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Fig. 3.2. Impulsive control of the Lorenz systems with strong control. (a) Stable
results within stable region. (b) Unstable results outside stable region.

Note 3.2.1. The comparison method can be found in [37]. Impulsive control
of chaotic systems can be found in [52, 48, 49]. �

3.3 Comparison Systems with Two Measures

Theorem 3.3.1. Suppose that
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Fig. 3.3. The estimation of boundaries of stable region with different ξ’s used in
Experiment 3.2.2.

1. f(t, 0) = 0, u(t, 0) = 0, g(t, 0) = 0 and U(k, 0) = 0 for all k;
2. h0 ∈ H, h ∈ H and h0 is finer than h;
3. V ∈ V0 is h-positive definite and h0-decrescent and

D+V (t,x) ≤ g(t, V (t,x)), t �= τk, (t,x) ∈ Sρ(h) (3.84)

where g : R+ ×R → R is continuous in (τk−1, τk]×R and for each x ∈ R,
k = 1, 2, · · · , the limit

lim
(t,y)→(τ+

k
,x)
g(t, y) = g(τ+k , x)

exists.
4.

V (τ+k ,x+ U(k,x)) ≤ ψk(V (τk,x)), k = 1, 2, · · · , (3.85)

ψk : R+ → R+ is nondecreasing;
5. there is a ρ0, 0 < ρ0 < ρ, such that h(τk,x) < ρ0 implies h(τ+k ,x +

U(k,x)) < ρ.

Then the stability properties of the trivial solution of the comparison system
(3.3) imply the corresponding (h0, h)-stability properties of the trivial solution
of (3.1). �
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Fig. 3.4. Simulation results of impulsive control of the Lorenz system with weak
control. (a) Stable results within stable region. (b) Unstable results outside stable
region.

Proof.

1. (h0, h)-stable: From the condition that V (t,x) is h-positive definite it
follows that there is a ρ1 ∈ (0, ρ] and β ∈ K such that

β(h(t,x)) ≤ V (t,x), whenever h(t,x) < ρ1. (3.86)
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Let 0 < η < min(ρ0, ρ1) and assume that the trivial solution of the com-
parison system (3.3) is stable, then given β(η) there is a ε1 = ε1(t0, η) > 0
such that for any solution, w(t, t0, w0), of the comparison system (3.3)

w0 < ε1 implies w(t, t0, w0) < β(η), t ≥ t0. (3.87)

Let us choose w0 = V (t0,x0) and since V (t,x) is h0-decrescent and h0
is finer than h, there are a ρ2 > 0 and a function α ∈ K such that if
h0(t

+
0 ,x0) < ρ2 then we have

h(t+0 ,x0) < ρ1 and V (t+0 ,x0) ≤ α(h0(t
+
0 ,x0)). (3.88)

Then from (3.86) and (3.88) we know that if h0(t
+
0 ,x0) < ρ2 then

β(h(t+0 ,x0)) ≤ V (t+0 ,︸ ︷︷ ︸
(3.86)

x0) ≤ α(h0(t
+
0 ,︸ ︷︷ ︸

(3.88)

x0)). (3.89)

Let us choose a ε = ε(t0, η) ∈ (0, ρ2] such that α(ε) < ε1 and let
h0(t

+
0 ,x0) < ε, then we have the following claim:

Claim 3.3.1: For any solution, x(t) = x(t, t0,x0), of system (3.1) we have

h(t,x(t)) < η, t ≥ t0, whenever h0(t
+
0 ,x0) < ε. (3.90)

If Claim 3.3.1 is not true, then there is a solution x1(t) = x1(t, t0,x0) of
(3.1) with h0(t

+
0 ,x0) < ε and a t1 > t0 such that t1 ∈ (τk, τk+1] for some

k satisfying

h(t1,x1(t1)) ≥ η and h(t,x1(t)) < η, t ∈ [t0, τk]. (3.91)

Since 0 < η < min(ρ0, ρ1) we have 0 < η < ρ0 and from condition 5 we
have

h(τ+k ,x1(τk) + U(k,x1(τk))) < ρ. (3.92)

From (3.91) it follows that h(τk,x1(τk)) < η. Then, there is a t2 ∈ (τk, t1]
such that

h(t2,x1(t2)) ∈ [η, ρ) and h(t,x1(t)) < ρ for t ∈ [t0, t2]. (3.93)

From conditions 3 and 4, for t ∈ [t0, t2] we have

D+V (t,x1(t)) ≤ g(t, V (t,x1(t))), t �= τj ,

V (τ+j ,x1(τj) + U(j,x1(τj))) ≤ ψj(V (τj ,x1(τj))),

j = 1, 2, · · · , k. (3.94)

Then from Theorem 3.1.2 we have

V (t,x1(t)) ≤ wmax(t, t0, w0), t ∈ [t0, t2] (3.95)
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where w0 = V (t+0 ,x0). Then from (3.86) and (3.87) we have

β(η) ≤ β(h(t2,︸ ︷︷ ︸
(3.93)

x1(t2))) ≤ V (t2,︸ ︷︷ ︸
(3.86)

x1(t2)) ≤ wmax(t2,︸ ︷︷ ︸
(3.95)

t0, w0) < β(η)︸ ︷︷ ︸
(3.87)

(3.96)

which leads to a contradiction. Therefore Claim 3.3.1 is true and the
trivial solution of system (3.1) is (h0, h)-stable.

2. (h0, h)-asymptotically stable: Assume that the trivial solution of (3.3)
is asymptotically stable, then from the first part of this proof we know
that the trivial solution of system (3.1) is (h0, h)-stable. Let us set ε0 =
ε(t0,min(ρ0, ρ1)), 0 < η < min(ρ0, ρ1) and t0 ∈ R+ , then from the fact
that the trivial solution of (3.3) is attractive we know there are a ε4 =
ε(t0) > 0 and a T = T (t0, η) > 0 such that

w0 < ε4 implies w(t, t0, w0) < β(η), t ≥ t0 + T. (3.97)

Let us choose w0 = V (t+0 ,x0) and find a ε3 = ε3(t0) ∈ (0, ρ2] such
that α(ε3) < ε4. Let ε5 = min(ε3, ε0) and h0(t

+
0 ,x0) < ε5 then from

ε5 ≤ ε3 ≤ ρ2 we have h0(t
+
0 ,x0) < ρ2. Followed the same reasoning

process leading to the first conclusion in (3.88) we know that for any
solution, x(t) = x(t, t0,x0), of (3.1) we have h(t,x(t)) < ρ1 ≤ ρ, t ≥ t0;
namely, (t,x(t)) ∈ Sρ(h). Then from conditions 3 and 4, for t ≥ t0 we
have

D+V (t,x(t)) ≤ g(t, V (t,x(t))), t �= τk,

V (τ+k ,x(τk) + U(k,x(τk))) ≤ ψk(V (τk,x(τk))),

k = 1, 2, · · · . (3.98)

Then from Theorem 3.1.2 it follows that

V (t,x(t)) ≤ wmax(t, t0, w0), t ≥ t0. (3.99)

If the trivial solution of (3.1) is not (h0, h1)-attractive, then there is a
sequence {ti} satisfying ti ≥ t0 + T and limi→∞ ti =∞, such that

η ≤ h(ti,x(ti)) < ρ (3.100)

where x(t) = x(t, t0,x0) is a solution of system (3.1) with h0(t
+
0 ,x0) <

ε5. Then from (3.97), (3.99) and (3.100) we have

β(η) ≤ β(h(ti,︸ ︷︷ ︸
(3.100)

x(ti))) ≤ V (ti,︸ ︷︷ ︸
(3.86)

x(ti)) ≤ wmax(ti,︸ ︷︷ ︸
(3.99)

t0, w0) < β(η)︸ ︷︷ ︸
(3.87)

(3.101)

which is a contradiction. Therefore, the trivial solution of system (3.1) is
(h0, h)-asymptotically stable.
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�

Theorem 3.3.2. Suppose that

1. h0 ∈ H, h ∈ H and h0 is finer than h;
2. V (t,x) ∈ V0 is h-positive definite, weakly h0-decrescent and

D+V (t,x) ≤ −γ(t)ζ(V (t,x)), t �= τk, (t,x) ∈ Sρ(h) (3.102)

where ζ ∈ K, γ : R+ → R+ is measurable and for any ρ ∈ R+ we have

lim
t→∞

∫ t
ρ

γ(s)ds =∞; (3.103)

3. V (τ+k ,x + U(k,x)) ≤ ψ(V (τk,x)) where ψ ∈ C[R+ ,R+ ], ψ(w) > 0 for
w > 0 and ψ(0) = 0;

4. there is a . > 0 such that for w ∈ (0, .) we have

−
∫ τk
τk−1

γ(s)ds+

∫ ψ(w)
w

1

ζ(s)
ds ≤ −νk,

∞∑
k=1

νk =∞; (3.104)

5. there is a ρ0 ∈ (0, ρ) such that h(τk,x) < ρ0 implies h(τ+k ,x+U(k,x)) <
ρ.

Then the trivial solution of (3.1) is (h0, h)-asymptotically stable. �

Proof. First, let us prove the (h0, h)-stability. From the assumption that
V (t,x) is h-positive definite and weakly h0-decrescent we know that there
is a ρ2 ∈ (0, ρ] and β ∈ K such that

h(t,x) < ρ2 ⇒ β(h(t,x)) ≤ V (t,x) (3.105)

and there are α ∈ PC+K and ε5 > 0 such that

h0(t,x) < ε5 ⇒ V (t,x) ≤ α(t, h0(t,x)). (3.106)

From the fact that h0 is finer than h we know that there is a ε1 > 0 and
κ ∈ K such that κ(ε1) < ρ2 and

h0(t,x) < ε1 ⇒ h(t,x) ≤ κ(h0(t,x)). (3.107)

Let 0 < η < min(ρ0, ρ2), t0 ∈ R+ and ξ = min(β(η), .) be given, then since
ψ(w) is continuous at w = 0 we know that there is a constant θ ∈ (0, ξ) such
that

ψ(w) < ξ for w ∈ [0, θ). (3.108)

Since α ∈ PC+K, we know that there is a ε2 = ε2(t0, η) > 0 such that
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α(t0, ε2) < θ. (3.109)

Let ε = min(ε5, ε1, ε2) and x0 ∈ R
n such that h0(t

+
0 ,x0) < ε. Then from

(3.105), (3.106), (3.107) and (3.109) we know that h0(t
+
0 ,x0) < ε ⇒

β(h(t+0 ,x0)) ≤ V (t+0 ,︸ ︷︷ ︸
from [(3.107)⇒(3.105)]

x0) ≤ α(t+0 ,︸ ︷︷ ︸
(3.106)

h0(t
+
0 ,x0)) < θ︸ ︷︷ ︸
(3.109)

(3.110)

from which we have h(t+0 ,x0) < η. We then have the following claim:
Claim 3.3.2a: Let x(t) = x(t, t0x0) be a solution of system (3.1), then

h(t,x) < η, t ≥ t0. (3.111)

If Claim 3.3.2a is false, then there is a solution x1(t) = x1(t, t0,x0) of
system (3.1) with h0(t

+
0 ,x0) < ε and exists a t1 ∈ (τk, τk+1] for some k such

that

h(t1,x1(t1)) ≥ η and h(t,x1) < η for t ∈ [t0, τk]. (3.112)

Since 0 < η < min(ρ0, ρ2), we have 0 < η < ρ0, which leads to (in view of
(3.112)) h(t,x1(t)) < ρ0, then from condition 5 we have

h(t+k ,x1(τk) + U(k,x1(τk))) < ρ. (3.113)

Therefore there exists a t2 such that

η ≤ h(t2,x1(t2)) < ρ and h(t,x1(t)) < ρ for t ∈ [t0, t2]. (3.114)

From conditions 2 and 3 we have for t ∈ [t0, t2]

D+V (t,x1(t)) ≤ −γ(t)ζ(V (t,x1(t))), t �= τi, (3.115)

V (τ+i ,x1(τi) + U(i,x1(τi))) ≤ ψ(V (τi,x1(τi))) (3.116)

i = 1, 2, · · · , k.

From (3.115) we know that V (t,x1(t)) is nonincreasing in (τi−1, τi] and

V (τ1,x1(τ1)) ≤ V (t+0 ,︸ ︷︷ ︸
nonincreasing in (t0,τ1]

x0) ≤ α(t+0 ,︸ ︷︷ ︸
(3.106)

ε) <︸︷︷︸
(3.109)

θ < β(η)︸ ︷︷ ︸
θ∈(0,ξ)

. (3.117)

Then from (3.108), (3.116) and (3.117) we have

V (τ+1 ,x1(τ1) + U(1,x1(τ1))) <︸ ︷︷ ︸
(3.116),(3.108)

ξ ≤ β(η)︸ ︷︷ ︸
ξ=min(β(η),�)

and

V (t,x1(t)) < ξ︸ ︷︷ ︸
nonincreasing in (τ1,τ2]

≤ β(η) for t ∈ (τ1, τ2]. (3.118)

From (3.118) and (3.115) we have
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V (τ2,x1(τ2)) ≤ V (τ+1 ,x1(τ1) + U(1,x1(τ1))) < β(η) (3.119)

from which we have the following contradiction:

β(η) ≤ β(h(t2,︸ ︷︷ ︸
(3.114)

x1(t2))) ≤ V (t2,︸ ︷︷ ︸
(3.105)

x1(t2)) < β(η)︸ ︷︷ ︸
(3.119)

. (3.120)

Therefore Claim 3.3.2a is true and the trivial solution of (3.1) is (h0, h)-stable.
We are now ready to prove the (h0, h)-attractive property. The following

conclusions are useful for proving attractive properties. Let us assume that

V (τi,x(τi)) ≤ V (τ+i−1,x(τi−1) + U(i− 1,x(τi−1)))︸ ︷︷ ︸
(3.115)⇒nonincreasing when t 	=τk

≤ · · ·

≤ V (τ+1 ,x(τ1) + U(1,x(τ1))) ≤ V (t0,x0) < ξ ≤ β(η). (3.121)

Then from (3.115) and (3.116) we have∫ V (τi,x(τi))
V (τ+i−1,x(τi−1)+U(i−1,x(τi−1)))

1

ζ(s)
ds ≤ −

∫ τi
τi−1

γ(s)ds (3.122)

and ∫ V (τ+i ,x(τi)+U(i,x(τi)))
V (τi,x(τi))

1

ζ(s)
ds ≤

∫ ψ(V (τi,x(τi)))
V (τi,x(τi))

1

ζ(s)
ds (3.123)

from which, in view of condition 4 and (3.121), we have

∫ V (τ+i ,x(τi)+U(i,x(τi)))
V (τ+i−1,x(τi−1)+U(i−1,x(τi−1)))

1

ζ(s)
ds

≤ −
∫ τi
τi−1

γ(s)ds+

∫ ψ(V (τi,x(τi)))
V (τi,x(τi))

1

ζ(s)
ds ≤ −νk. (3.124)

Because ζ(s) > 0 for s > 0 and in view of (3.124) we have V (τ+i ,x(τi) +
U(i,x(τi))) ≤ V (τ+i−1,x(τi−1)+U(i−1,x(τi−1))). Then by using mathemat-
ical induction we have

V (τ+k ,x(τk) + U(k,x(τk))) ≤ V (τ+k−1,x(τk−1) + U(k − 1,x(τk−1))) ≤ · · ·
≤ V (τ+1 ,x(τ1) + U(1,x(τ1))) ≤ V (t0,x0) < ξ ≤ β(η). (3.125)

Since the trivial solution of (3.1) is (h0, h)-stable, we can set η =
min(ρ0, ρ2, β

−1(.)) such that ε0 = ε5(t0, η) and for each solution x(t) =
x(t, t0,x0) of system (3.1) with h0(t

+
0 ,x0) < ε0

h(t,x(t)) < η, t ≥ t0. (3.126)
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We then have the following claim:
Claim 3.3.2b:

lim
k→∞

V (τ+k ,x(τk) + U(k,x(τk))) = 0. (3.127)

If Claim 3.3.2b is not true then there is a ϑ > 0 and a j such that
V (τ+k ,x(τk) + U(k,x(τk))) ≥ ϑ for k ≥ j. Then we have for k ≥ j

ζ(ϑ) ≤ ζ(V (τ+k ,x(τk)+U(k,x(τk)))) ≤ ζ(V (τ+k−1,x(τk−1)+U(k−1,x(τk−1)))).

And then from (3.124) and condition 4 we have

νk ≤
∫ V (τ+k−1,x(τk−1)+U(k−1,x(τk−1)))

V (τ+k ,x(τk)+U(k,x(τk)))

1

ζ(s)
ds ⇐ (3.124)

≤
V (τ+k−1,x(τk−1) + U(k − 1,x(τk−1)))− V (τ+k ,x(τk) + U(k,x(τk)))

ζ(ϑ)

(3.128)

from which we have

V (τ+k ,x(τk) + U(k,x(τk)))

≤ V (τ+k−1,x(τk−1) + U(k − 1,x(τk−1)))− νkζ(ϑ). (3.129)

By repeating the above inequality and for a given M ∈ N, we have

V (τ+j+M ,x(τj+M ) + U(j +M,x(τj+M )))

≤ V (τ+j ,x(τj) + U(j,x(τj))) − ζ(ϑ)
j+M∑
l=j+1

νl. (3.130)

Therefore we have the following contradiction:

lim
M→∞

V (τ+j+M ,x(τj+M ) + U(j +M,x(τj+M ))) = −∞.

Hence, Claim 3.3.2b is true. Then we know that for a given

η ∈ (0,min(ρ0, ρ2, β
−1(.)))

there is such an m > 0 that

V (τ+k ,x(τk) + U(k,x(τk))) < β(η) for k ≥ m. (3.131)

Let us choose T = τm − t0, then from (3.105), (3.115) and (3.125) we have,
for t ≥ t0 + T ,

β(h(t,x(t)) ≤ V (t,︸ ︷︷ ︸
(3.105)

x(t)) ≤ V (τ+k ,︸ ︷︷ ︸
(3.115) and (3.125)

x(τk) + U(k,x(τk))) < β(η)︸ ︷︷ ︸
(3.125)
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which yields because of β ∈ K

h(t,x(t)) < η, t ≥ t0 + T.

Therefore the trivial solution of (3.1) is (h0, h)-asymptotically stable. �

Theorem 3.3.3. Suppose that

1. h0 ∈ H, h ∈ H and h0 is finer than h;
2. V1(t,x) ∈ V0 is h-positive definite, weakly h0-decrescent and

D+V1(t,x) ≤ χ(t)ζ(V1(t,x)), t �= τk, (t,x) ∈ Sρ(h),
V1(τ

+
k ,x+ U(k,x)) ≤ ψk(V1(τk,x)) (3.132)

where ζ ∈ K, χ ∈ C[R+ ,R+ ], ψk ∈ C[R+ ,R+ ], ψk(w) > 0 for w > 0 and
ψk(0) = 0;

3. there is a . > 0 such that for w ∈ (0, .) we have∫ τk+1

τk

χ(s)ds+

∫ ψk(w)

w

1

ζ(s)
ds ≤ 0; (3.133)

4. V2 ∈ V0 and

V2(τ
+
k ,x+ U(k,x)) ≤ V2(τk,x),

D+V1(t,x) +D+V2(t,x) ≤ −γ(t)ζ(V3(t,x)) (3.134)

where ζ ∈ K, V3 ∈ V0 and γ(t) is integrally positive;
5. V3(t,x) is h-positive definite on Sρ(h) and for any function p : R+ → R

n ,
which is continuous on (τk, τk+1] and

lim
t→τ+k

p(t) = p(τ+k )

exists, the function∫ t
0

[D+V3(s,p(s)]+ds, ( resp.

∫ t
0

[D+V3(s,p(s)]−ds) (3.135)

is uniformly continuous on R+ , where [·]+(resp. [·]−) denotes that the
positive (resp. negative) part is considered for all s ∈ R+ ;

6. V3(τ
+
k ,x+ U(k,x)) ≤ V3(τk,x) (resp. V3(τ

+
k ,x+ U(k,x)) ≥ V3(τk,x));

7. there is a ρ0 ∈ (0, ρ) such that h(τk,x) < ρ0 implies h(τ+k ,x+U(k,x)) <
ρ.

Then the trivial solution of (3.1) is (h0, h)-asymptotically stable. �

Proof. First, let us prove the (h0, h)-stability. From the assumption that
V1(t,x) is h-positive definite and weakly h0-decrescent we know that there is
a ρ2 ∈ (0, ρ] and β ∈ K such that
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h(t,x) < ρ2 ⇒ β(h(t,x)) ≤ V1(t,x) (3.136)

and there are α ∈ PC+K and ε5 > 0 such that

h0(t,x) < ε5 ⇒ V1(t,x) ≤ α(t, h0(t,x)). (3.137)

From the fact that h0 is finer than h we know that there is a ε1 > 0 and
κ ∈ K such that κ(ε1) < ρ2 and

h0(t,x) < ε1 ⇒ h(t,x) ≤ κ(h0(t,x)). (3.138)

We assume that t0 ∈ [τ1, τ2] and let 0 < η < min(ρ0, ρ2) be given. Let us
choose ξ = min(β(η), .) and θ such that θ ∈ (0,min(ξ, ψ1(ξ))).

Since α ∈ PC+K, we know that there is a ε2 = ε2(t0, η) > 0 such that

α(t0, ε2) < θ. (3.139)

Let ε = min(ε5, ε1, ε2) and x0 ∈ R
n such that h0(t

+
0 ,x0) < ε. Then from

(3.136), (3.137), (3.138) and (3.139) we know that h0(t
+
0 ,x0) < ε ⇒

β(h(t+0 ,x0)) ≤ V1(t
+
0 ,︸ ︷︷ ︸

from [(3.138)⇒(3.136)]

x0) ≤ α(t+0 ,︸ ︷︷ ︸
(3.137)

h0(t
+
0 ,x0)) < θ︸ ︷︷ ︸
(3.139)

(3.140)

from which we have h(t+0 ,x0) < η. We then have the following claim:
Claim 3.3.3a: Let x(t) = x(t, t0x0) be a solution of system (3.1) with
h0(t

+
0 ,x0) < ε, then

h(t,x) < η, t ≥ t0. (3.141)

If Claim 3.3.3a is false, then there is a solution x1(t) = x1(t, t0,x0) of
system (3.1) with h0(t

+
0 ,x0) < ε and exists a t1 ∈ (τk, τk+1] for some k such

that

h(t1,x1(t1)) ≥ η and h(t,x1) < η for t ∈ [t0, τk]. (3.142)

Since 0 < η < min(ρ0, ρ2), we have 0 < η < ρ0, which leads to (in view of
(3.142)) h(t,x1(t)) < ρ0, then from condition 7 we have

h(t+k ,x1(τk) + U(k,x1(τk))) < ρ. (3.143)

Therefore there exists a t2 such that

η ≤ h(t2,x1(t2)) < ρ and h(t,x1(t)) < ρ for t ∈ [t0, t2]. (3.144)

From condition 2 we have for t ∈ [t0, t2]

D+V1(t,x1(t)) ≤ χ(t)ζ(V1(t,x1(t))), t �= τi, (3.145)

V1(τ
+
i ,x1(τi) + U(i,x1(τi))) ≤ ψ(V1(τi,x1(τi))), (3.146)

i = 1, 2, · · · , k.
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From (3.136), (3.144) and the choice ξ = min(β(η), .) we have

V1(t,x1) ≥ β(h(t,︸ ︷︷ ︸
(3.136)

x1)) ≥︸ ︷︷ ︸
(3.144)

β(η) ≥ ξ︸ ︷︷ ︸
ξ=min(β(η),�)

(3.147)

Next we use mathematical induction to prove that Claim 3.3.3a is false leads
to contradiction. In the first step, let us suppose t2 ∈ (t0, τ2], then we have∫ ξ

ψ1(ξ)

1

ζ(s)
ds <

∫ ξ
θ︸ ︷︷ ︸

θ∈(0,min(ξ,ψ1(ξ)))

1

ζ(s)
ds <

∫ ξ
V1(t

+
0 ,x0)︸ ︷︷ ︸

(3.140)

1

ζ(s)
ds ≤

∫ V1(t2,x1(t2))

V1(t
+
0 ,x0)︸ ︷︷ ︸

(3.147)

1

ζ(s)
ds

≤
∫ t2
t0

χ(s)ds ≤
∫ τ2
τ1︸ ︷︷ ︸

t0∈[τ1,τ2]

χ(s)ds (3.148)

from which we have ∫ τ2
τ1

χ(s)ds+

∫ ψ1(ξ)

ξ

1

ζ(s)
ds > 0 (3.149)

which results in a contradiction to condition 3.
In the second step, let us consider the case when t2 ∈ (τi, τi+1]. Let

us suppose for t ∈ [t0, τi], V1(t,x1(t)) < ξ, then from (3.145) we have for
t ∈ (τi, τi+1]∫ V1(t,x1(t))

V1(τ
+
1 ,x1(τ1)+U(1,x1(τ1)))

1

ζ(s)
ds ≤

∫ t
τi

χ(s)ds ≤
∫ τi+1

τi

χ(s)ds. (3.150)

Since V1(τ
+
i ,x1(τi) + U(i,x1(τi))) ≤ ψi(V1(τi,x1(τi))), then we have

∫ V1(τ+i ,x1(τi)+U(i,x1(τi)))

V1(τi,x1(τi))

1

ζ(s)
ds ≤

∫ ψi(V1(τi,x1(τi)))

V1(τi,x1(τi))

1

ζ(s)
ds (3.151)

from which and (3.150) we know that, for t ∈ (τi, τi+1],∫ V1(t,x1(t))

V1(τi,x1(τi))

1

ζ(s)
ds ≤

∫ τi+i

τi

χ(s)ds

+

∫ ψi(V1(τi,x1(τi)))

V1(τi,x1(τi))

1

ζ(s)
ds ≤ 0. (3.152)

Since ζ(s) > 0 for s > 0, from above we have

V1(t,x1(t)) ≤ V1(τi,x1(τi)) < ξ for t ∈ (τi, τi+1].
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Then, as the conclusion of our mathematical induction, we know that
V1(t,x1(t)) < ξ for t ∈ [t0, t2]. Then by (3.136), (3.144) and ξ = min(β(η), .)
we have the following contradiction:

β(η) ≤ β(h(t2,︸ ︷︷ ︸
(3.144)

x1(t2))) ≤ V1(t2,︸ ︷︷ ︸
(3.136)

x1(t2)) < β(η)︸ ︷︷ ︸
ξ=min(β(η),�)

.

Therefore, Claim 3.3.3a is true and the trivial solution of (3.1) is (h0, h)-
stable.

We are now ready to prove the (h0, h)-attractive property. Since the trivial
solution of (3.1) is (h0, h)-stable, we can set η = ρ0 such that ε0 = ε5(t0, ρ0)
and h0(t

+
0 ,x0) < ε0 imply, for each solution x(t) = x(t, t0,x0) of system

(3.1), that

h(t,x(t)) < ε5, t ≥ t0. (3.153)

We then have the following claim:
Claim 3.3.3b:

lim
t→∞

inf V3(t,x(t)) = 0. (3.154)

If Claim 3.3.3b is not true then for some T > 0, there is an a > 0 such
that

V3(t,x(t)) ≥ a, t ≥ t0 + T. (3.155)

We can choose a sequence

t0 + T < a1 < b1 < · · · < ai < bi < · · ·

such that bi − ai ≥ a. Since χ ∈ C[R+ ,R+ ], ζ ∈ K, τk+1 > τk and w > 0, it
follows from (3.133) that ψk(w) ≤ w, then from condition 4 and (3.155) we
have the following contradiction:

lim
t→∞

V1(t,x(t)) + V2(t,x(t))

≤ V1(t
+
0 ,x0) + V2(t

+
0 ,x0)−

∫ ∞

t0

γ(s)ζ(V3(s,x(s)))ds

≤ V1(t
+
0 ,x0) + V2(t

+
0 ,x0)− ζ(a)

∫
S∞

i=1[ai,bi]

γ(s)ds = −∞. (3.156)

Therefore Claim 3.3.3b is true. Let us assume that

lim
t→∞

supV3(t,x(t)) > 0,

then there is a ν > 0 such that

lim
t→∞

supV3(t,x(t)) > 2ν.
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Let us only consider the case when condition 5 holds with [·]+ and condition
6 holds with V3(τ

+
k ,x(τk) + U(k,x(τk))) ≤ V3(τk,x(τk)).

Since (3.154) is true, we can find a sequence

t0 < ta1 < tb1 < · · · < tai < tbi < · · ·
such that

V3(t
a
i ,x(t

a
i )) = ν and V3(t

b
i ,x(t

b
i)) = 2ν, i = 1, 2, · · · (3.157)

from which and condition 6, we know there is a sequence

t0 < a1 < b1 < · · · < ai < bi < · · ·
such that tai ≤ ai < bi ≤ tbi and

V3(ai,x(ai)) = ν, V3(bi,x(bi)) = 2ν and

V3(t,x(t)) ∈ [ν, 2ν] for t ∈ [ai, bi]. (3.158)

However, we have

0 < ν = V3(bi,x(bi))− V3(ai,x(ai))

≤
∫ bi
ai

[D+V3(s,x(s))]+ds, i = 1, 2, · · · (3.159)

from which and condition 5 we have, for some ς > 0

bi − ai ≥ ς, i = 1, 2, · · · . (3.160)

Therefore, from (3.158), (3.160) and condition 4 we have the following con-
tradiction:

lim
t→∞

V1(t,x(t)) + V2(t,x(t))

≤ V1(t
+
0 ,x0) + V2(t

+
0 ,x0)−

∫ ∞

t0

γ(s)ζ(V3(s,x(s)))ds ⇐ (condition 4)

≤ V1(t
+
0 ,x0) + V2(t

+
0 ,x0)− ζ(ν)

∫
S∞

i=1[ai,bi]

γ(s)ds = −∞. (3.161)

(3.154) and the above contradiction imply that limt→∞ V3(t,x(t)) = 0. Then
it follows form V3(t,x(t)) being h-positive that limt→∞ h(t,x(t)) = 0. There-
fore the trivial solution of (3.1) is (h0, h)-asymptotically stable. �

3.4 Multicomparison Systems

In many cases we study impulsive control problems by using more than one
comparison system. We called this kind of method as stability based on multi-
comparison systems. In this case, vector Lyapunov functions should be used.
The purpose of using more than one comparison system is to explore the
flexibility provided by different Lyapunov functions.
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Definition 3.4.1. Multicomparison system
Let V : R+ × Rn → R

m
+ satisfy Vi ∈ V0, i = 1, 2, · · · ,m, and

D+V (t,x) � g(t,V (t,x)), t �= τk,

V (t,x+ U(k,x)) � ψk(V (t,x)), t = τk (3.162)

where g : R+ × Rm+ → R
m
+ is continuous in (τk−1, τk] × R

m and for each
p ∈ Rm , k = 1, 2, · · · , the limit

lim
(t,q)→(τ+

k
,p)
g(t, q) = g(τ+k ,p)

exists. g(t, q) is quasimonotone nondecreasing in q and ψk : Rm+ → R
m
+ is

nondecreasing. Then the following system

ẇ = g(t,w), t �= τk,

w(τ+k ) = ψk(w(τk)),

w(t+0 ) = w0 ≥ 0 (3.163)

is the multicomparison system of (3.1). �

Theorem 3.4.1. Assume that

1. {τk} satisfies 0 ≤ t0 < τ1 < τ2 < · · · and limk→∞ τk =∞;
2. p ∈ PC1[R+ ,Rn ] and p(t) is left-continuous at τk, k = 1, 2, · · · ;
3. g ∈ C[R+×Rn ,Rn ], g(t,w) is quasimonotone nondecreasing in w for ev-

ery t. And for k = 1, 2, · · · , ψk ∈ C[Rn ,Rn ] and ψk(w) is nondecreasing
in w and

D−p(t) � g(t,p(t)), t �= τk, p(t0) � w0,

p(τ+k ) � ψk(p(τk)); (3.164)

4. wmax(t) is the maximal solution of the following impulsive differential
equation on [t0,∞):

ẇ = g(t,w), t �= τk, w(t0) = w0,

w(τ+k ) = ψk(w(τk)). (3.165)

Then
p(t) � wmax(t), t ≥ t0.

�

Proof. From the classical comparison theorem we know that p(t) � wmax(t)
for t ∈ [t0, τ1]. Since p(τ1) � wmax(τ1) and ψ1(w) is nondecreasing we have

p(τ+1 ) � ψ1(p(τ1)) � ψ1(wmax(τ1)) = w
+
1 . (3.166)
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For t ∈ (τ1, τ2] by using classical comparison theorem we know that p(t) �
wmax(t), where wmax(t) = wmax(t, τ1,w

+
1 ) is the maximal solution of (3.165)

on t ∈ [τ1, τ2]. Similarly, we have

p(τ+2 ) � ψ2(p(τ2)) � ψ2(wmax(τ2)) = w
+
2 . (3.167)

By repeating the same process we can finish the proof. �

Theorem 3.4.2. Let wmax = w(t, t0,w0) be the maximal solution of the
multicomparison system (3.163) on [t0,∞). Then for any solution x(t) =
x(t, t0,x0) of system (3.1) on [t,∞), V (t+0 ,x0) � w0 implies

V (t,x(t)) � wmax(t), t ≥ t0.

�

Proof. Let Ṽ (t) = V (t,x(t)) for t �= τk such that for a small δ > 0 we have

Ṽ (t+ δ)− Ṽ (t) = V (t+ δ,x(t+ δ))− V (t+ δ,x(t) + δ(f (t,x) + u(t,x)))

+V (t+ δ,x(t) + δ(f (t,x) + u(t,x)))− V (t,x(t)).

(3.168)

Since V (t,x) is locally Lipschitzian in x for t ∈ (τk, τk+1], from (3.162) we
have

D+Ṽ (t) � g(t, Ṽ (t)), t �= τk, Ṽ (t+0 ) � w0,

Ṽ (τ+k ) = V (τ+k ,x(τk) + U(k,x(τk))) � ψk(Ṽ (τk)). (3.169)

Therefore, followed Theorem 3.4.1 we finish the proof. �

Theorem 3.4.3. Suppose that

1. V : R+ × Sρ → R
m
+ , Vi ∈ V0, i = 1, 2, · · · ,m, and

D+V (t,x) � g(t,V (t,x)), t �= τk, (t,x) ∈ R+ × Sρ (3.170)

where g(t, 0) = 0 and satisfies other conditions listed in Definition 3.4.1.
2. There is a ρ0 such that x0 ∈ Sρ0 implies that x+ U(k,x) ∈ Sρ, and

V (t,x+ U(k,x)) � ψk(V (t,x)), t = τk (3.171)

where ψk : R
m
+ → R

m
+ satisfies other conditions listed in Definition 3.4.1.

3. For (t,x) ∈ R+ × Sρ, β(‖x‖) ≤ Æ(t,x) ≤ α(‖x‖), where α, β ∈ K and
Æ(t,x) can be any of the following:

Æ(t,x) =
m∑
i=1

Vi(t,x),

Æ(t,x) =
m∑
i=1

diVi(t,x), di ≥ 0,

Æ(t,x) = max
1≤i≤m

Vi(t,x). (3.172)
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Then the stability properties of the trivial solution of (3.163) imply the cor-
responding stability properties of trivial solution of (3.1). �

Proof. By using the conclusion of Theorem 3.4.2 and using the similar pro-
cesses in the proof of Theorem 3.1.3 the proof can be completed. �

Let us consider the stability of the trivial solution of the following impul-
sive control system:

ẋ = f (t,x), t �= τk(x),

∆x = U(k,x), t = τk(x), k ∈ N, t ∈ R+ (3.173)

where x ∈ Sρ0 , ρ0 > 0. f ∈ C[R+ × Sρ0 ,Rn ] satisfies f(t, 0) = 0 for t ∈ R+
and there is a constant L > 0 such that ‖f(t,x) − f(t,y)‖ ≤ L‖x− y‖ for
t ∈ R+ , x,y ∈ Sρ0 , U ∈ C[N ×Sρ0 ,Rn ] and U(k, 0) = 0. There is a constant
ρ ∈ (0, ρ0) such that if x ∈ Sρ, then x + U(k,x) ∈ Sρ0 . τk ∈ C[Sρ0 ,R+ ],
k ∈ N satisfy

0 = τ0(x) < τ1(x) < τ2(x) < · · · , lim
k→∞

τk(x) =∞, x ∈ Sρ0 .

We assume that there is no beating phenomenon.
Let us define

Ω , {w ∈ Rm | ‖w‖ < ς}, ς ∈ (0,∞].

Let V ∈ C[R+ × Sρ0 ,Rm+ ] be locally Lipschitzian and satisfy Vi ∈ V0,
i = 1, 2, · · · ,m, and

D+V (t,x) � g(t,V (t,x)), t �= τk, x ∈ Sρ0 ,
V (t+,x+ U(k,x)) � ψk(V (t,x)), t = τk, x ∈ Sρ. (3.174)

Then the multicomparison system of impulsive control system (3.173) is given
by

ẇ = g(t,w), t �= τk,

w(τ+k ) = ψk(w(τk)),

w(t+0 ) = w0 ≥ 0 (3.175)

where t ∈ R+ , k ∈ N, g ∈ C[(τk, τk+1] × Ω,Rm ] is quasimonotonically in-
creasing, g(t, 0) = 0 for t ∈ R+ , for q ∈ Ω and k ∈ N the following limit
exists:

lim
(t,w)→(τ+k ,q)

g(t,w) = g(τ+k , q),

ψk : Ω → R
m are nondecreasing and ψk(0) = 0 for k ∈ N. Let em ,

col(1, · · · , 1) ∈ Rm , then there is such a . > 0 that
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Ξ , {w ∈ Rm | −.em � w � .em} ⊂ Ω

and ψk(w) ∈ Ω for any w ∈ Ξ. We then have the following comparison
theorem.

Theorem 3.4.4. Assume that there is such an α ∈ K that for t ∈ R+ and
x ∈ Sρ0

α(‖x‖) ≤ max
1≤i≤m

Vi(t,x),

sup
(t,x)∈R+×Sρ0

‖V (t,x)‖ < ς. (3.176)

Then, if the trivial solution of the comparison system (3.175) is stable (resp.
asymptotically stable), then the trivial solution of system (3.173) is stable
(resp. asymptotically stable); �

Proof. Let t0 ∈ R+ , x(t) = x(t, t0,x0) with x(t0, t0,x0) = x0 ∈ Sρ0 be a solu-
tion of system (3.173) and wmax(t) = wmax(t, t0,w0) with wmax(t0, t0,w0) =
w0 ∈ Ω be the maximal solution of the comparison system (3.175). Let us
choose t0, x0 andw0 such that V (t+0 ,x0) � w0, then it follows from Theorem
3.4.2 that

V (t,x(t)) � wmax(t), t > t0, (3.177)

from which and the assumption on α we have

α(‖x(t)‖) ≤ max
1≤i≤m

Vi(t,x(t) ≤ max
1≤i≤m

wmax i(t). (3.178)

Let us first prove the stability; namely, in this case the trivial solution of
system (3.175) is stable. Let us choose such a δ ∈ (0, ρ) that α(δ) < ., then
from the stability of the trivial solution of system (3.175) we know that there
is such a κ = κ(t0, δ) ∈ (0, .) that if 0 � w0 � κem then

0 � wmax(t) ≺ α(δ)em ≺ .em, t > t0. (3.179)

From the assumptions on V (t,x(t)) we know that there is a ε = ε(t0, δ) ∈
(0,min(α(δ), α(.))) such that

‖x0‖ < ε ⇒ − κem � V (t0,x0) � κem. (3.180)

Let us choose w0 = κem then it follows from (3.177), (3.178), (3.179) and
(3.180) that if ‖x0‖ < ε then for any t > t0 we have ‖x(t)‖ < δ < ρ. This
conclusion is the result of the following reasoning flow chart:
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‖x0‖ < ε⇒ V (t0︸ ︷︷ ︸
(3.180)

,x0) � κem

choose w0 = κem


⇒ V (t0,x0) � w0 ⇒

⇒ V (t,︸ ︷︷ ︸
(3.177)

x(t)) � wmax(t)

(3.179)


⇒

⇒ V (t,x(t)) ≺ α(δ)em
(3.178)

}
⇒

⇒ α(‖x(t)‖) < α(δ)
α ∈ K

}
⇒

⇒ ‖x(t)‖ < δ
δ ∈ (0, ρ)

}
⇒ ‖x(t)‖ < δ < ρ. (3.181)

This proves that the trivial solution of system (3.173) is stable. Asymptotic
stability can be proved in similar manner. �

Theorem 3.4.5. Assume that there are such α, β ∈ K that for t ∈ R+ and
x ∈ Sρ0

α(‖x‖) ≤ max
1≤i≤m

Vi(t,x) ≤ β(‖x‖),

sup
(t,x)∈R+×Sρ0

‖V (t,x)‖ < ς. (3.182)

Then, if the trivial solution of the comparison system (3.175) is uniformly
stable (resp. uniformly asymptotically stable), then the trivial solution of sys-
tem (3.173) is uniformly stable (resp. uniformly asymptotically stable). �

Proof. The proof is similar as that of Theorem 3.4.4. Let us only prove the
uniform stability. It follows from Theorem 3.4.4 that the trivial solution of
system (3.173) is stable. Since

max
1≤i≤m

Vi(t,x) ≤ β(‖x‖)

we can choose a ε independent of t0 such that

β(ε) ≤ κ.

Then, whenever ‖x0‖ < ε we have

max
1≤i≤m

Vi(t0,x0) ≤ β(‖x0‖) < β(ε) ≤ κ

from which we get the same conclusion as in (3.180). Therefore we prove
that the trivial solution of system (3.173) is uniformly stable. The uniform
asymptotic stability can be proved similarly. �



4. Impulsive Control with Fixed-time Impulses

In this chapter we study impulsive control of nonlinear systems with fixed-
time impulses. In this kind of impulsive control system, the impulses are
generated by an independent “clock signal” such as those used in digital
controllers.

4.1 Lyapunov’s Second Method

Let us consider the stability of the zero solution of the following impulsive
differential equation:

ẋ = f (t,x), t �= τk(x),

∆x = U(k,x), t = τk(x), k ∈ N, t ∈ R+ (4.1)

where x ∈ Sρ, ρ > 0. f ∈ C[R+ × Sρ0 ,R
n ] satisfies f(t, 0) = 0 for t ∈ R+

and there is a constant L > 0 such that ‖f(t,x) − f(t,y)‖ ≤ L‖x− y‖ for
t ∈ R+ , x,y ∈ Sρ0 , U ∈ C[N ×Sρ0 ,R

n ] and U(k, 0) = 0. There is a constant
ρ ∈ (0, ρ0) such that if x ∈ Sρ, then x + U(k,x) ∈ Sρ0 . τk ∈ C[Sρ0 ,R+ ],
k ∈ N satisfy

0 = τ0(x) < τ1(x) < τ2(x) < · · · , lim
k→∞

τk(x) =∞, x ∈ Sρ0 .

We assume that there is no beating phenomenon.

Definition 4.1.1. For (t,x) ∈ G, we define the derivative of the function
V ∈ V1 with respect to system (4.1) as

V̇ (t,x) ,
∂V (t,x)

∂t
+

∂V (t,x)

∂x
f(t,x). (4.2)

�

Theorem 4.1.1. Assume that there are V ∈ V1 and α ∈ K such that

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 71−118, 2001.
 Springer-Verlag Berlin Heidelberg 2001
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α(‖x‖) ≤ V (t,x), for (t,x) ∈ R+ × Sρ0 , (4.3)

V̇ (t,x) ≤ 0, for (t,x) ∈ G, (4.4)

V (t+,x+ U(k,x)) ≤ V (t,x), for (t,x) ∈ Σk ∩ (R+ × Sρ). (4.5)

Then the trivial solution of system (4.1) is

1. stable.
2. uniformly stable if for some β ∈ K

V (t,x) ≤ β(‖x‖), for (t,x) ∈ R+ × Sρ0 . (4.6)

�

Proof. We first prove conclusion 1. For a given δ > 0 and t0 ∈ R+ , it follows
from V ∈ V1 that there is such a ε = ε(t0, δ) > 0 that

sup
x∈Sε

|V (t+0 ,x)| < min(α(δ), α(ρ)).

Let x(t) = x(t, t0,x0) be a solution of system (4.1) with x(t0) = x(t0, t0,x0) =
x0 such that x0 ∈ Sρ0 and ‖x0‖ < ε. It follows from (4.4) and (4.5) that
V (t,x) is nonincreasing. Then, it follows from (4.3) we have

α(‖x(t, t0,x0)‖) ≤ V (t,x(t)) ≤ V (t+0 ,x0) < min(α(δ), α(ρ))

from which we have for all t > t0

‖x(t, t0,x0)‖ < min(δ, ρ).

Therefore, whenever ‖x0‖ < ε we have ‖x(t)‖ < δ for all t ∈ R+ ; namely, the
trivial solution of system (4.1) is stable.

If condition (4.6) holds, then we can choose a ε independent of t0 such
that

β(ε) < min(α(δ), α(ρ)).

This proves that the trivial solution is uniformly stable. �

For t ∈ R+ , χ ∈ R+ , V ∈ V0 and α ∈ K we define the sets

Θχ(t, α) , {x ∈ Sρ0 | V (t+,x) < α(χ)}.

Let the set

Ξ(t0) , {x0 ∈ Sρ0 | x(t, t0,x0)→ 0 as t→∞}

be the basin of attraction!of the origin at t0.
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Theorem 4.1.2. Assume that V, V1 ∈ V1 and there are α, β, � ∈ K such that

α(‖x‖) ≤ V (t,x), (4.7)

β(‖x‖) ≤ V1(t,x), for (t,x) ∈ R+ × Sρ0 , (4.8)

V̇ (t,x) ≤ −�(V1(t,x)), for (t,x) ∈ G, (4.9)

V (t+,x+ U(k,x)) ≤ V (t,x), for (t,x) ∈ Σk ∩ (R+ × Sρ), (4.10)

and V̇1(t,x) is bounded from above (resp., from below) in G and

V1(t
+,x+ U(k,x)) ≤ V1(t,x) (resp., V1(t

+,x+ U(k,x)) ≥ V1(t,x)),

for (t,x) ∈ Σk ∩ (R+ × Sρ). (4.11)

Then we have the following conclusions:

1. If 0 < a < ρ and t0 ∈ R+ , then Ξ(t0) ⊃ Θa(t0, α);
2. The trivial solution of system (4.1) is asymptotically stable.

�

Proof. Let us choose an a ∈ (0, ρ), then from (4.7) we have

Θa(t, α) , {x ∈ Sρ0 | V (t+,x) < α(a)} ⊂ Sa︸ ︷︷ ︸
(4.7)

⊂ Sρ0︸ ︷︷ ︸
ρ0>ρ

, t ∈ R+ .

Let x(t) = x(t, t0,x0) be a solution of system (4.1) with x(t0) = x(t0, t0,x0) =
x0 such that t0 ∈ R+ and x0 ∈ Θa(t, α). By using the similar procedure of
the proof of Theorem 4.1.1 we know that x(t) ∈ Sa for all t > t0. We then
have the following claim:
Claim 4.1.2

lim
t→∞

‖x(t, t0,x0)‖ = 0 for any x0 ∈ Θa(t0, α). (4.12)

Let us suppose that Claim 4.1.2 is false, then there are x0 ∈ Θa(t0, α),
η, ξ > 0 and a sequence {sk}∞k=1 satisfying sk+1−sk ≥ η and ‖x(sk, t0,x0)‖ ≥
ξ, k ∈ N. It follows from (4.8) that

|V1(sk,x(sk))| ≥ β(ξ), k ∈ N. (4.13)

Let us only consider the case that V̇1(t,x) is bounded from above, the case
when V̇1(t,x) is bounded from below can be studied in a similar way. Then
there is such a K > 0 that

sup
(t,x)∈G

V̇1(t,x) < K. (4.14)

Let us choose such a � > 0 that
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� < min

(
η,

β(ξ)

2K

)
. (4.15)

It follows from (4.13), (4.14) and (4.15) that for t ∈ [sk −�, sk]

V1(t,x(t)) = V1(sk,x(sk)) +

∫ t

sk

V̇1(s,x(s))ds

= V1(sk,x(sk))−
∫ sk

t

V̇1(s,x(s))ds

≥ β(ξ) − (sk − t)K ⇐ (4.13) & (4.14)

≥ β(ξ) −�K > β(ξ)/2︸ ︷︷ ︸
(4.15)

(4.16)

from which and (4.9) we have

0 ≤ V (sk,x(sk)) ⇐ (4.7)

= V (t+0 ,x0) +

∫ sk

t0

V̇ (s,x(s))ds

≤ V (t+0 ,x0)−
∫ sk

t0

�(V1(s,x(s)))ds ⇐ (4.9)

≤ V (t+0 ,x0)−
k∑

i=1

∫ si

si−�

�(V1(s,x(s)))ds ⇐ (si −� > si−1)

≤ V (t+0 ,x0)− k��(β(ξ)/2) ⇐ (4.16) (4.17)

which leads to a contradiction when k is big enough. Thus, Claim 4.1.2 is
true. It follows from Theorem 4.1.1 that the trivial solution of system (4.1)
is stable. Then from Claim 4.1.2 we get conclusion 1.

Since Θa(t0, α) is a neighborhood of x = 0, it follows from conclusion
1 that x = 0 is attractive. Therefore, the trivial solution of system (4.1) is
asymptotically stable. �

From Theorem 4.1.2 we have the following corollary.

Corollary 4.1.1. Assume that V ∈ V1 and there are α, � ∈ K such that

α(‖x‖) ≤ V (t,x), for (t,x) ∈ R+ × Sρ0 , (4.18)

V̇ (t,x) ≤ −�(V (t,x)), for (t,x) ∈ G, (4.19)

V (t+,x+ U(k,x)) ≤ V (t,x), for (t,x) ∈ Σk ∩ (R+ × Sρ). (4.20)

Then we have the following conclusions:

1. If 0 < a < ρ and t0 ∈ R+ , then Ξ(t0) ⊃ Θa(t0, α);
2. The trivial solution of system (4.1) is asymptotically stable.

�
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Proof. Let V1 = V and β = α then the proof is immediately followed from
Theorem 4.1.2. �

Theorem 4.1.3. Assume that V ∈ V1 and there are α, β, � ∈ K such that

α(‖x‖) ≤ V (t,x) ≤ β(‖x‖), for (t,x) ∈ R+ × Sρ0 , (4.21)

V̇ (t,x) ≤ −�(‖x‖), for (t,x) ∈ G, (4.22)

V (t+,x+ U(k,x) ≤ V (t,x), for (t,x) ∈ Σk ∩ (R+ × Sρ). (4.23)

Then we have the following conclusions:

1. If 0 < a < ρ, then
lim
t→∞

‖x(t, t0,x0)‖ = 0

uniformly with respect to (t0,x0) ∈ R+ ×Θa(t0, α);
2. The trivial solution of system (4.1) is uniformly asymptotically stable.

�

Proof. It follows from Corollary 4.1.1 that the two conclusions are satisfied
without uniform properties. Then by using the same method we used in the
proof of the second conclusion of Theorem 4.1.1 we can prove the uniform
properties of both conclusions. �

Theorem 4.1.4. Assume that V ∈ V1 and there are positive constants a, b,
c and p ∈ N such that

a‖x‖p ≤ V (t,x) ≤ b‖x‖p, for (t,x) ∈ R+ × Sρ0 , (4.24)

V̇ (t,x) ≤ −c‖x‖p, for (t,x) ∈ G, (4.25)

V (t+,x+ U(k,x)) ≤ V (t,x), for (t,x) ∈ Σk ∩ (R+ × Sρ). (4.26)

Then the trivial solution of system (4.1) is exponentially stable. �

Proof. Let x(t) = x(t, t0,x0) be a solution of system (4.1) with x(t0) =
x(t0, t0,x0) = x0 such that t0 ∈ R+ and x0 ∈ Sρ0 , then it follows from
conditions in (4.24), (4.25) and (4.26) that

V̇ (t,x(t)) ≤ −c

b
V (t,x(t)), t �= τk,

V (τ+
k ,x(τk) + U(k,x(τk))) ≤ V (τk,x(τk)), k ∈ N. (4.27)

Therefore we have

V (t,x(t)) ≤ V (t+0 ,x0) exp
(
−c

b
(t− t0)

)
,

‖x(t, t0,x0)‖ ≤ ‖x0‖ p
√

b/a exp

(
− c

bp
(t− t0)

)
. (4.28)

Let us choose δ > 0 such that δ p
√

b/a < ρ, then (4.28) holds for any ‖x‖ < δ
and t > t0. We then finish the proof. �

Let us consider the following impulsive control system:
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ẋ = f (t,x), t �= τk(x),
∆x = U(k,x), t = τk(x), k ∈ N (4.29)

where t ∈ R+ and τk(x) < τk+1(x). We assume that there is no beating
phenomenon on switching surfaces t = τk(x). We assume that f(t, 0) = 0,
U(k, 0) = 0 for all t ∈ R+ and k ∈ N. For a ρ0 > 0 let us define

Ω , {x | ‖x‖ ≤ ρ0}

and assume f ∈ C[[0,∞)×Ω,Rn ] and U ∈ C[N ×Ω,Rn ].

Theorem 4.1.5. Assume that a positive definite function V (t,x) defined on
[0,∞)× Sρ0 satisfies

V̇ (t,x) ≤ 0, t ≥ 0, x ∈ Ω, (4.30)

then the trivial solution of the control system (4.29) is

1. stable if

V (τk(x),x+ U(k,x))− V (τk(x),x) ≤ 0, k ∈ N; (4.31)

2. asymptotically stable if

V (τk(x),x+ U(k,x))− V (τk(x),x) ≤ −α(V (τk(x),x)) (4.32)

where k ∈ N, α ∈ C[R+ ,R+ ], α(0) = 0 and α(w) > 0 for w > 0.

�

Proof.

1. Stability. Let us choose δ ∈ (0, ρ) and let

ξ = inf
t≥0,‖x‖∈[δ,ρ)

V (t,x)

and choose ε > 0 such that

sup
‖x‖<ε

V (0,x) = η < ξ.

Let x(t) = x(t,x0) be any a solution of system (4.29) such that
x(0,x0) = x0 ∈ Sε. Let us assume that at t = t1 we have ‖x(t1)‖ = δ,
then

V (t1,x(t1)) ≥ ξ. (4.33)
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It follows from the assumptions in (4.30) and (4.31) that V (t,x(t)) is
nonincreasing along any solution of impulsive control system (4.29) that
lies in Ω. Therefore we have

V (t1,x(t1)) ≤ V (0,x0) ≤ η < ξ (4.34)

which is a contradiction to (4.33). This proves that for any δ > 0 there
is a ε > 0 such that if ‖x0‖ ≤ ε then ‖x(t)‖ < δ for all t ∈ R+ . This
finishes the proof of the first conclusion.

2. Asymptotic stability. If (4.32) holds, then it follows from the first conclu-
sion that the trivial solution is stable. To show that the trivial solution
is asymptotically stable we only need to prove

lim
t→∞

V (t,x(t)) = 0. (4.35)

It follows from (4.30) and (4.32) that V (t,x(t)) is nonincreasing. Then
from the fact that V (t,x(t)) is bounded from below we know that the
following limit exists:

lim
t→∞

V (t,x(t)) = σ.

We then prove that σ > 0 is impossible. Let us suppose that σ > 0 and
let κ be

κ = inf
w∈[σ,V (0,x0)]

α(w). (4.36)

Suppose that the solution x(t) intersects the switching surface t = τk(x)
at point (t,x) = (τk,xk), it follows from (4.32) that

V (τ+
k ,xk + U(k,xk))− V (τk,xk) ≤ −α(V (τk,xk)), k ∈ N. (4.37)

Since σ ≤ V (τk,xk) ≤ V (0,x0), it follows from (4.36) that

−α(V (τk,xk)) ≤ −κ

from which and (4.37) we obtain

V (τ+
k ,xk + U(k,xk))− V (τk,xk) ≤ −κ. (4.38)

It follows from (4.30) that V (t,x(t)) is nonincreasing in (τk, τk+1], we
then have

V (τ+
k ,xk + U(k,xk)) ≥ V (τk+1,xk+1). (4.39)

Therefore, for any K ∈ N we have
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V (τ+
K ,xK + U(K,xK))

≤ V (τ+
K ,xK + U(K,xK)) +

K−1∑
k=0

[V (τ+
k ,xk + U(k,xk))− V (τk+1,xk+1)]︸ ︷︷ ︸

≥0 because of (4.39)

= V (0,x0) +
K∑
k=1

[V (τ+
k ,xk + U(k,xk))− V (τk,xk)]

≤ V (0,x0)−Kκ ⇐ (4.38) (4.40)

which leads to V (τ+
K ,xK + U(K,xK)) < 0 for large enough K. This

is a contradiction to the assumption that V (t,x) is positive definite.
Therefore, σ > 0 is not true and (4.35) is valid.

�

Theorem 4.1.6. Assume that a positive definite function V (t,x) defined on
R+ × Sρ0 satisfies

1.

V̇ (t,x) ≤ −β(V (t,x)), (4.41)

V (τ+
k (x),x+ U(k,x)) ≤ α(V (τk(x),x)),

t ≥ 0, x ∈ Ω, k ∈ N (4.42)

where α, β ∈ C[R+ ,R+ ], α(0) = β(0) = 0 and α(w) > 0, β(w) > 0 for
w > 0;

2.

sup
k∈N

(
min
‖x‖≤ρ

τk+1(x)− max
‖x‖≤ρ

τk(x)

)
= φ > 0. (4.43)

Then the trivial solution of the control system (4.29) is

1. stable if ∫ α(ε)

ε

1

β(s)
ds ≤ φ (4.44)

for some ε0 > 0 and all ε ∈ (0, ε0];
2. asymptotically stable if ∫ α(ε)

ε

1

β(s)
ds ≤ φ− ζ (4.45)

for some ζ > 0.

�
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Proof.

1. Stability. Let us choose δ > 0 and let

ξ = inf
t≥0,‖x‖≥δ

V (t,x)

and choose ε > 0 such that

sup
‖x‖<ε

V (0,x) = η < ξ.

Let x(t) = x(t,x0) be any a solution of system (4.29) such that
x(0,x0) = x0 ∈ Sε. To prove that the trivial solution is stable we need
to prove that x(t) will stay within Sδ for all t ∈ R+ . To prove this we
can prove that V (t,x) < ξ for all t ∈ R+ .
Let us assume that x(t) intersects the switching surface t = τ1(x) at
point (τ1,x1). It follows from (4.41) that

V̇ (t,x(t)) ≤ −β(V (t,x(t))) for t ∈ [0, τ1].

Therefore we have

−
∫ τ1

0

V̇ (t,x(t))

β(V (t,x(t)))
dt ≥ τ1.

Let us substitute a new variable s , V (t,x(t)) into this inequality and
from (4.43) we have

−
∫ τ1

0

V̇ (t,x(t))

β(V (t,x(t)))
dt =

∫ 0

τ1

V̇ (t,x(t))

β(V (t,x(t)))
dt

=

∫ V (0,x0)

V (τ1,x1)

1

β(s)
ds ⇐ s = V (t,x(t))

≥ τ1 − 0 ≥ φ. ⇐ (4.43) (4.46)

It follows from (4.42) and (4.44) that∫ V (τ+
1 ,x1+U(1,x1))

V (τ1,x1)

1

β(s)
ds ≤

∫ α(V (τ1,x1))

V (τ1,x1)︸ ︷︷ ︸
(4.42)

1

β(s)
ds ≤ φ︸ ︷︷ ︸

(4.44)

. (4.47)

It follows from (4.46) and (4.47) that∫ V (0,x0)

V (τ+
1 ,x1+U(1,x1))

1

β(s)
ds

=

∫ V (0,x0)

V (τ1,x1)

1

β(s)
ds−

∫ V (τ+
1 ,x1+U(1,x1))

V (τ1,x1)

1

β(s)
ds ≥ 0 (4.48)
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from which we have

V (τ+
1 ,x1 + U(1,x1)) ≤ V (0,x0).

Then by using mathematical induction we know that

V (τ+
k ,xk + U(k,xk)) ≤ V (0,x0)

for all k ∈ N. Therefore we have the first conclusion.
2. Asymptotic stability. If (4.45) holds, then from the first conclusion we

know that the trivial solution is stable. Let us assume that x(t) intersects
the switching surface t = τk(x) at (τk,xk). Then it follows from (4.41)
that

−
∫ τk+1

τ+
k

V̇ (t,x)

β(V (t,x))
dt ≥ τk+1 − τk ≥ φ. (4.49)

Let us substitute ε in (4.45) with V (τk+1,xk+1) and in view of (4.42) we
have ∫ V (τ+

k+1,xk+1+U(k+1,xk+1))

V (τk+1,xk+1)

1

β(s)
≤
∫ α(V (τk+1,xk+1)

V (τk+1,xk+1)︸ ︷︷ ︸
(4.42)

1

β(s)

≤ φ− ζ. ⇐ (4.45) (4.50)

It follows from (4.49) and (4.50) that

∫ V (τ+
k ,xk+U(k,xk))

V (τ+
k+1,xk+1+U(k+1,xk+1))

1

β(s)
=

∫ V (τ+
k ,xk+U(k,xk))

V (τk+1,xk+1)

1

β(s)

−
∫ V (τ+

k+1,xk+1+U(k+1,xk+1))

V (τk+1,xk+1)

1

β(s)

≥ φ− (φ− ζ) = ζ. (4.51)

Therefore for the sequence {V (τ+
k ,xk + U(k,xk))} we have

∫ V (τ+
k ,xk+U(k,xk))

V (τ+
k+1,xk+1+U(k+1,xk+1))

1

β(s)
≥ ζ, k ∈ N (4.52)

from which we know that the sequence {V (τ+
k ,xk + U(k,xk))} is de-

creasing as k →∞. We then have the following claim:
Claim 4.1.6:

lim
k→∞

V (τ+
k ,xk + U(k,xk)) = 0.

If Claim 4.1.6 is not true then we can assume that
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lim
k→∞

V (τ+
k ,xk + U(k,xk)) = σ > 0.

Let
κ = inf

s∈[σ,V (t,x0)]
β(s)

then it follows from (4.52) that

ζ ≤
∫ V (τ+

k ,xk+U(k,xk))

V (τ+
k+1,xk+1+U(k+1,xk+1))

1

β(s)

≤ 1

κ
[V (τ+

k ,xk + U(k,xk))

−V (τ+
k+1,xk+1 + U(k + 1,xk+1))] (4.53)

from which we know that

V (τ+
k ,xk + U(k,xk))− V (τ+

k+1,xk+1 + U(k + 1,xk+1)) ≥ ζκ.

(4.54)

This is a contradiction to the convergence of sequence {V (τ+
k ,xk +

U(k,xk))}. Therefore, Claim 4.1.6 is true.
It follows from (4.41) that V (t,x(t)) is decreasing in every (τk, τk+1] for
k ∈ N. Thus we have

sup
t∈(τk,τk+1)

V (t,x(t)) = V (τ+
k ,xk + U(k,xk)) (4.55)

from which and V (τ+
k+1,xk+1+U(k + 1,xk+1)) < V (τ+

k ,xk+U(k,xk)), k ∈
N, we know that

V (t,x(t)) < V (τ+
k ,xk + U(k,xk)) for all t > τk. (4.56)

Then it follows from Claim 4.1.6 that

lim
t→∞

V (t,x(t)) = 0 (4.57)

from which we know that

lim
t→∞

‖x(t)‖ = 0. (4.58)

This finishes the proof of the second conclusion.

�

Similarly, we have the following theorem.

Theorem 4.1.7. Assume that a positive definite function V (t,x) defined on
R+ × Sρ0 satisfies
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1.

V̇ (t,x) ≤ β(V (t,x)), (4.59)

V (τ+
k (x),x+ U(k,x)) ≤ α(V (τk(x),x)),

t ≥ 0, x ∈ Sρ0 , k ∈ N (4.60)

where α, β ∈ C[R+ ,R+ ], α(0) = β(0) = 0 and α(w) > 0, β(w) > 0 for
w > 0;

2.

max
‖x‖≤ρ

τk+1(x)− min
‖x‖≤ρ

τk(x) ≤ φ, φ > 0, k ∈ N. (4.61)

Then the trivial solution of the control system (4.29) is

1. stable if ∫ ε

α(ε)

1

β(s)
ds ≥ φ (4.62)

for some ε0 > 0 and all ε ∈ (0, ε0];
2. asymptotically stable if ∫ ε

α(ε)

1

β(s)
ds ≥ φ + ζ (4.63)

for some ζ > 0.

�

Proof.

1. Stability. Let us choose δ > 0 and let

ξ = inf
t≥0,‖x‖≥δ

V (t,x)

and choose ε > 0 such that

sup
‖x‖<ε

V (0,x) = η < ξ.

Let x(t) = x(t,x0) be any a solution of system (4.29) such that
x(0,x0) = x0 ∈ Sε. To prove that the trivial solution is stable we need
to prove that x(t) will stay within Sδ for all t ∈ R+ . To prove this we
can prove that V (t,x) < ξ for all t ∈ R+ .
Let us assume that x(t) intersects the switching surface t = τ1(x) at
point (τ1,x1). It follows from (4.59) that
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V̇ (t,x(t)) ≤ β(V (t,x(t))) for t ∈ [0, τ1].

Therefore we have ∫ τ1

0

V̇ (t,x(t))

β(V (t,x(t)))
dt ≤ τ1.

Let us substitute a new variable s , V (t,x(t)) into this inequality and
from (4.61) we have∫ τ1

0

V̇ (t,x(t))

β(V (t,x(t)))
dt = −

∫ 0

τ1

V̇ (t,x(t))

β(V (t,x(t)))
dt

= −
∫ V (0,x0)

V (τ1,x1)

1

β(s)
ds ⇐ [s = V (t,x(t))]

≤ τ1 − 0 ≤ φ. ⇐ (4.61) (4.64)

It follows from (4.60) and (4.62) that

∫ V (τ+
1 ,x1+U(1,x1))

V (τ1,x1)

1

β(s)
ds ≤

∫ α(V (τ1,x1))

V (τ1,x1)︸ ︷︷ ︸
(4.60)

1

β(s)
ds ≤ −φ︸ ︷︷ ︸
(4.62)

. (4.65)

It follows from (4.64) and (4.65) that∫ V (0,x0)

V (τ+
1 ,x1+U(1,x1))

1

β(s)
ds

=

∫ V (0,x0)

V (τ1,x1)

1

β(s)
ds−

∫ V (τ+
1 ,x1+U(1,x1))

V (τ1,x1)

1

β(s)
ds ≥ 0 (4.66)

from which we have

V (τ+
1 ,x1 + U(1,x1)) ≤ V (0,x0).

Then by using mathematical induction we know that

V (τ+
k ,xk + U(k,xk)) ≤ V (0,x0)

for all k ∈ N. Therefore we have the first conclusion.
2. Asymptotic stability. If (4.63) holds, then from the first conclusion of

this theorem we know that the trivial solution is stable. Let us assume
that x(t) intersects the switching surface t = τk(x) at (τk,xk). Then it
follows from (4.59) that∫ τk+1

τ+
k

V̇ (t,x)

β(V (t,x))
dt ≤ τk+1 − τk ≤ φ. (4.67)
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Substituting ε in (4.63) with V (τk+1,xk+1) and in view of (4.60) we have∫ V (τ+
k+1,xk+1+U(k+1,xk+1))

V (τk+1,xk+1)

1

β(s)
≤
∫ α(V (τk+1,xk+1)

V (τk+1,xk+1)︸ ︷︷ ︸
(4.60)

1

β(s)

≤ −φ− ζ. ⇐ (4.63) (4.68)

It follows from (4.67) and (4.68) that∫ V (τ+
k ,xk+U(k,xk))

V (τ+
k+1,xk+1+U(k+1,xk+1))

1

β(s)
=

∫ V (τ+
k ,xk+U(k,xk))

V (τk+1,xk+1)

1

β(s)

−
∫ V (τ+

k+1,xk+1+U(k+1,xk+1))

V (τk+1,xk+1)

1

β(s)

≥ −φ− (−φ− ζ) = ζ. (4.69)

Therefore for the sequence {V (τ+
k ,xk + U(k,xk))} we have

∫ V (τ+
k ,xk+U(k,xk))

V (τ+
k+1,xk+1+U(k+1,xk+1))

1

β(s)
≥ ζ, k ∈ N (4.70)

from which we know that the sequence {V (τ+
k ,xk + U(k,xk))} is de-

creasing as k →∞. We then have the following claim:
Claim 4.1.7:

lim
k→∞

V (τ+
k ,xk + U(k,xk)) = 0.

If Claim 4.1.7 is not true then we can assume that

lim
k→∞

V (τ+
k ,xk + U(k,xk)) = σ > 0.

Let
κ = inf

s∈[σ,V (t,x0)]
β(s)

then it follows from (4.70) that

ζ ≤
∫ V (τ+

k ,xk+U(k,xk))

V (τ+
k+1,xk+1+U(k+1,xk+1))

1

β(s)

≤ 1

κ
[V (τ+

k ,xk + U(k,xk))

−V (τ+
k+1,xk+1 + U(k + 1,xk+1))] (4.71)

from which we know that

V (τ+
k ,xk + U(k,xk))− V (τ+

k+1,xk+1 + U(k + 1,xk+1)) ≥ ζκ.

(4.72)
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This is a contradiction to the convergence of sequence {V (τ+
k ,xk +

U(k,xk))}. Therefore, Claim 4.1.7 is true.
Similarly, we can prove that

lim
t→∞

V (t,x(t)) = 0 (4.73)

from which we know that

lim
t→∞

‖x(t)‖ = 0. (4.74)

This finishes the proof of the second conclusion.

�

Example 4.1.1. Let us study the stability of the trivial solution of the follow-
ing impulsive control system:

ẋ = y,
ẏ = − sinx

}
, t �= τk(x, y),

∆x = −x+ cos−1
(
cos(x) − y2

2

)
∆y = −y

}
, t = τk(x, y). (4.75)

Let us construct a Lyapunov function as

V (x, y) = 1− cosx +
y2

2
. (4.76)

Then we have

V̇ (x, y) = y sinx− y sinx = 0 (4.77)

and

V (x +∆x, y +∆y) = 1− cos

(
cos−1

(
cos(x)− y2

2

))

= 1− cos(x) +
y2

2
= V (x, y). (4.78)

It is clear that for any kind of switching surface t = τk(x, y), the conditions of
Theorem 4.1.5 hold. Therefore, the trivial solution of system (4.75) is stable.
F

4.2 Linear Decomposition Methods

In this section we consider the stability of the zero solution of the following
impulsive control system:
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{
ẋ = A(t)x+ g(t,x), t �= τk,
∆x = Bkx+ U(k,x), t = τk, k ∈ N (4.79)

where x ∈ Rn , A(t) ∈ Rn×n , g : R+ × Rn → R
n , g(t, 0) = 0, Bk ∈ Rn×n ,

U : N × R
n → R

n and U(k, 0) = 0, k ∈ N. The plant is decomposed into
linear and nonlinear parts. g(t,x) can be the nonlinearity of the plant or the
nonlinearity of the continuous control law. We assume that

τk+1 − τk ≥ θ, k ∈ N, θ > 0. (4.80)

We also need the following reference system{
ẋ = A(t)x, t �= τk,
∆x = Bkx, t = τk, k ∈ N. (4.81)

Theorem 4.2.1. Assume that

1. the state transition matrix Ψ(t, s) of reference system (4.81) satisfy

‖Ψ(t, s)‖ ≤ Ke−γ(t−s), K ≥ 1, γ > 0 (4.82)

for all t and s with t0 ≤ s ≤ t;
2. for all t ≥ t0, k ∈ N, ‖x‖ ≤ h, h > 0 we have

‖g(t,x)‖ ≤ a‖x‖, ‖U(k,x)‖ ≤ a‖x‖; (4.83)

3.

γ −Ka− 1

θ
ln(1 +Ka) > 0

where θ is given by (4.80).

Then the zero solution of system (4.79) is asymptotically stable. �

Proof. Let the initial condition be x(t0,x0) = x0 then every solution of
system (4.79) can be written as

x(t,x0) = Ψ(t, t0)x0 +

∫ t

t0

Ψ(t, s)g(s,x(s,x0))ds

+
∑

t0<τi<t

Ψ(t, τi)U(i,x(τi,x0)). (4.84)

From (4.82) and (4.83) we have

‖x(t,x0)‖ ≤ Ke−γ(t−t0)‖x0‖+
∫ t

t0

Ke−γ(t−s)a‖x(s,x0)‖ds

+
∑

t0<τi<t

Ke−γ(t−τi)a‖x(τi,x0)‖, (4.85)
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or in the following form:

eγ(t−t0)‖x(t,x0)‖ ≤ K‖x0‖+
∫ t

t0

Kaeγ(s−t0)‖x(s,x0)‖ds

+
∑

t0<τi<t

Kaeγ(τi−t0)‖x(τi,x0)‖. (4.86)

By using Lemma 1.7.1, we have

eγ(t−t0)‖x(t,x0)‖ ≤ K‖x0‖(1 +Ka)N(t0,t)eKa(t−t0). (4.87)

From the assumption (4.80) it follows

‖x(t,x0)‖ ≤ K‖x0‖ exp
{
−
(
γ −Ka− 1

θ
ln(1 +Ka)

)
(t− t0)

}
. (4.88)

Then from assumption 3 it follows that for all ‖x0‖ < h/K,

lim
t→∞

‖x(t,x0)‖ = 0.

�

Theorem 4.2.2. Assume that

1. the largest eigenvalue of matrix 1
2 (A(t)+A
(t)), λn(t), satisfies λn(t) ≤ γ

for all t ≥ t0 and the largest eigenvalue of the matrix (I +B

i )(I +Bi),

Λi, satisfies Λi ≤ α2 for all i ∈ N;
2. the limit

lim
T→∞

N(t, t + T )

T
= p

exists and is uniform for all t ≥ t0;
3. γ + p lnα < 0;
4. for all t ≥ t0, k ∈ N, ‖x‖ ≤ h, h > 0 we have

‖g(t,x)‖ ≤ a‖x‖, ‖U(k,x)‖ ≤ a‖x‖. (4.89)

Then the zero solution of system (4.79) is asymptotically stable with a suffi-
ciently small constant a. �

Proof. Let the initial condition be xr(t0,x0) = x0 then every solution of
reference system (4.81) satisfies

‖xr(t0,x0)‖ ≤ αN(t0,t)eγ(t−t0)‖x0‖. (4.90)

Based on assumptions 2 and 3 and (4.90) we can find K ≥ 1 and µ > 0 with
0 < µ < |γ + p lnα| such that for all t0 ≤ s ≤ t, the state transition matrix
of system (4.81), Ψ(t, s), satisfies
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‖Ψ(t, s)z‖ ≤ Ke−µ(t−s)‖z‖, z ∈ Rn . (4.91)

In a sufficiently small neighborhood of the point x0 the solution of system
(4.79) is given by

x(t,x0) = Ψ(t, t0)x0 +

∫ t

t0

Ψ(t, s)g(s,x(s,x0))ds

+
∑

t0<τi<t

Ψ(t, τi)U(i,x(τi,x0)). (4.92)

Using the similar process in the proof of Theorem 4.2.1 we have

eµ(t−t0)‖x(t,x0)‖ ≤ K‖x0‖(1 +Ka)N(t0,t)eKa(t−t0), (4.93)

from which we have

‖x(t,x0)‖ ≤ K1‖x0‖ exp{−(µ− p ln(1 +Ka)−Ka+ ε)(t− t0)} (4.94)

for any ε > 0 with K1 = K1(ε) > 0. Therefore, if a is sufficiently small such
that

µ− p ln(1 +Ka)−Ka > 0

then ‖x(t,x0)‖ → 0 as t→ 0. �

Similarly, we have the following theorem.

Theorem 4.2.3. Assume that

1. the largest eigenvalue of matrix 1
2 (A(t)+A
(t)), λn(t), satisfies λn(t) ≤ γ

for all t ≥ t0 and the largest eigenvalue of the matrix (I +B

i )(I +Bi),

Λi, satisfies Λi ≤ α2 for all i ∈ N;
2. τk, k ∈ N satisfy 0 < θ1 ≤ τk − τk−1 ≤ θ2;
3.

γ +
1

θ
lnα < 0,

where

θ =

{
θ2, if 0 < α < 1,
θ1, if α ≥ 1;

4. for all t ≥ t0, k ∈ N, ‖x‖ ≤ h, h > 0 we have

‖g(t,x)‖ ≤ a‖x‖, ‖U(k,x)‖ ≤ a‖x‖. (4.95)

Then the zero solution of system (4.79) is asymptotically stable with a suffi-
ciently small constant a. �

If in system (4.79) A(t) and Bk, k ∈ N are time-invariant, then system
(4.79) can be rewritten as
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{
ẋ = Ax+ g(t,x), t �= τk,
∆x = Bx+ U(k,x), t = τk, k ∈ N (4.96)

where g(t, 0) = 0 and U(k, 0) = 0, k ∈ N. We then have the following theo-
rems.

Theorem 4.2.4. Assume that

1. A is in real canonical form and

γ =
n

max
j=1

Reλj(A), α2 =
n

max
j=1

Reλj [(I +B
)(I +B)]

where λj(A) and λj [(I +B
)(I +B)] are the j-th eigenvalues of A and
(I +B
)(I +B), respectively;

2. the limit

lim
T→∞

N(t, t + T )

T
= p

exists and is uniform for all t ≥ t0;
3. γ + p lnα < 0;
4. for all t ≥ t0, k ∈ N, ‖x‖ ≤ h, h > 0 we have

‖g(t,x)‖ ≤ a‖x‖, ‖U(k,x)‖ ≤ a‖x‖. (4.97)

Then the zero solution of system (4.96) is asymptotically stable with a suffi-
ciently small constant a. �

Theorem 4.2.5. Assume that

1. A is in real canonical form and

γ =
n

max
j=1

Reλj(A), α2 =
n

max
j=1

Reλj [(I +B
)(I +B)];

2. τk, k ∈ N satisfy 0 < θ1 ≤ τk − τk−1 ≤ θ2;
3.

γ +
1

θ
lnα < 0,

where

θ =

{
θ2, if 0 < α < 1,
θ1, if α ≥ 1;

4. for all t ≥ t0, k ∈ N, ‖x‖ ≤ h, h > 0 we have

‖g(t,x)‖ ≤ a‖x‖, ‖U(k,x)‖ ≤ a‖x‖. (4.98)

Then the zero solution of system (4.96) is asymptotically stable with a suffi-
ciently small constant a. �
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4.3 Methods Based on Linearization

In this section, we consider the stability of the following impulsive control
system:



ẋ = f (x), t �= τk,
∆x = U(k,x), t = τk,
x(t+0 ) = x0, t0 ≥ 0, k = 1, 2, · · · ,

(4.99)

where f (0) = 0, U(k, 0) = 0 and f ∈ C1[Rn ,Rn ]. Let matrix A ∈ Rn×n be
the Jacobian of f at x = 0; namely,

A =




∂f1(0)
∂x1

∂f1(0)
∂x2

· · · ∂f1(0)
∂xn

∂f2(0)
∂x1

∂f2(0)
∂x2

· · · ∂f2(0)
∂xn

...
...

. . .
...

∂fn(0)
∂x1

∂fn(0)
∂x2

· · · ∂fn(0)
∂xn


 (4.100)

then the linearized version of system (4.99) is given by

ẋ = Ax, t �= τk,
∆x = U(k,x), t = τk,
x(t+0 ) = x0, t0 ≥ 0, k = 1, 2, · · · ,

(4.101)

Theorem 4.3.1. Assume that

1. A is negative definite and there is a symmetric positive definite matrix P
that is the unique solution of the following equation:

A
P + PA = −Q. (4.102)

Let λ1 and λ2 be the smallest and the largest eigenvalues of P and λ3 be
the smallest eigenvalue of P−1Q such that

−λ3 + 2

√
λ2

λ1
< 0; (4.103)

2.
[x(τk) + U(k,x)]
P [x(τk) + U(k,x)] ≤ x(τk)
Px(τk).

Then the origin x = 0 of system (4.99) is asymptotically stable. �

Proof. Since f ∈ C1[Rn ,Rn ] and f(0) = 0 we have

f(x) = Ax+ g(x) (4.104)
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where g ∈ C[Rn ,Rn ] satisfies

lim
‖x‖→0

‖g(x)‖
‖x‖ = 0 (4.105)

from which we know that there is a δ > 0 such that

‖g(x)‖ ≤ ‖x‖ provided ‖x‖ ≤ δ. (4.106)

For any t ∈ (τk, τk+1] we have

x(t) = x(τ+
k ) +

∫ t

τk

[Ax(s) + g(x(s))]ds (4.107)

from which we have

‖x(t)‖ ≤ ‖x(τ+
k )‖+

∫ t

τk

[‖A‖‖x(s)‖+ ‖g(x(s))‖]ds, t ∈ (τk, τk+1].(4.108)

We then have the following claim:
Claim 4.3.1: Let δ1 = δe−(‖A‖+1)(τk+1−τk), then ‖x(t)‖ ≤ δ for all t ∈
(τk, τk+1] whenever x(τ+

k ) ≤ δ1.
If Claim 4.3.1 is not true then there is a t∗ ∈ (τk, τk+1] such that ‖x(t∗)‖ =

δ and ‖x(t)‖ ≤ δ for all t ∈ (τk, t
∗].

Since ‖x(t)‖ ≤ δ for all t ∈ (τk, t
∗] by assumption and in view of (4.106)

and (4.108) we have

‖x(t)‖ ≤ ‖x(τ+
k )‖+

∫ t

τk

[‖A‖‖x(s)‖+ ‖g(x(s))‖]ds ⇐ (4.108)

≤ ‖x(τ+
k )‖+

∫ t

τk

[‖A‖‖x(s)‖+ ‖x(s)‖]ds, ⇐ (4.106)

t ∈ (τk, t
∗]. (4.109)

It follows from Gronwell-Bellman inequalities that (4.109) implies

‖x(t)‖ ≤ ‖x(τ+
k )‖e(‖A‖+1)(t−τk), t ∈ (τk, t

∗]. (4.110)

Therefore

‖x(t∗)‖ ≤ ‖x(τ+
k )‖e(‖A‖+1)(t∗−τk)

≤ δ1e
(‖A‖+1)(t∗−τk)

= δe−(‖A‖+1)(τk+1−τk)e(‖A‖+1)(t∗−τk)

= δe(‖A‖+1)(t∗−τk+1)

< δ (4.111)

is a contradiction to the assumption that ‖x(t∗)‖ = δ. Thus, Claim 4.3.1 is
true; namely, ‖x(t)‖ ≤ δ for all t ∈ (τk, τk+1] whenever x(τ+

k ) ≤ δ1. Then
from (4.106) we have
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‖g(x(t))‖ ≤ ‖x(t)‖ (4.112)

for all t ∈ (τk, τk+1] and ‖x(τ+
k )‖ ≤ δ1.

Let us choose the following Lyapunov function

V (t,x) = x(t)
Px(t) (4.113)

then for (t,x) ∈ G we have

V̇ (t,x) = x
(A
P + PA)x+ [g(x)
Px+ x
Pg(x)]

= −x
Qx+ [g(x)
Px+ x
Pg(x)] ⇐ (4.102)

≤
(
−λ3 + 2

√
λ2

λ1

)
V (t,x), (t,x) ∈ G, (4.114)

whenever ‖x(τ+
k )‖ ≤ δ1. By choosing

�(w) =

(
λ3 − 2

√
λ2

λ1

)
w

the conclusion is straightforward from Corollary 4.1.1. �

For t ∈ (τk, τk+1], the solution of (4.99) is given by

x(t) = eA(t−τk)x(τ+
k ) +

∫ t

τk

eA(t−s)g(x(s))ds. (4.115)

When t = τk+1, we have

x(τk+1) = eA(τk+1−τk)x(τ+
k ) +

∫ τk+1

τk

eA(τk+1−s)g(x(s))ds. (4.116)

Let us use the following notation:

ξk ,

∫ τk+1

τk

eA(τk+1−s)g(x(s))ds. (4.117)

For any given ε > 0, we choose ε1 > 0 such that

ε = ε1e
(2‖A‖+1)(τk+1−τk). (4.118)

From (4.105) we know that there is a δ2 > 0 such that

‖g(x)‖ ≤ ε1‖x‖, provided ‖x‖ < δ2. (4.119)

Let us choose

δ3 = min

(
δ1,

δ2
e(‖A‖+1)(τk+1−τk)

)
(4.120)
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then in case of ‖x‖ ≤ δ3, from (4.110) we have

‖x(t)‖ ≤ ‖x(τk)+‖e(‖A‖+1)(τk+1−τk) ⇐ (4.110)

≤ δ3e
(‖A‖+1)(τk+1−τk)

≤ δ2, t ∈ (τk, τk+1]. ⇐ (4.120) (4.121)

From (4.110), (4.119) and (4.121) we know that

‖g(x(t))‖ ≤ ε1‖x(t)‖ ⇐ (4.119)

≤ ε1‖x(τ+
k )‖e(‖A‖+1)(τk+1−τk), ⇐ (4.110)

provided ‖x(τ+
k )‖ ≤ δ3, t ∈ (τk, τk+1]. (4.122)

We then have

‖ξk‖ ≤
∫ τk+1

τk

e‖A‖(τk+1−τk)‖g(x(s))‖ds ⇐ (4.117)

≤ e‖A‖(τk+1−τk)ε1‖x(τ+
k )‖e(‖A‖+1)(τk+1−τk) ⇐ (4.118)

= ε‖x(τ+
k )‖, provided ‖x(τ+

k )‖ ≤ δ3. (4.123)

Thus for any given ε > 0, there is a δ3 > 0, δ3 ≤ δ1, such that ‖ξk‖ ≤ ε‖x(τ+
k )‖

whenever ‖x(τ+
k )‖ < δ3.

Then from (4.116) we have for any given ε > 0

‖x(τk+1)‖ ≤ e‖A‖(τk+1−τk)‖x(τ+
k )‖+ ‖ξk‖ ⇐ (4.116)&(4.117)

≤
(
e‖A‖(τk+1−τk) + ε

)
‖x(τ+

k )‖ ⇐ (4.123)

provided ‖x(τ+
k )‖ ≤ δ3. (4.124)

If the impulsive control law is given by U(k,x) = Bkx, then we immedi-
ately have the following theorem:

Theorem 4.3.2. Assume that

1.
0 < j1 = inf

k∈N
(τk+1 − τk) ≤ sup

k∈N
(τk+1 − τk) = j2 <∞;

2.
‖(I +Bk)e

A(τk+1−τk)‖ ≤ j3 < 1, k ∈ N.

Then the origin x = 0 of system (4.99) is asymptotically stable. �

If
Λ = lim

k→∞
(I +Bk)e

A(τk+1−τk)

exists, then we have the following theorem

Theorem 4.3.3. Assume that assumption (1) of Theorem 4.3.2 is satisfied
and the spectral radius of Λ, ρ(Λ) < 1, then the origin x = 0 of system (4.99)
is asymptotically stable. �
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4.4 Linear Approximation Methods

Consider the following impulsive differential system

{
ẋ = A(t)x+ g(t,x), t �= τk,
∆x = Bkx+ U(k,x), t = τk, k = 1, 2, · · · , (4.125)

where x ∈ R
n , A(t) ∈ R

n×n and g : R+ × Sρ → R
n , ρ > 0, Bk ∈ R

n×n ,
U : N × Sρ → R

n . Let Φ(t, s) be the fundamental matrix of the following
ordinary differential equation:

ẋ = A(t)x. (4.126)

Then the stability of system (4.125) based on linear approximation is
given by the following theorem.

Theorem 4.4.1. Assume that

1. A ∈ PC[R+ ,Rn×n ];
2. ‖Φ(t, s)‖ ≤ φ(t)ψ(s) for τk−1 < s ≤ t ≤ τk, k ∈ N, where φ, ψ ∈
PC[R+ ,R] and φ(t) > 0, ψ(t) > 0, φ(τ+

k ) > 0, ψ(τ+
k ) > 0 for t ∈ R+ ,

k ∈ N;
3. the function g(t,x) is continuous and locally Lipschitz continuous with
respect to x in the sets (τk−1, τk]×Sρ, k ∈ N, and for each k and y ∈ Sρ
the limit of g(t,x) exists as (t,x)→ (τk,y), t > τk;

4. in the domain R+ × Sρ, the following inequality holds: ‖g(t,x)‖ ≤
α(t)‖x‖m, where m ≥ 1 is a constant and the function α ∈ PC[R+ ,R] is
nonnegative;

5. ‖I +Bk‖ ≤ γk, γk ≥ 0 is a constant and I is the identity matrix;
6. the functions U(k,x) are continuous in Sρ and

‖U(k,x)‖ ≤ ρk‖x‖, x ∈ Sρ, k ∈ N

where ρk ≥ 0 are constants.
7. for any t0 ≥ 0 there is a N = N(t0) such that

φ(t)
∏

t0<τk<t

rk < N, for t > t0,

where rk = (γk + ρk)φ(τk)ψ(τ+
k )

8.

D(0,∞) ,

∫ ∞

0

( ∏
0<τk<s

rk

)m−1

φm(s)ψ(s)α(s)ds <∞; (4.127)
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9. there is a N > 0 such that

φ(t)ψ(t+0 )
∏

t0<τk<t

rk < N, for 0 ≤ t0 ≤ t <∞,

ψm−1(t+0 )D(t0,∞) < N, for t0 ≥ 0;

10. for any ε > 0 and t0 ∈ R+ there is a σ = σ(ε, t0) such that

φ(t)
∏

0<τk<t

rk < ε, for t ≥ t0 + σ; (4.128)

11. for any ε > 0 there is a σ = σ(ε) such that for each t0 ∈ R+ we have

φ(t)ψ(t+0 )
∏

0<τk<t

rk < ε, for t ≥ t0 + σ.

Let us assume that m > 1, then the solution x = 0 of system (4.125) is

1. stable if assumptions 1-8 hold;
2. uniformly stable if assumptions 1-6 and 9 hold;
3. asymptotically stable if assumptions 1-6, 8 and 10 hold;
4. uniformly asymptotically stable if assumptions 1-6, 9 and 11 hold.

�

Proof. See the proofs of Theorems 8.1-8.4 of [2]. �

Theorem 4.4.2. Given the following function:

M(t0, t) = φ(t)ψ(t+0 )

[ ∏
0<τk<t

(γk + ρk)φ(τk)ψ(τ+
k )

]
exp

(∫ t

0

φ(s)ψ(s)ds

)

and assume that the assumptions 1-6 of Theorem 4.4.1 hold and m = 1, then
the solution x = 0 of system (4.125) is

1. stable if for any t0 ∈ R+ there is a N > 0 such that M(t0, t) ≤ N for
t ≥ t0 ≥ 0;

2. asymptotically stable if for any t0 ∈ R+ and ε > 0 there is a σ > 0 such
that M(t0, t) ≤ ε for t ≥ t0 + σ;

3. uniformly stable if there is a N > 0 such thatM(t0, t) ≤ N for t ≥ t0 ≥ 0;
4. uniformly asymptotically stable if there is a N > 0 such thatM(t0, t) ≤ N
for t ≥ t0 ≥ 0 and for any ε > 0 there is a σ > 0 such that M(t0, t) ≤ ε
for any t0 ∈ R+ and t ≥ t0 + σ.

�

Proof. See the proof of Theorems 8.5 of [2]. �

Let us then consider the following special case:
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{
ẋ = Ax+ P (t)x, t �= τk,
∆x = Bx+Bkx, t = τk, k = 1, 2, · · · , (4.129)

where A ∈ Rn×n , P (t) ∈ Rn×n , B ∈ Rn×n , Bk ∈ Rn×n , k ∈ N. Let us also
consider the following reference system{

ẋ = Ax, t �= τk,
∆x = Bx, t = τk, k = 1, 2, · · · . (4.130)

We then have the following theorem.

Theorem 4.4.3. If the solutions of the reference system (4.130) are stable,
I +B is nonsingular∫ ∞

t0

‖P (t)‖dt <∞ and
∏
τi>t0

(1 + ‖Bi‖) <∞ (4.131)

then the solutions of system (4.129) are also stable. �

Proof. The state transition matrix of system (4.130) is given by

Ψ(t, t0) = eA(t−τi)
∏

t0<τj<τi

(I +B)eA(τj−τj−1),

τ0 = t0, t ∈ (τi, τi+1]. (4.132)

Since the matrix I + B is nonsingular, Ψ(t, t0) is also nonsingular and we
have

Ψ(t, t0)Ψ
−1(s, t0) = eA(t−τi)

∏
t0<τj<τi

(I +B)eA(τj−τj−1)(I +B)eA(τk+1−s),

τi < t ≤ τi+1, τk < s < τk+1, k < i. (4.133)

Since the solutions of system (4.130) are stable, it follows from (4.133) that
there is a number K > 0 such that

‖Ψ(t, t0)‖ ≤ K, ‖Ψ(t, t0)Ψ
−1(s, t0)‖ ≤ K, t0 ≤ s ≤ t. (4.134)

With the initial condition x(t0,x0) = x0, any a solution of system (4.129) is
given by

x(t,x0) = Ψ(t, t0)x0 +

∫ t

t0

Ψ(t, s)P (s)x(s,x0)ds

+
∑

t0<τi<t

Ψ(t, τi)Bix(τi,x0). (4.135)
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Let x(t,x0) and x(t,y0) be any two solutions of (4.129) and from (4.134) we
have

‖x(t,x0)− x(t,y0)‖ ≤ K‖x0 − y0‖

+

∫ t

t0

K‖P (s)‖‖x(s,x0)− x(s,y0)‖ds

+
∑

t0<τi<t

K‖Bi‖‖x(τi,x0)− x(τi,y0)‖.

From Lemma 1.7.1 it follows

‖x(t,x0)− x(t,y0)‖

≤ K
∏

t0<τi<t

(1 +K‖Bi‖) exp
(∫ t

t0

K‖P (s)‖ds
)
‖x0 − y0‖, t ≥ t0.

Since 1+K‖Bi‖ ≤ (1+‖Bi‖)K and from (4.131) we know that
∏

t0<τi<t(1+
K‖Bi‖) converges. Thus we know that the solutions of system (4.129) is
stable.

�

Consider the following impulsive differential system

{
ẋ = A(t)x+ g(t,x), t �= τk,
∆x = Bkx, t = τk, k = 1, 2, · · · (4.136)

where x ∈ Rn , A(t) ∈ Rn×n and g : R+ × Rn → R
n .

Let Φ(t, s) be the fundamental matrix of the following ODE:

ẋ = A(t)x. (4.137)

Theorem 4.4.4. Let us assume that

1. A ∈ PC[R+ ,Rn×n ];
2. ‖Φ(t, s)‖ ≤ φ(t)ψ(s) for τk−1 < s ≤ t ≤ τk, k ∈ N, where φ, ψ ∈
PC[R+ ,R] and φ(t) > 0, ψ(t) > 0, φ(τ+

k ) > 0, ψ(τ+
k ) > 0 for t ∈ R+ ,

k ∈ N;
3. The function g(t,x) is continuous and locally Lipschitz continuous with
respect to x in the sets (τk−1, τk]×Rn , k ∈ N, and for each k and y ∈ Rn
the limit of g(t,x) exists as (t,x)→ (τk,y), t > τk;

4. In the domain R+ × R
n , the following inequality holds: ‖g(t,x)‖ ≤

α(t)‖x‖m, where m > 1 is a constant and the function α ∈ PC[R+ ,R] is
nonnegative;

5. ‖I +Bk‖ ≤ γk, where γk ≥ 0 is a constant;
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6.

D(0,∞) ,

∫ ∞

0

( ∏
0<τk<s

rk

)m−1

φm(s)ψ(s)α(s)ds <∞ (4.138)

where rk = γkφ(τk)ψ(τ+
k );

7. For any ε > 0 and t0 ∈ R+ there exists σ = σ(ε, t0) such that

φ(t)
∏

0<τk<s

rk < ε, for t ≥ t0 + σ. (4.139)

Then the solution x = 0 of system (4.136) is asymptotically stable. �

Proof. It is straightforward from Theorem 4.4.1. �

4.5 Stability of Sets

In this section let us study the impulsive control problem of controlling the
plant to a target set instead of a target point. This kind of control problem is
very common when the plant is chaotic because a chaotic attractor remains
within a certain region. The design of this kind of impulsive controller is
based on the stability of sets[2, 8] of impulsive control systems. Let Ξ ⊆ Rn
and assume that there is a set $ ⊂ R+ ×Ξ in the phase space of the following
impulsive control system:

ẋ = f (t,x), t �= τk(x),

∆x = U(k,x), t = τk(x), k ∈ N, t ∈ R+ (4.140)

where

1. f ∈ C[R+ × Ξ,Rn ] and there is a constant L1 > 0 such that ‖f(t,x) −
f(t,y)‖ ≤ L1‖x−y‖ for t ∈ R+ , x,y ∈ Ξ. There is a K ∈ R+ such that
‖f(t,x)‖ ≤ K for (t,x) ∈ R+ ×Ξ.

2. τk ∈ C[Ξ,R+ ], k ∈ N satisfy

0 = τ0 < τ1(x) < τ2(x) < · · · , lim
k→∞

τk(x) =∞ uniformly on x ∈ Ξ

and
inf
Ξ

τk+1(x)− sup
Ξ

τk(x) ≥ θ > 0.

3. U : N ×Ξ → R
n satisfies

‖U(k,x)− U(k,y)‖ ≤ L2‖x− y‖, x,y ∈ Ξ, k ∈ N,

and x+ U(k,x) ∈ Ξ for all x ∈ Ξ and k ∈ N.
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We assume that there is no beating phenomenon. Let us define Γk ,
(τk−1(x), τk(x))×Ξ, k ∈ N and

Γ ,
∞⋃
k=1

Γk.

$(t) , {x ∈ Ξ| (t,x) ∈ $}, $k , {x ∈ Ξ| (τk,x) ∈ [$ ∩ Γk+1]
c},

$(t+) ,

{
$(t), t �= τk,
$k, t = τk.

(4.141)

Let there be such a ρ > 0 that for all t ∈ R+ we have [$(t, ρ)]c ⊂ Ξ and let
d(x, $) be a distance between a point x ∈ Rn and the set $ defined by

d(x, $) , inf
y∈$
‖x− y‖

and satisfying

lim
t→τ+

k

d(x, $(t)) = d(x, $k), k ∈ N, x ∈ $(τ+
k , ρ). (4.142)

then we define the following notations of ξ-neighborhoods of $(t):

$(t, ξ) , {x ∈ Rn | d(x, $(t)) < ξ},
$(t+, ξ) , {x ∈ Rn | d(x, $(t+)) < ξ}. (4.143)

We assume that $(t) �= ∅ for all t ∈ R+ and $k �= ∅ for all k ∈ N. We also
assume that for any compact subset S of R+ ×Ξ there is a constant L3 > 0
which is dependent on S such that if (t1,x), (t2,x) ∈ S, then we have

|d(x, $(t1))− d(x, $(t2))| ≤ L3‖t1 − t2‖.

Suppose that there is a � > 0 such that the set {x ∈ Rn | d(x, $(t)) ≤ �} is a
subset of Ξ and any a solution x(t) = x(t, t0,x0) of impulsive control system
(4.140) satisfies d(x(t), $(t)) ≤ � for all t ∈ J+(t0,x0).

Definition 4.5.1. V : R+ ×Ξ → R belongs to the class V3 if
1. V is continuous on Γ and locally Lipschitz continuous with respect to
each x in Γk, k ∈ N;

2. V (t,x) = 0 for (t,x) ∈ $ and V (t,x) > 0 for (t,x) ∈ (R+ ×Ξ) \ $;
3. for any x ∈ Ξ and k ∈ N the following limits exist:

lim
(t,y)→(τ+

k
,x)

V (t,y) = V (τ+
k ,x),

lim
(t,y)→(τ−

k ,x)
V (t,y) = V (τ−k ,x) = V (τk,x). (4.144)

�
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4.5.1 Stability

In this section all results are presented under assumption Ξ ⊂ R
n . We first

present some definitions of different kinds of stability of sets.

Definition 4.5.2. Let x(t) = x(t, t0,x0) be a solution of (4.140) such that
x(t+0 , t0,x0) = x0, then the set $ is

SS1 a stable set of system (4.140) if for any δ > 0, t0 ∈ R+ and η > 0 there
is a ε = ε(t0, δ, η) such that x0 ∈ Sη∩$(t0, ε) implies x(t, t0,x0) ∈ $(t, δ)
for any t ∈ J+(t0,x0).

SS2 a t-uniformly stable set of system (4.140) if the ε in SS1 is independent
of t0.

SS3 an η-uniformly stable set of system (4.140) if the ε in SS1 is independent
of η.

SS4 a uniformly stable set of system (4.140) if the ε in SS1 is independent of
t0 and η.

�

Definition 4.5.3. Let x(t) = x(t, t0,x0) be a solution of (4.140) such that
x(t+0 , t0,x0) = x0, then the set $ is

SA1 an attractive set of system (4.140) if for each η > 0, t0 ∈ R+ there is a
µ > 0 and for each δ > 0, x0 ∈ Sη∩$(t0, µ) there is a φ > 0 that satisfies
t0 + φ ∈ J+(t0,x0) such that

x(t, t0,x0) ∈ $(t, δ) for all t ≥ t0 + φ, t ∈ J
+(t0,x0).

SA2 a t-uniformly attractive set of system (4.140) if for each η > 0 there is a
µ > 0, for each δ > 0 there is a φ > 0, such that for each t0 ∈ R+

x0 ∈ Sη ∩ $(t0, µ), t0 + φ ∈ J
+(t0,x0),

implies

x(t, t0,x0) ∈ $(t, δ) for all t ≥ t0 + φ, t ∈ J+(t0,x0).

SA3 an η-uniformly attractive set of system (4.140) if for each t0 ∈ R+ there
is a µ > 0, for each δ > 0 there is a φ > 0, such that for each η > 0

x0 ∈ Sη ∩ $(t0, µ), t0 + φ ∈ J+(t0,x0),

implies

x(t, t0,x0) ∈ $(t, δ) for all t ≥ t0 + φ, t ∈ J
+(t0,x0).
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SA4 a uniformly attractive set of system (4.140) if given a µ > 0 and for each
δ > 0 there is a φ > 0, such that for each η > 0, t0 ∈ R+

x0 ∈ Sη ∩ $(t0, µ), t0 + φ ∈ J+(t0,x0),

implies

x(t, t0,x0) ∈ $(t, δ) for all t ≥ t0 + φ, t ∈ J+(t0,x0).

�

Definition 4.5.4. $ is

1. an asymptotically stable set of system (4.140) if it is SS1 and SA1.
2. a t-uniformly asymptotically stable set of system (4.140) if it is SS2 and

SA2.
3. an η-uniformly asymptotically stable set of system (4.140) if it is SS3
and SA3.

4. a uniformly asymptotically stable set of system (4.140) if it is SS4 and
SA4.

�

Theorem 4.5.1. Assume that α ∈ K and V ∈ V3 and

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ ×Ξ, (4.145)

D+V (t,x) ≤ 0 for (t,x) ∈ Γ, (4.146)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Ξ. (4.147)

Then $ is a stable set of system (4.140). �

Proof. Let δ, η > 0 and given t0 ∈ R+ , x0 ∈ Ξ, then it follows from V ∈ V3
that V (t0,x) = 0 for x ∈ $(t0). Therefore, there is a ε = ε(t0, δ, η) > 0 such
that, if x ∈ Sη ∩ $(t+0 , ε) ∩ Ξ, then

V (t+0 ,x) < α(δ). (4.148)

Choose x0 ∈ Sη∩$(t+0 , ε)∩Ξ, then it follows from (4.145), (4.146) and (4.147)
that

α(d(x(t), $(t))) ≤ V (t,x(t))

≤ V (t+0 ,x0) < α(δ), (4.149)

from which we have

d(x(t), $(t)) < δ. (4.150)

Thus, x(t) ∈ $(t, δ) for all t > t0. This proves that $ is a stable set of system
(4.140). �
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Theorem 4.5.2. Assume that α ∈ K, β : R+ ×R+ → R+ such that β(t, ·) ∈
K for any fixed t ∈ R+ , V ∈ V3 and

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ ×Ξ, (4.151)

β(t, d(x, $(t))) ≥ V (t,x) for (t,x) ∈ R+ ×Ξ, (4.152)

D+V (t,x) ≤ 0 for (t,x) ∈ Γ, (4.153)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Ξ. (4.154)

Then $ is an η-uniformly stable set of system (4.140). �

Proof. For any δ > 0 and t0 ∈ R+ let us choose a ε = ε(t0, δ) > 0 such that
β(t0, ε) < α(δ). Let us choose η > 0 and x0 ∈ Sη∩$(t+0 , ε)∩Ξ, then it follows
from (4.151), (4.153), (4.154) and (4.152) that

α(d(x(t), $(t))) ≤ V (t,x(t))

≤ V (t+0 ,x0)

≤ β(t0, d(x0, $(t0)))

≤ β(t0, ε) < α(δ), t ∈ J
+(t0,x0). (4.155)

Therefore we know that J+(t0,x0) = (t0,∞) and x(t) ∈ $(t, δ) for all t > t0.
This proves that $ is an η-uniformly stable set of system (4.140). �

Similarly, we have the following two theorems.

Theorem 4.5.3. Assume that α ∈ K, β : R+×R+ → R+ such that β(w, ·) ∈
K for any fixed w ∈ R+ , V ∈ V3 and

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ ×Ξ, (4.156)

β(‖x‖, d(x, $(t))) ≥ V (t,x) for (t,x) ∈ R+ ×Ξ, (4.157)

D+V (t,x) ≤ 0 for (t,x) ∈ Γ, (4.158)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Ξ. (4.159)

Then $ is a t-uniformly stable set of system (4.140). �

Theorem 4.5.4. Assume that α, β ∈ K, V ∈ V3 and

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ ×Ξ, (4.160)

β(d(x, $(t))) ≥ V (t,x) for (t,x) ∈ R+ ×Ξ, (4.161)

D+V (t,x) ≤ 0 for (t,x) ∈ Γ, (4.162)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Ξ. (4.163)

Then $ is a uniformly stable set of system (4.140). �

Theorem 4.5.5. Assume that α, β, κ ∈ K and V, V1 ∈ V3 and
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α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ ×Ξ, (4.164)

β(d(x, $(t))) ≤ V1(t,x) for (t,x) ∈ R+ ×Ξ, (4.165)

D+V (t,x) ≤ −κ(V1(t,x)) for (t,x) ∈ Γ, (4.166)

sup
(t,x)∈Γ

D+V1(t,x) ≤ K1 <∞, (4.167)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Ξ, (4.168)

V1(τ
+
k ,x+ U(k,x)) ≤ V1(τk,x) for k ∈ N,x ∈ Ξ. (4.169)

Then $ is an asymptotically stable set of system (4.140). �

Proof. It follows from Theorem 4.5.1 that $ is a stable set of system (4.140).
Let us choose an η > 0 such that for all t ∈ R+ we have $(t, η) ⊂ Ξ. It follows
from (4.164) that

Θ(t, η) ⊂ $(t, η) ⊂ Ξ, t ∈ R+ (4.170)

where

Θ(t, η) , {x ∈ Ξ | V (t+,x) ≤ α(η)}. (4.171)

It follows from (4.166) and (4.168) that if t0 ∈ R+ and x0 ∈ Θ(t0, η),
then x(t) ∈ Θ(t, η) for t ∈ J+(t0,x0). Therefore, it follows from (4.170)
that x(t) will remain in the interior of Ξ for t > t0 which implies that
J+(t0,x0) = (t0,∞). We then have the following claim:
Claim 4.5.5: Given t0 ∈ R+ and x0 ∈ Θ(t0, η), then

lim
t→∞

d(x(t), $(t)) = 0. (4.172)

If Claim 4.5.5 is false, then there is a sequence {ti}∞i=1, limi→∞ ti = ∞,
such that for some σ > 0 we have d(x(ti), $(ti)) ≥ σ for all i ∈ N. Then it
follows from (4.165) that

V1(ti,x(ti)) ≥ β(σ), i ∈ N. (4.173)

Let us choose a subsequence {t̃k}∞k=1 of {ti}∞i=1 such that t̃k− t̃k−1 ≥ ξ > 0
and t̃k > t0 for each k ∈ N. Let us choose � > 0 such that

� < min

(
ξ,

β(σ)

2K1

)
, (4.174)

then it follows from (4.167), (4.173) and (4.174) that

V1(t,x(t)) = V1(t̃k,x(t̃k)) +

∫ t

t̃k

D+V1(s,x(s))ds

≥ β(σ) −K1(t̃k − t) ⇐ [(4.173)&(4.167)]

≥ β(σ) −K1�

>
β(σ)

2
, t ∈ [t̃k −�, t̃k]. ⇐ (4.174) (4.175)
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Therefore, it follows from (4.168), (4.166) and (4.175) that

V (t̃k,x(t̃k)) ≤ V (t+0 ,x0) +

∫ t̃k

t0

D+V (s,x(s))ds ⇐ [(4.168)&(4.166)]

≤ V (t+0 ,x0)−
∫ t̃k

t0

κ(V1(s,x(s)))ds ⇐ (4.166)

≤ V (t+0 ,x0)−
k∑

i=1

∫ t̃k

t̃k−�

κ(V1(s,x(s)))ds

≤ V (t+0 ,x0)− κ

(
β(σ)

2

)
k� ⇐ (4.175) (4.176)

from which we know that if k is big enough then V (t̃k,x(t̃k)) < 0. This is
a contradiction to (4.164). Hence, Claim 4.5.5 is true. Furthermore, since
Θ(t0, η) is a neighborhood of the origin that is in $(t0, η), $ is an attractive
set of system (4.140). �

Corollary 4.5.1. Assume that the function f(t,x) is bounded in R+ × Ξ
and Ξ is bounded, α, κ ∈ K, V ∈ V3 and

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ ×Ξ, (4.177)

D+V (t,x) ≤ −κ(d(x, $(t))) for (t,x) ∈ Γ, (4.178)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Ξ, (4.179)

d(x+ U(k,x), $(t)) ≤ d(x, $(t)) for k ∈ N, (t,x) ∈ Σk. (4.180)

Then $ is an asymptotically stable set of system (4.140). �

Proof. Since f (t,x) is bounded in R+ ×Ξ and Ξ is bounded, the derivative
of d(x, $(t)) with respect to the solutions of system (4.140) is bounded. Let
us set V1(t,x) = d(x, $(t)), then the conclusion follows from Theorem 4.5.5
immediately. �

Corollary 4.5.2. Assume that α, κ ∈ K and V ∈ V3 and

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ ×Ξ, (4.181)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Ξ, (4.182)

D+V (t,x) ≤ −κ(V (t,x)) for (t,x) ∈ Γ. (4.183)

Then $ is an asymptotically stable set of system (4.140). �

Proof. Let us set V1(t,x) = V (t,x), then the conclusion follows from Theo-
rem 4.5.5 immediately. �

Theorem 4.5.6. Assume that α, β, κ ∈ K and V ∈ V3 and
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α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ ×Ξ, (4.184)

D+V (t,x) ≤ −κ(d(x, $(t))) for (t,x) ∈ Γ, (4.185)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Ξ, (4.186)

V (t,x) ≤ β(d(x, $(t))) for (t,x) ∈ R+ ×Ξ. (4.187)

Then $ is a uniformly asymptotically stable set of system (4.140). �

Proof. It follows from Theorem 4.5.4 that the set $ is a uniformly stable set
of system (4.140). Let us choose δ > 0 and

ε = ε(δ) < β−1(α(δ)), (4.188)

then it follows from (4.184), (4.185), (4.186) and (4.187) that for t0 ∈ R+

and x0 ∈ $(t0, ε) we have

α(d(x(t), $(t))) ≤ V (t,x(t)) ≤ V (t+0 ,x0)

≤ β(d(x0, $(t0))) ≤ β(ε(δ))

< α(δ). (4.189)

Therefore we know that d(x(t), $(t)) < δ; namely, x(t) ∈ $(t, δ) for t > t0.
Let us choose

µ = sup
δ≥0

ε(δ), φ = φ(δ) >
β(µ)

κ(ε(δ))
, η > 0,

and x0 ∈ Sη ∩ $(t0, µ) ∩ Ξ. We then have the following claim:
Claim 4.5.6: There is such a t1 ∈ [t0, t0 + φ] that x(t1) ∈ $(t1, ε).

If Claim 4.5.6 is not true then we have

d(x(t), $(t)) ≥ ε(δ), ∀t ∈ [t0, t0 + φ].

It follows from (4.185) that∫ t

t0

D+(s,x(s))ds ≤ −(t− t0)κ(ε(δ)). (4.190)

It follows from (4.186) that for t ∈ (τk, τk+1], k ∈ N we have∫ t

t0

D+(s,x(s))ds =
k∑

i=1

∫ τi

τ+
i−1

D+(s,x(s))ds +

∫ t

τ+
k

D+(s,x(s))ds

=
k∑

i=1

[V (τi,x(τi))− V (τ+
i−1,x(τ

+
i−1))]

+V (t,x(t))− V (τ+
k ,x(τ+

k ))

≥
k∑

i=1

[V (τi,x(τi))− V (τi−1,x(τi−1))]

+V (t,x(t))− V (τk,x(τk))

= V (t,x(t))− V (t0,x0). (4.191)
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Then from (4.190) and (4.191) we have for t ∈ [t0, t0 + φ]

V (t,x(t)) ≤ V (t0,x0)− (t− t0)κ(ε(δ)) (4.192)

from which we have

V (t0 + φ,x(t0 + φ)) ≤ V (t0,x0)− φκ(ε(δ))

< β(µ)− β(µ)

κ(ε(δ))
κ(ε(δ)) = 0 (4.193)

which is a contradiction to (4.184). Therefore Claim 4.5.6 is true. It follows
from Claim 4.5.6 that for all t ≥ t1

α(d(x(t), $(t))) ≤ V (t,x(t))

≤ V (t1,x(t1))

≤ β(d(x(t1), $(t1)))

≤ β(ε) < α(δ). ⇐ (4.188) (4.194)

Thus d(x(t), $(t)) < δ; namely, x(t) ∈ $(t, δ) for all t ≥ t1 and $ is a uniformly
attractive set of system (4.140). �

Similarly, we have the following two theorems.

Theorem 4.5.7. Assume that α, κ ∈ K, V ∈ V3 and β(t, ·) ∈ K for all
t ∈ R+ and

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ ×Ξ,

D+V (t,x) ≤ −κ(d(x, $(t))) for (t,x) ∈ Γ,

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Ξ,

V (t,x) ≤ β(t, d(x, $(t))) for (t,x) ∈ R+ ×Ξ. (4.195)

Then $ is an η-uniformly asymptotically stable set of system (4.140). �

Theorem 4.5.8. Assume that α, κ ∈ K, V ∈ V3 and β(w, ·) ∈ K for all
t ∈ R+ and

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ ×Ξ,

D+V (t,x) ≤ −κ(d(x, $(t))) for (t,x) ∈ Γ,

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Ξ,

V (t,x) ≤ β(‖x‖, d(x, $(t))) for (t,x) ∈ R+ ×Ξ. (4.196)

Then $ is a t-uniformly asymptotically stable set of system (4.140). �

4.5.2 Global Stability

In this section all results are presented under condition of Ξ = R
n . We first

provide some definitions related to global stability of sets.
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Definition 4.5.5. The control system (4.140) is

SB1 $-equi-bounded if for each t0 ∈ R+ , η > 0, ε > 0 there is a δ = δ(t0, η, ε)
such that

x0 ∈ Sη ∩ $(t0, ε)

implies
x(t, t0,x0) ∈ $(t, δ) for all t > t0.

SB2 t-uniformly $-bounded if δ in SB1 is independent of t0.
SB3 η-uniformly $-bounded if δ in SB1 is independent of η.
SB4 uniformly $-bounded if δ in SB1 depends only on ε.

�

Definition 4.5.6. $ is

GA1 Globally equi-attractive with respect to the control system (4.140) if for
each t0 ∈ R+ , η > 0, ε > 0, δ > 0, there is a φ = φ(t0, η, ε, δ) > 0 such
that

x0 ∈ Sη ∩ $(t0, ε)

implies
x(t, t0,x0) ∈ $(t, δ) for all t ≥ t0 + φ.

GA2 t-uniformly globally attractive with respect to the control system (4.140)
if φ in GA1 is independent of t0.

GA3 η-uniformly globally attractive with respect to the control system (4.140)
if φ in GA1 is independent of η.

GA4 uniformly globally attractive with respect to the control system (4.140) if
φ in GA1 depends only on δ and ε.

�

Definition 4.5.7. $ is

1. Globally equi-asymptotically stable with respect to the control system
(4.140) if it is SS1, SB1 and GA1.

2. t-uniformly globally asymptotically stable with respect to the control sys-
tem (4.140) if it is SS2, SB2 and GA2.

3. η-uniformly globally asymptotically stable with respect to the control sys-
tem (4.140) if it is SS3, SB3 and GA3.

4. uniformly globally asymptotically stable with respect to the control system
(4.140) if it is SS4, SB4 and GA4.

�

We then provide some results on the global stability of set with respect
to system (4.140) [9].
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Theorem 4.5.9. Assume that α ∈ K satisfying

lim
w→∞

α(w) =∞, (4.197)

V ∈ V3, κ > 0 is a constant and

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ × Rn , (4.198)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Rn , (4.199)

D+V (t,x) ≤ −κV (t,x) for (t,x) ∈ Γ. (4.200)

Then $ is a globally equi-asymptotically stable set with respect to system
(4.140). �

Proof. Given η > 0, δ > 0 and t0 ∈ R+ , then it follows from V (t0,x) = 0
for x ∈ $(t0) that there is a ε = ε(t0, η, δ) such that if x ∈ Sη ∩ $(t0, ε),
then V (t+0 ,x) < α(δ). Let us choose x0 ∈ Sη ∩ $(t0, ε), then it follows from
(4.198), (4.199) and (4.200) that

α(d(x(t), $(t))) ≤ V (t,x(t)) ≤ V (t+0 ,x0) < α(δ) (4.201)

from which we know that d(x(t), $(t)) < δ; namely, x(t) ∈ $(t, δ) for all
t > t0. This proves that the set $ is stable with respect to (4.140).

Given t0 ∈ R+ , it follows from (4.199) and (4.200) that

V (t,x(t)) ≤ V (t+0 ,x0)e
−κ(t−t0). (4.202)

Given ξ > 0, η > 0, δ > 0 and let

L1(t0, ξ, η) = sup
x0∈Sη∩$(t0,ξ)

V (t+0 ,x0)

φ = φ(t0, η, ξ, δ) >
1

κ
ln

L1(t0, ξ, η)

α(δ)
. (4.203)

It follows from (4.198), (4.202) and (4.203) that for t ≥ t0 + φ we have

α(d(x(t), $(t))) ≤ V (t,x(t))

≤ V (t+0 ,x0)e
−κ(t−t0) < α(δ) (4.204)

which proves that x(t) ∈ $(t, δ); namely, the set $ is globally equi-attractive
with respect to (4.140).

Given t0 ∈ R+ , η > 0 and ξ > 0, it follows the assumption V ∈ V3 that
there is an L2(t0, η, ξ) > 0 such that if x0 ∈ Sη ∩ $(t0, ξ), then V (t+0 ,x0) ≤
L2(t0, η, ξ). If follows from (4.197) that there is a σ = σ(t0, η, ξ) > 0 such
that α(σ) > L2(t0, η, ξ). Choose x0 ∈ Sη ∩ $(t0, ξ), it follows from (4.198),
(4.199) and (4.200) that

α(d(x(t), $(t))) ≤ V (t,x(t))

≤ V (t+0 ,x0) ≤ L2(t0, η, ξ) < α(σ) (4.205)
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from which we have d(x(t), $(t)) < σ for t > t0. Therefore, the solutions
of system (4.140) are $-equi-bounded. Therefore, the set $ is SS1, SB1 and
GA1. It follows from Definition 4.5.7 that $ is a globally equi-asymptotically
stable set with respect to system (4.140).

�

Theorem 4.5.10. Assume that α, β, κ ∈ K satisfying

lim
w→∞

α(w) =∞, (4.206)

V ∈ V3, and there are two functions p0 : R+ → (0,∞) and p1 : R+ → [1,∞)
such that

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ × Rn , (4.207)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Rn , (4.208)

V (t+0 ,x) ≤ p1(t)β(d(x, $(t))) for (t,x) ∈ R+ × Rn , (4.209)

D+V (t,x) ≤ −p0(t)κ(d(x, $(t))) for (t,x) ∈ Γ (4.210)∫ ∞

0

p0(s)κ[β
−1(ξ/p1(s))]ds =∞

for any sufficient small ξ > 0. (4.211)

Then $ is an η-uniformly globally asymptotically stable set with respect to
system (4.140). �

Proof. Given t0 ∈ R+ and δ > 0 and let us choose ε = ε(t0, δ) ∈ (0, δ) such
that

β(ε) <
α(δ)

p1(t0)
.

Choose an arbitrary η > 0 and let x0 ∈ Sη ∩ $(t0, ε), then it follows from
(4.207), (4.208), (4.209) and (4.210) that

α(d(x(t), $(t))) ≤ V (t,x(t)) ≤ V (t+0 ,x0)

≤ p1(t0)β(d(x0, $(t0))) ≤ p1(t0)β(ε) < α(δ) (4.212)

from which we have d(x(t), $(t)) < δ for all t > t0, Therefore x(t) ∈ $(t, δ)
for all t > t0; namely, the set $ is η-uniformly stable.

Given ξ > 0, t0 ∈ R+ , δ > 0 and let us choose φ = φ(t0, ξ, δ) > 0 such
that from (4.211) it follows∫ t0+φ

t0

p0(s)κ

(
β−1

(
α(δ)

2p1(s)

))
ds > p1(t0)β(ξ). (4.213)

Choose an arbitrary η > 0 and let x0 ∈ Sη ∩ $(t0, ξ), we then have the
following claim:
Claim 4.5.10: there is a t1 ∈ [t0, t0 + φ] such that
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d(x(t1), $(t1)) < β−1

(
α(δ)

2p1(t1)

)
.

If Claim 4.5.10 is not true then we can assume that for each t ∈ [t0, t0+φ]

d(x(t), $(t)) ≥ β−1

(
α(δ)

2p1(t)

)
. (4.214)

It follows from (4.210) and (4.213) that∫ t0+φ

t0

D+(s,x(s))ds ≤ −
∫ t0+φ

t0

p0(s)κ

(
β−1

(
α(δ)

2p1(s)

))
ds

< −p1(t0)β(ξ). (4.215)

Assume that t+ φ ∈ (τk, τk+1] then it follows from (4.208) that

∫ t0+φ

t0

D+(s,x(s))ds =
k∑

i=1

∫ τi

τ+
i−1

D+(s,x(s))ds +
k∑

i=1

∫ t0+φ

τ+
k

D+(s,x(s))ds

=
k∑

i=1

[V (τi,x(τi))− V (τ+
i−1,x(τ

+
i−1))]

+V (t0 + φ,x(t0 + φ))− V (τ+
k ,x(τ+

k ))

≥ V (t0 + φ,x(t0 + φ)) − V (t+0 ,x0) (4.216)

It follows from (4.209), (4.215) and (4.216) that

V (t0 + φ,x(t0 + φ)) < 0

which is a contradiction to (4.207). Thus, Claim 4.5.10 is true. Then for
t ≥ t0 + φ we have

α(d(x(t), $(t))) ≤ V (t,x(t)) ≤ V (t1,x(t1))

≤ p1(t1)β(d(t1, $(t1))) ≤
α(δ)

2
< α(δ) (4.217)

form which we have
d(x(t), $(t)) < δ;

namely, x(t) ∈ $(t, δ) for t ≥ t0 +φ. This proves that the set $ is η-uniformly
globally attractive with respect to system (4.140).

Given t0 ∈ R+ and ξ > 0 and choose σ = σ(t0, ξ) > 0 such that

α(σ) > p1(t0)β(ξ).

Let us choose an arbitrary η > 0, x0 ∈ Sη ∩ $(t0, ξ), then for t > t0 we have

α(d(x(t), $(t))) ≤ V (t,x(t)) ≤ V (t0,x(t0))

≤ p1(t0)β(d(t0, $(t0))) ≤ p1(t0)β(ξ) < α(σ) (4.218)
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from which it follows that d(x(t), $(t)) < σ; namely, x(t) ∈ $(t, σ) for t > t0.
This prove that the solutions of system (4.140) are η-uniformly $-bounded.
Therefore, the set $ is SS3, SB3 and GA3. It follows from Definition 4.5.7
that $ is an η-globally equi-asymptotically stable set with respect to system
(4.140). �

Theorem 4.5.11. Assume that α, β, κ ∈ K satisfying

lim
w→∞

α(w) =∞, (4.219)

V ∈ V3, and there is an integrally positive function p : R+ → R such that

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ × Rn , (4.220)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Rn , (4.221)

V (t+0 ,x) ≤ β(d(x, $(t))) for (t,x) ∈ R+ × Rn , (4.222)

D+V (t,x) ≤ −p(t)κ(d(x, $(t))) for (t,x) ∈ Γ. (4.223)

Then $ is a uniformly globally asymptotically stable set with respect to system
(4.140). �

The proof of this theorem can be found in [9]. By using similar proving
procedure we can have the following theorems.

Corollary 4.5.3. Assume that α, β, κ ∈ K satisfying

lim
w→∞

α(w) =∞, (4.224)

V ∈ V3 such that

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ × Rn , (4.225)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Rn , (4.226)

V (t+0 ,x) ≤ β(d(x, $(t))) for (t,x) ∈ R+ × Rn , (4.227)

D+V (t,x) ≤ −κ(d(x, $(t))) for (t,x) ∈ Γ. (4.228)

Then $ is a uniformly globally asymptotically stable set with respect to system
(4.140). �

Corollary 4.5.4. Assume that α, β, κ ∈ K satisfying

lim
w→∞

α(w) =∞, (4.229)

V ∈ V3, and a constant p > 0 such that

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ × Rn , (4.230)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Rn , (4.231)

V (t+0 ,x) ≤ β(d(x, $(t))) for (t,x) ∈ R+ × Rn , (4.232)

D+V (t,x) ≤ −pκ(d(x, $(t))) for (t,x) ∈ Γ. (4.233)

Then $ is a uniformly globally asymptotically stable set with respect to system
(4.140). �
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Theorem 4.5.12. Assume that β(w, ·) ∈ K for each w ∈ R+ , α, κ ∈ K
satisfying

lim
w→∞

α(w) =∞, (4.234)

V ∈ V3, and there is an integrally positive function p : R+ → R such that

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ × Rn , (4.235)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Rn , (4.236)

V (t+0 ,x) ≤ β(‖x‖, d(x, $(t))) for (t,x) ∈ R+ × Rn , (4.237)

D+V (t,x) ≤ −p(t)κ(d(x, $(t))) for (t,x) ∈ Γ. (4.238)

Then $ is a t-uniformly globally asymptotically stable set with respect to sys-
tem (4.140). �

Theorem 4.5.13. Assume that β(t, ·) ∈ K for each t ∈ R+ , α, κ ∈ K satis-
fying

lim
w→∞

α(w) =∞, (4.239)

V ∈ V3, and there is an integrally positive function p : R+ → R such that

α(d(x, $(t))) ≤ V (t,x) for (t,x) ∈ R+ × Rn , (4.240)

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x) for k ∈ N,x ∈ Rn , (4.241)

V (t+0 ,x) ≤ β(t, d(x, $(t))) for (t,x) ∈ R+ × Rn , (4.242)

D+V (t,x) ≤ −p(t)κ(d(x, $(t))) for (t,x) ∈ Γ. (4.243)

Then $ is an η-uniformly globally asymptotically stable set with respect to
system (4.140). �

4.6 Stability in Terms of Two Measures

Stability in terms of two measures[11, 16] provides a much more flexible
framework of studying the stability of impulsive control systems. For example,
to study the stability of a stepping motor or the stability of phase states of
a driven single electron tunneling junction, we need to study stability of
periodic solutions instead of equilibrium points. In this kind of impulsive
control problem, we need the methods presented in this section.

Let us consider the following impulsive control system:

ẋ = f(t,x), t �= τk(x),

∆x = U(k,x), t = τk(x) (4.244)
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where f ∈ C[R+ ×Rn ,Rn ] is the nonlinearity of the plant, τk ∈ C[Rn ,R] and
U ∈ C[N × Rn ,Rn ] is the control impulse.

Definition 4.6.1. Let h0, h ∈ H, then h0 is finer than h if there exist a σ > 0
and a function α ∈ K such that h0(t,x) < σ implies h(t,x) ≤ α(h0(t,x)).

�

Definition 4.6.2. The impulsive system (4.244) is (h0, h)-stable if, given
ε > 0 and t0 ∈ R+ , there exists a δ = δ(t0, ε) such that h0(t0,x0) < δ implies
h(t,x(t)) < ε, t ≥ t0 for any solution x(t) = x(t, t0,x0) of system (4.244).

�

Definition 4.6.3. Let V ∈ V0 and h0, h ∈ H, then V (t,x) is said to be

1. h-positive definite if there exist a ρ > 0 and a function β ∈ K such that
h(t,x) < ρ implies β(h(t,x)) ≤ V (t,x);

2. h0-decrescent if there exist a δ > 0 and a function α ∈ K such that
h0(t,x) < δ implies V (t,x) ≤ α(h0(t,x));

3. weakly h0-decrescent if there exist a δ > 0 and a function α ∈ CK such
that h0(t,x) < δ implies V (t,x) ≤ α(t, h0(t,x)).

�

Theorem 4.6.1. Assume that

1. h0, h ∈ H and h0 is finer than h;
2. there exists a V ∈ V0 such that V (t,x) is locally Lipschitzian in x on each
Gi, and h-positive definite on Sρ(h), and D+V (t,x) ≤ 0 on G ∩ Sρ(h);

3. V (τ+
k ,x+ U(k,x)) ≤ V (t,x) on Σk ∩ Sρ(h).

Then system (4.244) is

1. (h0, h)-stable if V (t,x) is weakly h0-decrescent;
2. (h0, h)-uniformly stable if V (t,x) is h0-decrescent.

�

Proof. If V (t,x) is weakly h0-decrescent, then there exist a δ0 > 0 and a
function α ∈ CK such that if h0(t,x) < δ0 we have

V (t,x) ≤ α(t, h0(t,x)). ⇐ (Definition 4.6.3) (4.245)

Since V (t,x) is h-positive definite on Sρ(h), there exists a function β ∈ K
such that

β(h(t,x)) ≤ V (t,x), (t,x) ∈ Sρ(h). ⇐ (Definition 4.6.3) (4.246)

It follows from assumption 1 that there are δ1 > 0 and φ ∈ K such that if
h0(t,x) < δ1 we have

h(t,x) ≤ φ(h0(t,x)). ⇐ (Definition 4.6.1) (4.247)
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Given ε > 0 and t0 ∈ R+ , there exist δ2 ∈ (0, δ0) and δ3 ∈ (0, δ1) such that

α(t0, δ2) < β(ε) and φ(δ3) < ρ. (4.248)

Let us set δ = min(δ2, δ3), choose x0 such that h0(t0,x0) < δ and let m(t)
be m(t) = V (t,x). It follows from assumption 2 that D+m(t) ≤ 0 for t �=
τk. From assumption 3 it follows that m(τ+

k ) ≤ m(τk). Therefore, m(t) is
nonincreasing. From (4.245)-(4.248) it follows that for t ≥ t0

β(h(t,x(t))) ≤ m︸ ︷︷ ︸
(4.246)

(t) ≤ m(t+0 ) ⇐ (m(t) is nonincreasing)

≤ α(t0, h0(t0,x0)) ⇐ (4.245)

< α(t0, δ) ≤ α(t0, δ2) ⇐ (4.248)

< β(ε) (4.249)

which yields for t ≥ t0 and h0(t0,x0)) < δ,

h(t,x(t)) < ε. (4.250)

We then have conclusion 1.
If V (t,x) is h0-decrescent, we have (4.245) and (4.248) with α independent

of t. Thus, δ can be chosen independent of t0 such that (4.250) holds provided
h0(t0,x0)) < δ. This leads to conclusion 2. �

Theorem 4.6.2. Assume that

1. h0, h ∈ H and h0 is finer than h;
2. there exists a V ∈ V0 such that V (t,x) is locally Lipschitzian in x on
each Gi, h-positive definite on Sρ(h), weakly h0-decrescent, and

D+V (t,x) ≤ −λ(t)α(V1(t,x))

on G ∩ Sρ(h), where α ∈ K, V1 ∈ V0, and λ(t) is integrally positive;
3. V (τ+

k ,x+ U(k,x(τk))) ≤ V (τk,x(τk)) on Σk ∩ Sρ(h);
4. V1(t,x) is locally Lipschitzian in x on each Gi and h-positive definite on
Sρ(h), and for every piecewise continuous function y(t) with discontinu-
ities at τk = τk(y(τk)), k ∈ N, such that (t,y(t)) ∈ Sρ(h), the function∫ t

0

[D+V1(s,y(s))]+ds ( resp.

∫ t

0

[D+V1(s,y(s))]−ds)

is uniformly continuous on R+ , where [·]+(resp. [·]−) denotes that the
positive (resp. negative) part is considered for all s ∈ R+ , and

V1(τ
+
k ,x+ U(k,x)) ≤ V1(t,x)

(resp. V1(τ
+
k ,x+ U(k,x)) ≥ V1(t,x))

on Σk ∩ Sρ(h).
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Then the impulsive control system (4.244) is (h0, h)-asymptotically stable. �

Proof. It follows from Theorem 4.6.1 and the assumptions 1-3 that the control
system (4.244) is (h0, h)-stable. Therefore for ρ > 0 and t0 ∈ R+ , there is a
δ0 = δ0(t0, ρ) > 0 such that h0(t0,x0) < δ0 implies

h(t,x(t)) < ρ, t ≥ t0, (4.251)

where x(t) = x(t, t0,x0) is any solution of system (4.244). We then need to
prove that for every solution x(t) = x(t, t0,x0) of system (4.244) satisfying
(4.251), the following claim is true:
Claim 4.6.2a:

lim
t→∞

inf V1(t,x(t)) = 0. (4.252)

If Claim 4.6.2a is not true, then there are a ξ > 0 and some T > 0 such
that

V1(t,x(t)) ≥ ξ, t ≥ t0 + T. (4.253)

We can choose a sequence

t0 + T < a1 < b1 < · · · < ai < bi < · · ·

such that bi− ai ≥ ξ for i ∈ N. Therefore, from (4.253) and assumption 2 we
have

lim
t→∞

V (t,x(t)) ≤ V (t0,x0)−
∫ ∞

t0

λ(s)α(V1(s,x(s)))ds ⇐ (assumption 2)

≤ V (t0,x0)− α(ξ)

∫
S∞

i=1[ai,bi]

λ(s)ds ⇐ (4.253)

= −∞ ⇐ (assumption 2) (4.254)

which leads to a contradiction to the assumption of V ∈ V0. Therefore,
Claim 4.6.2a is true and (4.252) holds.

We then have the following claim:
Claim 4.6.2b:

lim
t→∞

supV1(t,x(t)) = 0.

If Claim 4.6.2b is not true then there is an η > 0 such that

lim
t→∞

supV1(t,x(t)) > 2η.

For definiteness, suppose that assumption 4 holds with respect to [·]+. Since
(4.252) holds, we can find a sequence

t0 < t
[1]
1 < t

[2]
1 < · · · < t

[1]
i < t

[2]
i < · · ·
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such that, for i ∈ N,

V1(t
[1]
i ,x(t

[1]
i )) = η, V1(t

[2]
i ,x(t

[2]
i )) = 2η, (4.255)

from which and since

V1(τ
+
k ,x+ U(k,x)) ≤ V1(τk,x(τk))

we can find a sequence t0 < a1 < b1 < · · · < ai < bi < · · · such that, for

i ∈ N, t
[1]
i ≤ ai < bi ≤ t

[2]
i and

V1(ai,x(ai)) = η, V1(bi,x(bi)) = 2η,

V1(t,x(t)) ∈ [η, 2η] for t ∈ [ai, bi]. (4.256)

We then have

0 < η = V1(bi,x(bi))− V1(ai,x(ai))

≤
∫ bi

ai

[D+V1(s,x(s))]+ds, i ∈ N (4.257)

from which and assumption 4, we have for some constant c > 0

bi − ai ≥ c, i ∈ N. (4.258)

Therefore, from assumption 2, (4.256) and (4.258) we have

lim
t→∞

V (t,x(t)) ≤ V (t0,x0)−
∫ ∞

t0

λ(s)α(V1(s,x(s)))ds ⇐ (assumption 2)

≤ V (t0,x0)− α(η)

∫
S∞

i=1[ai,bi]

λ(s)ds ⇐ (4.256)

= −∞. ⇐ (4.258) (4.259)

This is a contradiction to V ∈ V0. Therefore, Claim 4.6.2b is true. It follows
from Claim 4.6.2a and Claim 4.6.2b that

lim
t→∞

V1(t,x(t)) = 0, (4.260)

and since V1(t,x(t)) is h-positive definite, it follows from Definition 4.6.3 that
there is a β ∈ K such that

lim
t→∞

β(h(t,x(t))) ≤ lim
t→∞

V1(t,x(t)) = 0

from which we have
lim
t→∞

h(t,x(t)) = 0.

This proves that the impulsive control system (4.244) is (h0, h)-asymptotically
stable. �

From Theorem 4.6.2 it follows the following corollaries.
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Corollary 4.6.1. Assume that

1. h0, h ∈ H and h0 is finer than h;
2. there exists a V ∈ V0 such that V (t,x) is locally Lipschitzian in x on
each Gi, h-positive definite on Sρ(h), weakly h0-decrescent, and

D+V (t,x) ≤ −λ(t)α(V1(t,x))

on G ∩ Sρ(h), where α ∈ K, V1 ∈ V0, and λ(t) is integrally positive;
3. V (τ+

k ,x+ U(k,x(τk)) ≤ V (τk,x(τk)) on Σk ∩ Sρ(h);
4. V1(t,x) is locally Lipschitzian in x on each Gi and h-positive definite on
Sρ(h). D+V1(t,x) is bounded from above(resp. from below) on G∩Sρ(h)
and

V1(τ
+
k ,x+ U(k,x)) ≤ V1(τk,x(τk))

(resp. V1(τ
+
k ,x+ U(k,x)) ≥ V1(τk,x(τk)) )

on Σk ∩ Sρ(h).
Then system (4.244) is (h0, h)-asymptotically stable. �

Corollary 4.6.2. Assume that

1. h0, h ∈ H and h0 is finer than h;
2. there exists a V ∈ V0 such that V (t,x) is locally Lipschitzian in x on
each Gi, h-positive definite on Sρ(h), weakly h0-decrescent, and

D+V (t,x) ≤ −λ(t)α(V (t,x))

on G ∩ Sρ(h), where α ∈ K and λ(t) is integrally positive;
3. V (τ+

k ,x+ U(k,x(τk))) ≤ V (τk,x(τk)) on Σk ∩ Sρ(h).
Then system (4.244) is (h0, h)-asymptotically stable. �

Proof. Let us set V1(t,x) in Theorem 4.6.2 as V (t,x), then conditions 1-3 of
Theorem 4.6.2 are satisfied. Furthermore, it follows from conditions 2 and 3
we immediately have condition 4 of Theorem 4.6.2. This finishes the proof.

�

Theorem 4.6.3. Assume that

1. h0, h ∈ H and h0 is finer than h;
2. there exists a V ∈ V0 such that V (t,x) is locally Lipschitzian in x on
each Gi, h-positive definite on Sρ(h), h0-decrescent, and

D+V (t,x) ≤ −λ(t)α(h0(t,x))

on G ∩ Sρ(h), where α ∈ K and λ(t) is integrally positive;
3. V (τ+

k ,x+ U(k,x(τk))) ≤ V (τk,x(τk)) on Σk ∩ Sρ(h).
Then system (4.244) is (h0, h)-uniformly asymptotically stable. �
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Proof. From Theorem 4.6.1 it follows that the control system (4.244) is
(h0, h)-uniformly stable. Therefore for ρ > 0 there is a δ0 = δ0(ρ) > 0 such
that h0(t0,x0) < δ0 implies

h(t,x(t)) < ρ, t ≥ t0, (4.261)

where x(t) = x(t, t0,x0) is any solution of system (4.244).
Given 0 < η < ρ, let δ = δ(η) > 0, then we have the following claim:

Claim 4.6.3: There is a T = T (η) > 0 such that, for some t∗ ∈ [t0, t0 + T ],
we have

h0(t
∗,x(t∗)) < δ. (4.262)

If Claim 4.6.3 is not true, then for any T > 0 there is a solution x(t) =
x(t, t0,x0) of system (4.244) satisfying (4.261) such that

h0(t,x(t)) ≥ δ, t ∈ [t0, t0 + T ]. (4.263)

Since V (t,x(t)) is nonincreasing, from assumption 2 we know that there is a
β ∈ K such that∫ ∞

t0

λ(s)α(h0(s,x(s)))ds ≤ −
∫ ∞

t0

D+V (s,x(s))ds ⇐ (assumption 2)

= V (t0,x0)− V (∞,x(∞))

= V (t0,x0) ⇐ [procedure leads to (4.260)]

≤ β(δ0) ⇐ (V is h0-decrescent) (4.264)

for each solution x(t) = x(t, t0,x0) of system (4.244) satisfying (4.261). From
the assumption on λ(t) it follows that there is a T > 0 such that∫ t0+T

t0

λ(s)ds >
β(δ0) + 1

α(δ)
. (4.265)

Let x(t) = x(t, t0,x0) be the solution of system (4.244) satisfying (4.263)
with T given in (4.265), then from (4.264) and (4.265) we have

β(δ0) ≥
∫ ∞

t0

λ(s)α(h0(s,x(s))ds ⇐ (4.264)

> α(δ)

∫ t0+T

t0

λ(s)ds ⇐ (4.263)

> β(δ0) + 1 ⇐ (4.265)

which is a contradiction. Therefore, Claim 4.6.3 is true. This proves that the
impulsive control system (4.244) is (h0, h)-uniformly asymptotically stable.

�

Note 4.6.1. The results of Lyapunov second method are adopted from [2, 27].
An earlier result based on Lyapunov second method can be found in [4]. Some
recent results can be found in [8]. Stability in terms of two measures can be
found in [16, 11, 13]. �



5. Impulsive Control with Impulses at Variable
Time

In this chapter we study impulsive control systems with impulses at vari-
able time. In this kind of control problem, the impulses are generated based
on conditions that depend on either plants or control laws. Therefore, the
moments of impulses are not necessarily the same for different solutions.

5.1 Linear Decomposition Methods

Consider the following impulsive control system:

ẋ = A(t)x+ g(t,x), t �= τk(x),

∆x = Bkx+ uk(x), t = τk(x), (5.1)

where A(t) ∈ Rn×n is bounded and continuous for t ≥ t0. g(t,x) is continuous
with respect to x satisfying ‖x‖ ≤ h, h > 0. g(t,x) is continuous or piecewise
continuous with respect to t, t ≥ t0. uk(x), k ∈ N is continuous for ‖x‖ ≤
h. Observe that the moments of control impulses are different for different
solutions. The corresponding reference system is given by

ẋ = A(t)x, t �= τ∗k ,

∆x = Bkx, t = τ∗k , (5.2)

where τ∗k are such that for ‖x‖ ≤ h, h > 0 we have

|τ∗k − τk(0)| ≤ η (5.3)

where η = η(h) > 0 satisfies

lim
h→0

η(h) = 0. (5.4)

Theorem 5.1.1. Assume that

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 119−147, 2001.
 Springer-Verlag Berlin Heidelberg 2001



120 5. Impulsive Control with Impulses at Variable Time

1. for all ‖x‖ ≤ h, i ∈ N and some θ > 0

sup
i

(
min

‖x‖≤h
τi+1(x)− max

‖x‖≤h
τi(x)

)
≥ θ; (5.5)

2. for all ‖x‖ ≤ h and i ∈ N

τi(x) ≥ τi((I +Bi)x+ ui(x)); (5.6)

3. for all t ≥ t0, i ∈ N and ‖x‖ ≤ h we have

‖g(t,x)‖ ≤ a‖x‖, ‖ui(x)‖ ≤ a‖x‖, a > 0; (5.7)

4. the state transition matrix Ψ(t, s) of reference system (5.2) satisfies

‖Ψ(t, s)‖ ≤ Ke−γ(t−s), t ≥ s, K ≥ 1, γ > 0; (5.8)

5.

γ −Ka− 1
θ
ln(1 +Ka) > 0. (5.9)

Then the zero solution of system (5.1) is asymptotically stable. �

Proof. Let x(t) be an arbitrary solution of system (5.1) that at t = t0 passes
through a point x0 which is in a small neighborhood of x = 0. There exist
h̃ < h and T ≤ ∞ such that ‖x(t)‖ < h for t ∈ (t0, t0+T ] and ‖x0‖ ≤ h̃. Let
τ∗i be a solution of the equation t = τi(x(t)) which has a unique solution for
all i if assumption 2 holds. It follows from assumption 1 that x(t) intersects
each surface t = τi(x) only once for t ∈ (t0, t0 + T ]. Then for t ∈ (t0, t0 + T ],
x(t) is also a solution of the following system:

ẋ = A(t)x+ g(t,x), t �= τ∗i ,

∆x = Bix+ ui(x), t = τ∗i (5.10)

Then x(t), t ∈ (t0, t0 + T ] can be represented as

x(t) = Ψ(t, t0)x0 +

∫ t

t0

Ψ(t, s)g(s,x(s))ds

+
∑

t0<τ∗
i <t

Ψ(t, τ∗i )ui(x(τ
∗
i )), (5.11)

It follows from assumptions 3 and 4 that

‖x(t)‖ ≤ Ke−γ(t−t0)‖x0‖+Ka
∫ t

t0

e−γ(t−s)‖x(s)‖ds

+
∑

t0<τ∗
i <t

Kae−γ(t−τ
∗
i )‖x(τ∗i )‖ (5.12)
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from which and Lemma 1.7.1 we have

‖x(t)‖ ≤ K‖x0‖e−(γ−Ka)(t−t0)(1 +Ka)N(t0,t). (5.13)

From assumption 1 it follows that the surfaces t = τi(x), i ∈ N, are mutually
separated and from (5.13) we have

‖x(t)‖ ≤ K‖x0‖ exp
{
−
(
γ −Ka− 1

θ
ln(1 +Ka)

)
(t− t0)

}
. (5.14)

If x0 satisfiesK‖x0‖ < h and assumption 5 holds, then x(t) will not leave the
h-neighborhood of x = 0 for all t ≥ t0. Therefore it follows from assumptions
1 and 2 that x(t) intersects each surface t = τi(x), i ∈ N, only once. Then
from (5.14) and assumption 5 it follows that the zero solution of system (5.1)
is asymptotically stable. �

Similarly we have the following theorem.

Theorem 5.1.2. Assume that

1. the largest eigenvalue of 1
2 (A(t) + A

�(t)), λn(t), satisfies λn(t) ≤ γ for
all t ≥ t0 and the largest eigenvalues of (I + B�

i )(I + Bi), Λi, i ∈ N,
satisfy Λ2

i ≤ α2;
2. nx(t, t+T ) is the number of points of τi(x) in time interval [t, t+T ] and

for ‖x‖ ≤ h the limit

lim
T→∞

nx(t, t+ T )

T
= p

exists and is uniform with respect to t ≥ t0;
3. functions τi(x), i ∈ N, satisfy Lipschitz condition

‖τi(x1)− τi(x2)‖ ≤ L‖x1 − x2‖, 0 < L <∞ (5.15)

for all ‖x1‖ ≤ h and ‖x2‖ ≤ h;
4. for all ‖x‖ ≤ h and i ∈ N

τi(x) ≥ τi((I +Bi)x+ ui(x)); (5.16)

5. γ + p lnα < 0;
6. for all t ≥ t0 and i ∈ N and ‖x‖ ≤ h we have

‖g(t,x)‖ ≤ a‖x‖, ‖ui(x)‖ ≤ a‖x‖. (5.17)

Then the zero solution of system (5.1) is asymptotically stable for sufficiently
small values of a. �

Proof. Let x(t) be an arbitrary solution of system (5.1) that at t = t0 passes
through a point x0 which is in a small neighborhood of x = 0. There exist
h̃ < h and T ≤ ∞ such that ‖x(t)‖ < h for t ∈ (t0, t0 + T ] and ‖x0‖ ≤ h̃.
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Let τ∗i be a solution of the equation t = τi(x(t)) which has a unique solution
for all i if assumptions 3 and 4 hold. This means that x(t) intersects each
surface t = τi(x) only once for t ∈ (t0, t0 + T ]. Then for t ∈ (t0, t0 + T ], x(t)
is also a solution of the following system:

ẋ = A(t)x+ g(t,x), t �= τ∗i ,

∆x = Bix+ ui(x), t = τ∗i (5.18)

Thus x(t), t ∈ (t0, t0 + T ] can be represented as

x(t) = Ψ(t, t0)x0 +

∫ t

t0

Ψ(t, s)g(s,x(s))ds

+
∑

t0<τ∗
i <t

Ψ(t, τ∗i )ui(x(τ
∗
i )), (5.19)

Using the similar proving process of Theorem 4.2.2 and based on assumptions
1, 2 and 5 we know that there exist K ≥ 1, µ > 0 with 0 < µ < |γ + p lnα|
such that for all t0 ≤ s ≤ t ≤ t+ T

‖Ψ(t, s)z‖ ≤ Ke−µ(t−s)‖z‖ provided ‖z‖ ≤ h. (5.20)

From (5.19), (5.20), assumption 6 and Lemma 1.7.1 it follows that

‖x(t)‖ ≤ e−µ(t−t0)K‖x0‖(1 +Ka)N(t0,t)eKa(t−t0), (5.21)

from which we have

‖x(t)‖ ≤ K1‖x0‖ exp{−[µ− p ln(1 +Ka)−Ka+ ε](t− t0)} (5.22)

for any ε > 0 with K1 = K1(ε) > 0. Therefore, if a is sufficiently small such
that

µ− p ln(1 +Ka)−Ka > 0
and if x0 satisfies K1‖x0‖ < h, then x(t) will not leave the h-neighborhood
of x = 0 for all t ≥ t0. Therefore in follows from assumptions 3 and 4 that
x(t) intersects each surface t = τi(x), i ∈ N, only once. Then from (5.22) it
follows that the zero solution of system (5.1) is asymptotically stable if a is
sufficiently small. �

In parallel we have

Theorem 5.1.3. Assume that

1. the largest eigenvalue of 1
2 (A(t) + A

�(t)), λn(t), satisfies λn(t) ≤ γ for
all t ≥ t0 and the largest eigenvalues of (I + B�

i )(I + Bi), Λi, i ∈ N,
satisfy Λ2

i ≤ α2;
2.

0 < θ1 ≤ min
‖x‖≤h

τi+1(x)− max
‖x‖≤h

τi(x) ≤ θ2, i ∈ N;
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3. γ + 1
θ lnα < 0, θ = θ1 if α ≥ 1, and θ = θ2 if 0 < α < 1;

4. functions τi(x), i ∈ N, satisfy Lipschitz condition

‖τi(x1)− τi(x2)‖ ≤ L‖x1 − x2‖, 0 < L <∞ (5.23)

for all ‖x1‖ ≤ h and ‖x2‖ ≤ h;
5. for all ‖x‖ ≤ h and i ∈ N

τi(x) ≥ τi((I +Bi)x+ ui(x)); (5.24)

6. for all t ≥ t0, i ∈ N and ‖x‖ ≤ h we have

‖g(t,x)‖ ≤ a‖x‖, ‖ui(x)‖ ≤ a‖x‖. (5.25)

Then the zero solution of system (5.1) is asymptotically stable for sufficiently
small values of a. �

If A(t) and Bi are time-invariant, then system (5.1) becomes

ẋ = Ax+ g(t,x), t �= τk(x),

∆x = Bx+ uk(x), t = τk(x) (5.26)

whose stability can be guaranteed by the following theorem.

Theorem 5.1.4. Assume that

1. nx(t, t+T ) is the number of points of τi(x) in time interval [t, t+T ] and
for ‖x‖ ≤ h the limit

lim
T→∞

nx(t, t+ T )

T
= p

exists and is uniform with respect to t ≥ t0;
2.

γ =
n
max
j=1

Reλj(A), α2 =
n
max
j=1

Reλj [(I +B
�)(I +B)];

3. γ + p lnα < 0;
4. for all ‖x‖ ≤ h and i ∈ N

τi(x) ≥ τi((I +B)x+ ui(x)); (5.27)

5. functions τi(x), i ∈ N, satisfy Lipschitz condition

‖τi(x1)− τi(x2)‖ ≤ L‖x1 − x2‖, 0 < L <∞ (5.28)

for all ‖x1‖ ≤ h and ‖x2‖ ≤ h;
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6. for all t ≥ t0 and i ∈ N and ‖x‖ ≤ h we have

‖g(t,x)‖ ≤ a‖x‖, ‖ui(x)‖ ≤ a‖x‖. (5.29)

Then the zero solution of system (5.26) is asymptotically stable for sufficiently
small values of a. �

In parallel we have

Theorem 5.1.5. Assume that

1.
γ =

n
max
j=1

Reλj(A), α2 =
n
max
j=1

Reλj [(I +B
�)(I +B)];

2.
0 < θ1 ≤ min

‖x‖≤h
τi+1(x)− max

‖x‖≤h
τi(x) ≤ θ2, i ∈ N;

3. γ + 1
θ lnα < 0, θ = θ1 if α ≥ 1, and θ = θ2 if 0 < α < 1;

4. for all ‖x‖ ≤ h and i ∈ N

τi(x) ≥ τi((I +B)x+ ui(x)); (5.30)

5. functions τi(x), i ∈ N, satisfy Lipschitz condition

‖τi(x1)− τi(x2)‖ ≤ L‖x1 − x2‖, 0 < L <∞ (5.31)

for all ‖x1‖ ≤ h and ‖x2‖ ≤ h;
6. for all t ≥ t0, i ∈ N and ‖x‖ ≤ h we have

‖g(t,x)‖ ≤ a‖x‖, ‖ui(x)‖ ≤ a‖x‖. (5.32)

Then the zero solution of system (5.26) is asymptotically stable for sufficiently
small values of a. �

Furthermore, if the system (5.26) is simplified as

ẋ = Ax+ g(t,x), t �= τk(x),

∆x = uk(x), t = τk(x) (5.33)

we then have the following theorems.

Theorem 5.1.6. Assume that

1. nx(t, t+T ) is the number of points of τi(x) in time interval [t, t+T ] and
for ‖x‖ ≤ h the limit

lim
T→∞

nx(t, t+ T )

T
= p

exists and is uniform with respect to t ≥ t0;
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2. all eigenvalues of A are in the left half s-plane;
3. for all ‖x‖ ≤ h and i ∈ N

τi(x) ≥ τi(x+ ui(x)); (5.34)

4. functions τi(x), i ∈ N, satisfy Lipschitz condition

‖τi(x1)− τi(x2)‖ ≤ L‖x1 − x2‖, 0 < L <∞, (5.35)

for all ‖x1‖ ≤ h, ‖x2‖ ≤ h;
5. for all t ≥ t0, i ∈ N and ‖x‖ ≤ h we have

‖g(t,x)‖ ≤ a‖x‖, ‖ui(x)‖ ≤ a‖x‖. (5.36)

Then the zero solution of system (5.33) is asymptotically stable for sufficiently
small values of a. �

In parallel we have

Theorem 5.1.7. Assume that

1. for i ∈ N

0 < θ1 ≤ min
‖x‖≤h

τi+1(x)− max
‖x‖≤h

τi(x) ≤ θ2; (5.37)

2. all eigenvalues of A are in left half s-plane;
3. for all ‖x‖ ≤ h and i ∈ N

τi(x) ≥ τi(x+ ui(x)); (5.38)

4. functions τi(x), i ∈ N, satisfy Lipschitz condition

‖τi(x1)− τi(x2)‖ ≤ L‖x1 − x2‖, 0 < L <∞ (5.39)

for all ‖x1‖ ≤ h and ‖x2‖ ≤ h;
5. for all t ≥ t0, i ∈ N and ‖x‖ ≤ h we have

‖g(t,x)‖ ≤ a‖x‖, ‖ui(x)‖ ≤ a‖x‖. (5.40)

Then the zero solution of system (5.33) is asymptotically stable for sufficiently
small values of a. �

5.2 Methods Based on Two Measures

Let us consider the following impulsive control system:
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

ẋ = f (t,x) + u(t,x), t �= τk(x),
∆x = U(k,x), t = τk(x),
x(t+0 ) = x0, k = 1, 2, · · · .

(5.41)

where x ∈ Rn is the state variable, f ∈ C[R+ ×Rn ,Rn ] is the nonlinearity of
the uncontrolled plant, u ∈ C[R+ × Rn ,Rn ] is the continuous control input,
U(k,x) ∈ C[N × Rn ,Rn ] is the impulsive control input, τk ∈ C1[Rn , (0,∞)],
τk(x) < τk+1(x) for all k and limk→∞ τk(x) = ∞ for every x ∈ Rn . Let us
assume that the solutions x(t) = x(t, t0,x0) of system (5.41) exist and are
unique for t ≥ t0, and each solution of (5.41) hits any given switching surface
Σk : t = τk(x) exactly once.
For studying the stability of impulsive control systems with control im-

pulses at variable time, we need to consider the following comparison system:

ẇ = g(t, w), t /∈ [τak , τbk ], k ∈ N,
w(τb+k ) = ψk(w(τ

a
k )),

w(t0) = w0 (5.42)

where g ∈ C[R+ × R,R] and ψk ∈ C[R,R] and

0 ≤ t0 < τa1 ≤ τb1 < τa2 ≤ τb2 < · · · < τak ≤ τbk < · · · , lim
k→∞

τak =∞.

A general form of the solutions of (5.42) is given by

w(t, t0, w0) =




w0(t, t0, w0), t ∈ [t0, τa1 ],
w1(t, τ

b
1 , w

+
1 ), t ∈ (τb1 , τa2 ],

w2(t, τ
b
2 , w

+
2 ), t ∈ (τb2 , τa3 ],

...
...

wk(t, τ
b
k , w

+
k ), t ∈ (τbk , τak+1],

wk+1(t, τ
b
k+1, w

+
k+1), t ∈ (τbk+1, τ

a
k+2],

...
...

(5.43)

where w+
0 = w0 and wk+1(t, τ

b
k+1, w

+
k+1) is a solution of

ẇ = g(t, w) (5.44)

with
w+
k+1 = ψk+1(wk(τ

a
k+1, τ

b
k , w

+
k )), t ∈ [τbk , τak+1].

Theorem 5.2.1. Let us suppose that the following conditions hold:
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1. w ∈ PC[R+ ,R] with points of discontinuity at t = τak , t = τ
b
k, w(t) is left

continuous at t = τak and

D+w(t) ≤ g(t, w(t)), t /∈ [τak , τbk ], k ∈ N,
w(τb+k ) ≤ ψk(w(τak )),
w(t0) ≤ w0 (5.45)

where g ∈ C[R+ ×R,R], ψk ∈ C[R,R] and ψk(w) is nondecreasing in w;
2. wmax(t, t0, w0) is the maximal solution of (5.42) on

[t0,∞) \
∞⋃
k=1

(τak , τ
b
k ].

Then

w(t) ≤ wmax(t, t0, w0) for t ∈ [t0,∞) \
∞⋃
k=1

(τak , τ
b
k ]. (5.46)

�

Proof. We use mathematical induction to prove this theorem. Letwmax(t, t0, w0)
be the maximal solution of (5.42), then from the classical comparison theorem
we have for w(t0) ≤ w0

w(t) ≤ wmax 0(t, t0, w0), t ∈ [t0, τa1 ]
where wmax 0(t, t0, w0) is the maximal solution of (5.44) on t ∈ [t0, τa1 ] with
wmax 0(t0, t0, w0) = w0.
Then let us assume that

w(t) ≤ wmax i(t, τ
b
i , w

+
i ), t ∈ [τbi , τai+1]

where wmax i(t, τ
b
i , w

+
i ) is the maximal solution of (5.44) on t ∈ [τbi , τai+1] such

that w(τb+i ) ≤ w+
i for some i ≥ 1. Then we have

w(τai+1) ≤ wmax i(τ
a
i+1, τ

b
i , w

+
i )

and since ψi+1(w) is nonincreasing in w, we have

w(τbi+1) ≤ ψi+1(wmax i(τ
a
i+1, τ

b
i , w

+
i )) = w+

i+1.

Then it follows classical comparison theorem that

w(t) ≤ wmax(i+1)(t, τ
b
i+1, w

+
i+1), t ∈ [τbi+1, τ

a
i+2]

where wmax(i+1)(t, τ
b
i+1, w

+
i+1) is the maximal solution of (5.44) with wτb+

i+1
≤

w+
i+1 for t ∈ [τbi+1, τ

a
i+2].

Therefore, by using mathematical induction, we have

w(t) ≤ wmax k(t, τ
b
k , w

+
k ), t ∈ [τbk , τak+1], k ∈ N.

This completes the proof. �
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Theorem 5.2.2. Given any a solution, xa(t), t ∈ [t0,∞), of (5.41) with
xa(t

+
0 ) = xa0 and assume xa(t) hits the switching surface Σi at moments

τai , i ∈ N. Let x(t) = x(t, t0,x0) be any solution of (5.41) and it hits the
switching surface Σi at t = τi, i ∈ N. We assume that

1. ‖f(t,x) + u(t,x)‖ ≤ L1 on R+ × Sxa(t)
ρ ;

2. for all k ∈ N and for (t,x) ∈ R+ × Sxa(t)
ρ ,

∂τk(x)

∂x
[f(t,x) + u(t,x)] ≤ 0

and
|τk(x)− τk(y)| ≤ Kk‖x− y‖,Kk ≥ 0;

3. V (t,x) ∈ C[R+ × Rn ,R+ ] is locally Lipschitzian in x and for (t,x) ∈
R+ × Sxa(t)

ρ , we have

D+V (t,x− xa(t)) ≤ g(t, V (t,x− xa(t))),
t �= τak , t �= τk(x), (5.47)

V (t,x− y + U(k,x)− U(k,y)) ≤ νk(V (t,x− y)),
t �= τk(x), t �= τk(y) (5.48)

where νk ∈ K and g ∈ C[R+ × R+ ,R];
4. V (t,x) is nonincreasing in t, β(‖x‖) ≤ V (t,x) and for (t,x) ∈ R+ ×
Sxa(t)
ρ ,

|V (t,x)− V (t,y)| ≤ L2‖x− y‖;
5. wmax(t, t0, w0) be the maximal solution of

ẇ = g(t, w), t /∈ [τk, τk],
w(τk

+) = ψk(w(τk)),

w(t+0 ) = w0 ≥ 0 (5.49)

where τk = min(τ
a
k , τk), τk = max(τ

a
k , τk) and

ψ(w) = νk[w + L1L2Kkβ
−1(w)] + L1L2Kkβ

−1(w).

Then

V (t+0 ,x0 − xa0) ≤ w0 ⇒ V (t,x(t)− xa(t)) ≤ wmax(t, t0, w0),

t ∈ [t0,∞) \
∞⋃
k=1

(τk, τk]. (5.50)

�
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Proof. Let us choose w(t) = V (t,x(t) − xa(t)), w(τk+) = V (τk
+,x(τk

+) −
xa(τk

+)), and w(t+0 ) = V (t+0 ,x0 −xa0) ≤ w0, since V is locally Lipschitzian
and from (5.47) we have

D+w(t) ≤ g(t, w(t)), t �= τk, t �= τk. (5.51)

Let us consider firstly the case τk = τk. It follows from conditions 1, 3
and 4 that

w(τk
+) = V (τk

+,x(τk
+)− xa(τk+))

= V (τk
+,x(τk

+)− xa(τk+))− V (τk+,x(τk
+)− xa(τk+))

+V (τk
+,x(τk

+)− xa(τk+))

≤ L2‖x(τk+)− xa(τk+)− x(τk+) + xa(τk
+)‖ ⇐ (condition 4)

+V (τk
+,x(τk)− xa(τk) + U(k,x(τk))− U(k,xa(τk)))

≤ L2‖x(τk+)− x(τk+)‖
+νk(V (τk

+,x(τk)− xa(τk))) ⇐ (5.48)

≤ L1L2(τk − τk)︸ ︷︷ ︸
condition 1

+νk(V (τk
+,x(τk)− xa(τk))), (5.52)

and from condition 4 we have

V (τk
+,x(τk)− xa(τk)) ≤ L1L2(τk − τk) + w(τk), (5.53)

and from conditions 2 and 4 we have

0 ≤ τk − τk = τk(xa(τk))− τk(x(τk))
≤ Kk‖xa(τk)− x(τk)‖ ⇐ (condition 2)

≤ Kkβ
−1(w(τk)). ⇐ (condition 4) (5.54)

It follows from (5.52), (5.53) and (5.54) that

w(τk
+) ≤ νk(w(τk) + L1L2Kkβ

−1(w(τk))) + L1L2β
−1(w(τk))

= ψk(w(τk)). (5.55)

By using the similar process we can also get the same estimation as in
(5.55) for the case τak = τk. Therefore, we have the following inequalities:

D+w(t) ≤ g(t, w(t)), t /∈ [τk, τk],
w(τk

+) ≤ ψk(w(τk)),
w(t+0 ) ≤ w0. (5.56)

Hence, it follows Theorem 5.2.1 that we finish the proof. �

Corollary 5.2.1. Let us suppose that the following conditions hold:
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1. f(t, 0) + u(t, 0) = 0 and U(k, 0) = 0 for all k ∈ N;
2. V (t,x(t)) ∈ C[R+ × Rn ,R+ ] is locally Lipschitzian in x and

D+V (t,x(t)) ≤ g(t, V (t,x(t))), t �= τk(x),

V (t,x+ U(k,x)) ≤ ψk(V (t,x)), t = τk(x) (5.57)

where g ∈ C[R+ × R+ ,R] and ψk ∈ C[R+ ,R+ ] is nondecreasing;
3. x(t) = x(t, t0,x0) is any a solution of system (5.41) such that V (t+0 ,x0) ≤
w0 for t ≥ t0. x(t) hits the switching surfaces Σk at t = τk. wmax(t) is
the maximal solution of the comparison system (3.3) for t ≥ t0.

Then V (t,x(t)) ≤ wmax(t) for t ≥ t0. �

Proof. From condition 1 we know that the trivial solution of impulsive control
system (5.41) exists. Then let us choose the prescribed solution of (5.41) as
xa(t) = 0, it follows Theorem 5.2.2 that we finish the proof. �

From Corollary 5.2.1 we then have the following corollary.

Corollary 5.2.2. If in Corollary 5.2.1 we choose

1. g(t, w) = 0 and ψk(w) = w for all k ∈ N, then V (t,x(t)) is nonincreasing
in t and V (t,x(t)) ≤ V (t+0 ,x0) for t ≥ t0;

2. g(t, w) = 0 and ψk(w) = dkw, dk ≥ 0, then we have for t ≥ t0

V (t,x(t)) ≤ V (t+0 ,x0)
∏

t0<τk<t

dk.

�

Theorem 5.2.3. Let us suppose that the following conditions hold:

1. h0 ∈ H0, h ∈ H0 and h0 is finer than h;
2. V (t,x) ∈ V2 is locally Lipschitzian in x on every Gi, h-positive definite

on Sρ(h) and
D+V (t,x) ≤ 0 on G ∩ Sρ(h);

3. V (t+,x+ U(k,x)) ≤ V (t,x) on Gk ∩ Sρ(h).
Then the trivial solution of the impulsive control system (5.41) is

1. (h0, h)-stable if V (t,x) is weakly h0-decrescent;
2. (h0, h)-uniformly stable if V (t,x) is h0-decrescent.

�

Proof. Let us first prove conclusion 1. Since V (t,x) is weakly h0-decrescent,
there is a ε0 > 0 and a function α ∈ CK such that

h0(t,x) < ε0 ⇒ V (t,x) ≤ α(t, h0(t,x)). (5.58)
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From the assumption that V (t,x) is h-positive definite on Sρ(h), we know
that there is a β ∈ K such that

β(h(t,x)) ≤ V (t,x) for (t,x) ∈ Sρ(h). (5.59)

It follows from condition 1 that there are a ε1 > 0 and a κ ∈ K such that

h0(t,x) < ε1 ⇒ h(t,x) ≤ κ(h0(t,x)). (5.60)

From the assumptions on α and κ, given η > 0 and t0 ∈ R+ , there are
ε2 ∈ (0, ε0) and ε3 ∈ (0, ε1) such that

α(t0, ε2) < β(η), κ(ε3) < ρ. (5.61)

Let us choose ε = min(ε2, ε3). Let x(t) = x(t, t0,x0) be any a solution of
system (5.41) with h0(t0,x0) < ε, then from Corollary 5.2.2 we know that
V (t,x(t)) is nonincreasing. Then it follows from (5.58), (5.59) and (5.61) we
have for t ≥ t0

β(h(t,x)) ≤ V (t,︸ ︷︷ ︸
(5.59)

x(t)) ≤ V (t+0 ,︸ ︷︷ ︸
nonincreasing

x0) ≤ α(t0,︸ ︷︷ ︸
(5.58)

h0(t0,x0)) < β(η)︸ ︷︷ ︸
(5.61)

(5.62)

from which we have

h0(t0,x0) < ε⇒ h(t,x) < η for t ≥ t0. (5.63)

Therefore, the trivial solution of the impulsive control system (5.41) is (h0, h)-
stable.
Next, let us prove conclusion 2. Since V (t,x) is h0-decrescent, (5.58) and

(5.61) hold with α ∈ K independent of t. Then we can choose ε independent
of t0 such that (5.63) holds for h0(t0,x0) < ε. Therefore, the trivial solution
of the impulsive control system (5.41) is (h0, h)-uniformly stable. �

Theorem 5.2.4. Let us suppose that the following conditions are satisfied:

1. h0 ∈ H0, h ∈ H0 and h0 is finer than h;
2. V (t,x) ∈ V2 is locally Lipschitzian in x on Gk, k ∈ N, h-positive definite

on Sρ(h), weakly h0-decrescent and

D+V (t,x) ≤ −γ(t)ζ(V1(t,x)) on G ∩ Sρ(h)

where ζ ∈ K, V1 ∈ V2 and γ(t) is integrally positive;
3. V (t+,x+ U(k,x)) ≤ V (t,x) on Σk ∩ Sρ(h);
4. V1(t,x) is locally Lipschitzian in x on Gk, k ∈ N, h-positive definite

and for every piecewise continuous function p(t) with discontinuities at
τk = τk(p(t)), k ∈ N, such that for (t,p(t)) ∈ Sρ(h)∫ t

0

[D+V1(s,p(s))]+ds (resp.

∫ t

0

[D+V1(s,p(s))]−ds)
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is uniformly continuous on R+ and

V1(t
+,x+ U(k,x)) ≤ V1(t,x) (resp. V1(t

+,x+ U(k,x)) ≥ V1(t,x))

on Σk ∩ Sρ(h).
Then the trivial solution of the impulsive control system (5.41) is (h0, h)-
asymptotically stable. �

Proof. It follows from Theorem 5.2.3 that the trivial solution of the impulsive
control system (5.41) is (h0, h)-stable.
Given a ρ > 0 and t0 ∈ R+ , there is a ε0 = ε0(t0, ρ) > 0 such that for any

solution, x(t) = x(t, t0,x0), of system (5.41) h0(t0,x0) < ε0 implies

h(t,x(t)) < ρ, t ≥ t0. (5.64)

We then have the following claim:
Claim 5.2.4a:

lim
t→∞

inf V1(t,x(t)) = 0. (5.65)

If Claim 5.2.4a is false, then there is a θ > 0 such that for some T > 0

V1(t,x(t)) ≥ θ for t ≥ t0 + T. (5.66)

Let us choose a sequence

t0 + T < a1 < b1 < · · · < ak < bk < · · ·

such that bk − ak ≥ θ for k ∈ N. Then from (5.66) and condition 2 we have
the following contradiction:

lim
t→∞

V (t,x(t)) ≤ V (t0,x0)−
∫ ∞

t0

γ(s)ζ(V1(s,x(s)))ds ⇐ (condition 2)

≤ V (t0,x0)− ζ(θ)
∫
S∞

k=1[ak,bk]

γ(s)ds ⇐ (5.66)

= −∞. (5.67)

Therefore, Claim 5.2.4a is true and (5.65) holds.
We then have the following claim:

Claim 5.2.4b:

lim
t→∞

supV1(t,x(t)) = 0. (5.68)

If Claim 5.2.4b is false, then let us suppose that

lim
t→∞

supV1(t,x(t)) > 0
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then there is a ν > 0 such that

lim
t→∞

supV1(t,x(t)) > 2ν.

Let condition 4 hold with [·]+ and since (5.65) is true, we can find a sequence
t0 < ta1 < tb1 < · · · < tak < tbk < · · ·

such that for k = 1, 2, · · · , we have
V1(t

a
k,x(t

a
k)) = ν and V1(t

b
k,x(t

b
k)) = 2ν. (5.69)

It follows from V1(τ
+
k ,x(τk) + U(k,x(τk))) ≤ V1(τk,x(τk)) and (5.69) that

there is a sequence

t0 < sa1 < sb1 < · · · < sak < sbk < · · ·
such that for k = 1, 2, · · · , we have tak ≤ sak ≤ sbk ≤ tbk and

V1(s
a
k,x(s

a
k)) = ν, V1(s

b
k,x(s

b
k)) = 2ν and

ν ≤ V1(t,x(t)) ≤ 2ν for t ∈ [sak, sbk] (5.70)

from which we have

0 < ν < V1(s
b
k,x(s

b
k))− V1(s

a
k,x(s

a
k))

≤
∫ sbk

sak

[D+V1(s,x(s))]+ds, k = 1, 2, · · · . (5.71)

Then in view of condition 4, we have for some ξ > 0

sbk − sak ≥ ξ, k = 1, 2, · · · . (5.72)

Therefore, from (5.70), (5.72) and condition 2 we have the following contra-
diction:

lim
t→∞

V (t,x(t)) ≤ V (t0,x(t0))−
∫ ∞

t0

γ(s)ζ(V1(s,x(s)))ds⇐ (Condition 2)

≤ V (t0,x(t0))− ζ(ν)
∫
S∞

k=1[s
a
k,s

b
k]

γ(s)ds︸ ︷︷ ︸
(5.70)&(5.72)

= −∞. (5.73)

Therefore Claim 5.2.4b is true. It follows from Claims 5.2.4a and 5.2.4b that

lim
t→∞

V1(t,x(t)) = 0

from which and since V1(t,x(t)) is h-positive definite, we have

lim
t→∞

h(t,x(t)) = 0.

Therefore we finish the proof. �

We then have the following corollaries.
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Corollary 5.2.3. Let us suppose that the following conditions are satisfied:

1. h0 ∈ H0, h ∈ H0 and h0 is finer than h;
2. V (t,x) ∈ V2 is locally Lipschitzian in x on Gk, k ∈ N, h-positive definite

on Sρ(h), weakly h0-decrescent and

D+V (t,x) ≤ −γ(t)ζ(V1(t,x)) on G ∩ Sρ(h)

where ζ ∈ K, V1 ∈ V2 and γ(t) is integrally positive;
3. V (t+,x+ U(k,x)) ≤ V (t,x) on Σk ∩ Sρ(h);
4. V1(t,x) is locally Lipschitzian in x on Gk, k ∈ N, h-positive definite and
D+V1(t,x) is bounded from above (resp. from below) on G ∩ Sρ(h) and

V1(t
+,x+ U(k,x)) ≤ V1(t,x) (resp. V1(t

+,x+ U(k,x)) ≥ V1(t,x))

on Σk ∩ Sρ(h).
Then the trivial solution of the impulsive control system (5.41) is (h0, h)-
asymptotically stable. �

Corollary 5.2.4. Let us suppose that the following conditions are satisfied:

1. h0 ∈ H0, h ∈ H0 and h0 is finer than h;
2. V (t,x) ∈ V2 is locally Lipschitzian in x on Gk, k ∈ N, h-positive definite

on Sρ(h), weakly h0-decrescent and

D+V (t,x) ≤ −γ(t)ζ(V (t,x)) on G ∩ Sρ(h)

where ζ ∈ K and γ(t) is integrally positive;
3. V (t+,x+ U(k,x)) ≤ V (t,x) on Σk ∩ Sρ(h).

Then the trivial solution of the impulsive control system (5.41) is (h0, h)-
asymptotically stable. �

Theorem 5.2.5. Let us suppose that the following conditions are satisfied:

1. h0 ∈ H0, h ∈ H0 and h0 is finer than h;
2. V (t,x) ∈ V2 is locally Lipschitzian in x on Gk, k ∈ N, h-positive definite

on Sρ(h), h0-decrescent and

D+V (t,x) ≤ −γ(t)ζ(h0(t,x)) on G ∩ Sρ(h)

where ζ ∈ K and γ(t) is integrally positive;
3. V (t+,x+ U(k,x)) ≤ V (t,x) on Σk ∩ Sρ(h).

Then the trivial solution of the impulsive control system (5.41) is (h0, h)-
uniformly asymptotically stable. �



5.2 Methods Based on Two Measures 135

Proof. From Theorem 5.2.3 we know that the trivial solution of the impulsive
control system (5.41) is (h0, h)-uniformly stable. Therefore, for ρ > 0 there
is a ε0 = ε0(ρ) > 0 such that for any solution, x(t) = x(t, t0,x0), of system
(5.41) we have

h0(t0,x0) < ε0 ⇒ h(t,x(t)) < ρ for t ≥ t0. (5.74)

For a given η ∈ (0, ρ), let ε = ε(η), then we have the following claim:
Claim 5.2.5: There is a T = T (η) > 0 such that, for some t1 ∈ [t0, t0 + T ],
we have

h0(t1,x(t1)) < ε. (5.75)

If Claim 5.2.5 is false, then for any T > 0 there is a solution, x(t) =
x(t, t0,x0), of system (5.41) satisfying (5.74) such that

h0(t,x(t)) ≥ ε, t ∈ [t0, t0 + T ]. (5.76)

From conditions 2 and 3 we know that V (t,x(t)) is nonincreasing and from
condition 2 we know that there is an α ∈ K such that, for every x(t) satisfying
(5.74), ∫ ∞

t0

γ(s)ζ(h0(s,x(s)))ds ≤ α(ε0). (5.77)

From the assumption on γ(t) we know that there is a T1 > 0 such that∫ t0+T1

t0

γ(s)ds >
α(ε0) + 1

ζ(ε)
. (5.78)

Let x(t) satisfy (5.76), then from (5.77) and (5.78) we have the following
contradiction:

α(ε0) ≥
∫ ∞

t0

γ(s)ζ(h0(s,x(s)))ds ⇐ (5.77)

> ζ(ε)

∫ ∞

t0

γ(s)ds ⇐ (5.76)

> ζ(ε)

∫ t0+T1

t0

γ(s)ds

> α(ε0) + 1. ⇐ (5.78) (5.79)

Therefore, the trivial solution of the impulsive control system (5.41) is
(h0, h)-uniformly asymptotically stable. �

We then study the case when in the impulsive control system (5.41), the
constrains on f(t,x) +u(t,x) are relaxed as follows. Suppose that f(t,x) +
u(t,x) is continuous on each Gi and for (t,y) ∈ Gk+1 and each (τk,x) ∈ Σk,
k ∈ N, the following limit exists:

lim
(t,y)→(τk,x)

f(t,y) + u(t,y) = f(τ+k ,y) + u(τ
+
k ,y).
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Theorem 5.2.6. Let us suppose that the following conditions are satisfied:

1. h0 ∈ H0, h ∈ H, V (t,x) ∈ V0 is h-positive definite on Sρ(h) and for
(t,x) ∈ G ∩ Sρ(h)

D+V (t,x) ≤ 0;
2. for all (τk,x) ∈ Σk ∩ Sρ(h), V (τ+

k ,x+ U(k,x)) ≤ V (τk,x);
3. there is an η ∈ (0, ρ) such that h(t,x) < η implies h(τ+k ,x+U(k,x)) < ρ.

Then, the impulsive control system (5.41) is

1. (h0, h)-stable if h0 is finer than h and V (t,x) is h0-weakly decrescent;
2. (h0, h)-uniformly stable if h0 is uniformly finer than h and V (t,x) is
h0-decrescent.

�

Proof. Let us prove conclusion 1 first. The assumption that V (t,x) is h0-
weakly decrescent leads to the fact that there are a ε0 > 0 and an α ∈ CK
such that

h0(t,x) < ε0 ⇒ V (t,x) ≤ α(t, h0(t,x)). (5.80)

From the assumptions we know that there are β ∈ K, γ ∈ CK and ε1 > 0
such that

β(h(t,x)) ≤ V (t,x) for (t,x) ∈ Sρ(h), (5.81)

and for h0(t,x) < ε1 we have

h(t,x) ≤ γ(t, h0(t,x)). (5.82)

Let us choose t0 ∈ R+ and ξ ∈ (0, η), then there are ε2 = ε2(t0, ξ) and
ε3 = ε3(t0, ρ) such that ε2 ∈ (0, ε0), ε3 ∈ (0, ε1) and

α(t0, ε2) < β(ξ), γ(t0, ε3) < ρ. (5.83)

Let us define ε = min(ε2, ε3), then it follows from (5.80) and (5.83) that
h0(t0,x0) < ξ implies

β(h(t0,x0)) ≤ V (t0,x0) ≤ α(t0, h0(t0,x0)) < β(ξ). (5.84)

From (5.84) and the assumption on β we have

h(t0,x0) < ξ.

Then we have the following claim:
Claim 5.2.6: Given any a solution, x(t) = x(t, t0,x0), of impulsive control
system (5.41), we have for t ≥ t0

h0(t0,x0) < ε⇒ h(t,x(t)) < ξ. (5.85)
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If Claim 5.2.6 is false, then there is a solution, x1(t) = x1(t, t0,x0), of
impulsive control system (5.41) with h0(t0,x0) < ε and t1 ∈ (τk, τk+1) for
some k such that

h(t1,x1(t1)) ≥ ξ and
h(t,x1(t)) < ξ for t ∈ [t0, τk]. (5.86)

It follows from assumption 3 and ξ ∈ (0, ρ0) that

h(τ+
k ,x1(τ

+
k )) = h(τ+

k ,x1(τk) + U(k,x1(τk))) < ρ (5.87)

because h(τk,x1(τk)) < ξ by (5.86). We then can find a t2 ∈ (τk, t1] such that

ρ > h(t2,x1(t2)) ≥ ξ and
h(t,x1(t)) < ρ for t ∈ [t0, t2). (5.88)

Let w(t) = V (t,x1(t)) for t ∈ [t0, t2] and from assumptions 1 and 2 we have

D+w(t) ≤ 0, t �= τi, t ∈ [t0, t2],
w(τ+

i ) ≤ w(τi), i = 1, 2, · · · , k. (5.89)

Therefore V (t,x1(t)) is nonincreasing on [t0, t2]. Then from (5.81), (5.83) and
(5.88) we have the following contradiction:

β(ξ) ≤ β(h(t2,x1(t2))) ≤ V (t2,x1(t2)) ≤ V (t0,x0) < β(ξ). (5.90)

Therefore Claim 5.2.6 is true and the impulsive control system (5.41) is
(h0, h)-stable.
The proof of conclusion 2 can be performed in a similar way. �

Theorem 5.2.7. Let us suppose that the following conditions are satisfied:

1. h0 ∈ H, h ∈ H and h0 is finer that h.
2. V (t,x) ∈ V0 is h0-weakly decrescent , h-positive definite on Sρ(h) and

for (t,x) ∈ G ∩ Sρ(h)
D+V (t,x) ≤ 0,

and

V (t+,x+ U(k,x))− V (t,x) ≤ −ζkψ(V (t,x)), (t,x) ∈ Σk ∩ Sρ(h)

where ζk ≥ 0,
∑∞
i=1 ζi =∞, ψ ∈ C[R+ ,R+ ], ψ(0) = 0 and ψ(w) > 0 for

w > 0;
3. there is an η ∈ (0, ρ) such that h(t,x) < η implies h(τ+k ,x+U(k,x)) < ρ;

Then, the impulsive control system (5.41) is (h0, h)-asymptotically stable. �
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Proof. From condition 2 we have

V (τ+
k ,x+ U(k,x)) ≤ V (τk,x), (t,x) ∈ Σk ∩ Sρ(h),

from which and Theorem 5.2.6 we know that system (5.41) is (h0, h)-stable.
Therefore, for any a solution, x(t) = x(t, t0,x0) with h0(t0,x0) < ε0, of
(5.41), t0 ∈ R+ and ρ > 0, there is a ε0 = ε0(t0, ρ) > 0 such that h0(t0,x0) <
ε0 implies, for t ≥ t0

h(t,x(t)) < ρ.

Let us define w(t) = V (t,x(t)), then from the assumptions we know that
w(t) is nonincreasing and bounded from below, therefore the following limit
exists:

lim
t→∞

w(t) = 3.

We then have the following claim:
Claim 5.2.7: 3 = 0.
If Claim 5.2.7 is false, then there is a solution, x(t) = x(t, t0,x0), of (5.41)

such that 3 < 0. Let us assume that x(t) hits the switching surfaces Σk at
τk, k ∈ N and let

θ = min
�≤s≤w(t0)

ψ(s).

Then it follows from assumption 2 that

w(τ+
k )− w(τk) ≤ −ζkψ(w(τk)) ≤ −θζk, k ∈ N (5.91)

from which we have

w(τ+
k ) ≤ w(t+0 )− θ

k∑
i=1

ζi, k ∈ N (5.92)

It follows from (5.92) and the assumption of
∑∞
i=1 ζi =∞ that

lim
k→∞

w(τ+
k ) = −∞

which is a contradiction. Therefore, Claim 5.2.7 is true and we have

lim
t→∞

h(t,x(t)) = 0

from which we know that the impulsive control system (5.41) is (h0, h)-
asymptotically stable. �

5.3 Stability of Prescribed Control Strategies

Let us consider the following impulsive control system:
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

ẋ = f (t,x) + u(t,x), t �= τk(x),
∆x = U(k,x), t = τk(x),
x(t+0 ) = x0, k = 1, 2, · · · .

(5.93)

where x ∈ Rn is the state variable, f ∈ C[R+ ×Rn ,Rn ] is the nonlinearity of
the uncontrolled plant, u ∈ C[R+ × Rn ,Rn ] is the continuous control input,
U(k,x) ∈ C[N × Rn ,Rn ] is the impulsive control input, τk ∈ C1[Rn , (0,∞)],
τk(x) < τk+1(x) for all k and limk→∞ τk(x) = ∞ for every x ∈ Rn . Let us
assume that the solutions x(t) = x(t, t0,x0) of system (5.93) exist and are
unique for t ≥ t0, and each solution of (5.93) hits any given switching surface
Σk : t = τk(x) exactly once.

Theorem 5.3.1. Let xa(t) = xa(t, t0,xa0) be any given solution of system
(5.93) on [t0,∞) which hits the switching surfaces at moments τak , k ∈ N,
and let us suppose that the following conditions are satisfied:

1. ‖f(t,x) + u(t,x)‖ ≤ L1, L1 > 0 and (t,x) ∈ R+ × Sxa(t)
ρ ;

2. for (t,x) ∈ R+ × Sxa(t)
ρ and for all k, we have

∂τk(x)

∂x
[f(t,x) + u(t,x)] ≤ 0 and |τk(x)− τk(y)| ≤ Kk‖x− y‖

where Kk ≥ 0 and
∑∞
k=1Kk converges;

3. V (t,x) ∈ C[R+ × Sρ,R+ ] is nonincreasing in t for fixed x and there is
an L2 > 0 such that

|V (t,x)− V (t,y)| ≤ L2‖x− y‖

where (t,x) ∈ R+ × Sρ and (t,y) ∈ R+ × Sρ;
4. for (t,x) ∈ R+ × Sρ and (t,y) ∈ R+ × Sρ and k ∈ N

V (t,x− y + U(k,x)− U(k,y)) ≤ V (t,x− y);

5. for x ∈ Sρ and for k ∈ N, ‖U(k,x)‖ ≤ ρ/3;
6. V (t, 0) = 0 and there is an L3 > 0 such that

L3‖x− xa(t)‖ ≤ V (t,x− xa(t)), (t,x) ∈ R+ × Sxa(t)
ρ ;

7. D+V (t,x− xa(t)) ≤ 0, t �= τk(x), t �= τak , (t,x) ∈ R+ × Sxa(t)
ρ .

Then xa(t) is uniformly stable. �

Proof. From conditions 3 and 6 we have

V (t,x− xa(t)) = V (t,︸ ︷︷ ︸
condition 6

x− xa(t))−V (t, 0) ≤ L2‖x︸ ︷︷ ︸
condition 3

−xa(t)‖ (5.94)
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from which we have, for (t,x) ∈ R+ × Sxa(t)
ρ

L3‖x− xa(t)‖ ≤ V (t,︸ ︷︷ ︸
condition 6

x− xa(t)) ≤ L2‖x− xa(t)‖. (5.95)

Because
∑∞
k=1Kk converges we know that the sequence {Kk}∞k=1 is bounded

and the infinite product
∏∞
k=1(1+2L1L2Kk/L3) converges. Hence, there are

two constants K > 0 and L4 > 0 such that Kk ∈ [0,K] and
∞∏
k=1

(
1 +

2L1L2Kk

L3

)
≤ L4.

Let us set η ∈ (0, ρ/3), ξ > 0 and t0 ∈ R+ and choose a ε = ε(η, ξ) > 0 such
that

ε = min

(
η

L4 + 1
,

L3ξ

L2(2KL4 + 1)

)
. (5.96)

Let us suppose that x(t) = x(t, t0,x0) is any a solution of system (5.93)
satisfying ‖x0 − xa0‖ < ε. Let us also suppose that x(t) hits the switching
surfaces Σk at the moments τ

0
k . Then we have the following claim:

Claim 5.3.1a:

‖x(t)− xa(t)‖ < η, t ≥ t0, t /∈ (τk, τk], k ∈ N (5.97)

where τk = min(τ
a
k , τ

0
k ) and τk = max(τ

a
k , τ

0
k ).

If Claim 5.3.1a is not true, then there is a t1 ∈ (τk, τk+1] for some fixed k
satisfying

‖x(t1)− xa(t1)‖ = η1 ≥ η and

‖x(t)− xa(t)‖ < η for t ∈ [t0, τk] \
k⋃
i=1

(τi, τi]. (5.98)

Let us first consider the case when τi = τ0
i . In this case we have, in view

of condition 5 and (5.98)

‖x(τi+)− xa(τi+)‖ ≤ ‖x(τi+)− xa(τi)‖+ ‖U(i,x(τi)‖
≤ η + ρ

3

<
2ρ

3
, 1 ≤ i ≤ k. ⇐ [η ∈ (0, ρ/3)] (5.99)

Similarly, in the case when τi = τ0
i we have the following estimate

‖x(τi+)− xa(τi+)‖ <
2ρ

3
, 1 ≤ i ≤ k. (5.100)
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We then have the following claim:
Claim 5.3.1b:

‖x(t)− xa(t)‖ <
2ρ

3
, t ∈ (τi, τi], 1 ≤ i ≤ k. (5.101)

If Claim 5.3.1b is not true, then let us suppose that there is t2 ∈ (τi, τi]
such that

‖x(t2)− xa(t2)‖ =
2ρ

3
and

‖x(t)− xa(t)‖ <
2ρ

3
for t ∈ (τi, t2). (5.102)

For t ∈ (τi, t2] let us use the notation w(t) = V (t,x(t)−xa(t)), then it follows
from condition 7 that

D+w(t) ≤ 0, t ∈ (τi, t2]. (5.103)

Then it follows from (5.95), (5.99), (5.102) and (5.103) that

2ρL3

3
= L3‖x(t2)− xa(t2)‖ ⇐ (5.102)

≤ V (t2,x(t2)− xa(t2)) ⇐ (5.95)

≤ V (τi,x(τi+)− xa(τi+)) ⇐ (5.103)

≤ L2‖x(τi+)− xa(τi+)‖ ⇐ (condition 3)

<
2ρL2

3
⇐ (5.99) (5.104)

From (5.95) we know L3 ≤ L2, therefore (5.104) leads to a contradiction.
Thus, Claim 5.3.1b is true.
It follows from (5.101) and condition 5 that

‖x(τk+)− xa(τk+)‖ ≤ ‖x(τk)︸ ︷︷ ︸
condition 5

−xa(τk)‖+
ρ

3
< ρ︸ ︷︷ ︸

(5.101)

from which we know that x(τk
+) ∈ Sxa(t)

ρ and therefore there is a t3 ∈ (τk, t1]
such that

η ≤ η1 = ‖x(t3)− xa(t3)‖ < ρ and

‖x(t)− xa(t)‖ < ρ for t ∈ [t0, t3]. (5.105)

♠1: Let us denote w(τi
+) = V (τi,x(τi

+)−xa(τi+)) for 1 ≤ i ≤ k and suppose
τi = τ0

i such that
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w(τi
+) = V

(
τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi))

+

∫ τi

τi

[f(s,x(s)) + u(s,x(s))]ds

)
= V (τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi)))

+V
(
τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi))

+

∫ τi

τi

[f(s,x(s)) + u(s,x(s))]ds

)
−V (τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi)))

≤ V (τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi)))

+L2

∥∥∥∥∥
∫ τi

τi

[f(s,x(s)) + u(s,x(s))]ds

∥∥∥∥∥ ⇐ (condition 3)

≤ V (τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi)))
+L1L2(τi − τi) ⇐ (condition 1)

≤ V (τi,x(τi)− xa(τi)) + L1L2(τi − τi) ⇐ (condition 4)

= V (τi,x(τi)− xa(τi))

+V

(
τi,x(τi)− xa(τi)−

∫ τi

τi

[f(s,xa(s)) + u(s,xa(s))]ds

)
−V (τi,x(τi)− xa(τi)) + L1L2(τi − τi)

≤ V (τi,x(τi)− xa(τi))

+L2

∥∥∥∥∥−
∫ τi

τi

[f(s,xa(s)) + u(s,xa(s))]ds

∥∥∥∥∥ ⇐ (condition 3)

+L1L2(τi − τi)
≤ V (τi,x(τi)− xa(τi)) + 2L1L2(τi − τi) ⇐ (condition 1)

≤ w(τi) + 2L1L2(τi − τi). (5.106)

Then it follows from condition 2 that τi(xa(τi)) ≤ τi(xa(τi)) and

0 ≤ τi − τi = τi(xa(τi))− τi(x(τi))
≤ τi(xa(τi))− τi(x(τi))
≤ Ki‖xa(τi)− x(τi)‖ ⇐ (condition 2)

≤ Kiw(τi)

L3
. ⇐ (condition 6) (5.107)

It then follows from (5.106) and (5.107) that

w(τi
+) ≤

(
1 +

2L1L2Ki

L3

)
w(τi). (5.108)
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♠2: Then let us suppose τi = τ0
i such that

w(τi
+) = V

(
τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi))

−
∫ τi

τi

[f (s,xa(s)) + u(s,xa(s))]ds

)
= V (τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi)))

+V
(
τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi))

−
∫ τi

τi

[f (s,xa(s)) + u(s,xa(s))]ds

)
−V (τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi)))

≤ V (τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi)))

+L2

∥∥∥∥∥−
∫ τi

τi

[f(s,xa(s)) + u(s,xa(s))]ds

∥∥∥∥∥ ⇐ (condition 3)

≤ V (τi,x(τi)− xa(τi) + U(i,x(τi))− U(i,xa(τi)))
+L1L2(τi − τi) ⇐ (condition 1)

≤ V (τi,x(τi)− xa(τi)) + L1L2(τi − τi) ⇐ (condition 4)

= V

(
τi,x(τi)− xa(τi) +

∫ τi

τi

[f(s,x(s)) + u(s,x(s))]ds

)
+L1L2(τi − τi)

= V (τi,x(τi)− xa(τi))

+V

(
τi,x(τi)− xa(τi) +

∫ τi

τi

[f (s,x(s)) + u(s,x(s))]ds

)
−V (τi,x(τi)− xa(τi)) + L1L2(τi − τi)

≤ V (τi,x(τi)− xa(τi))

+L2

∥∥∥∥∥
∫ τi

τi

[f (s,x(s)) + u(s,x(s))]ds

∥∥∥∥∥ ⇐ (condition 3)

+L1L2(τi − τi)
≤ V (τi,x(τi)− xa(τi)) + 2L1L2(τi − τi) ⇐ (condition 1)

≤ w(τi) + 2L1L2(τi − τi). (5.109)

By using the same process leading to (5.107) we have
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0 ≤ τi − τi = τi(x(τi))− τi(xa(τi))
≤ τi(x(τi))− τi(xa(τi))
≤ Ki‖x(τi)− xa(τi)‖ ⇐ (condition 2)

≤ Kiw(τi)

L3
⇐ (condition 6) (5.110)

which leads to the same estimate in (5.108). Then we have

D+w(t) ≤ 0, t �= τi, t ∈ [t0, t3],

w(τi
+) ≤

(
1 +

2L1L2Ki

L3

)
w(τi) (5.111)

from which and Corollary 5.2.2 we have

w(t) ≤ w(t+0 )
k∏
i=1

(
1 +

2L1L2Ki

L3

)
, t ∈ [t0, t3] \

k⋃
i=1

(τi, τi]. (5.112)

Then from (5.95), (5.96) and (5.105) we have the following contradiction:

L3η ≤ L3‖x(t3)︸ ︷︷ ︸
(5.105)

−xa(t3)‖ ≤ w(︸ ︷︷ ︸
(condition 6)

t3) ≤ w(t+0 )︸ ︷︷ ︸
(5.112)

k∏
i=1

(
1 +

2L1L2Ki

L3

)

≤ w(t+0 )L4 ≤ L2L4︸ ︷︷ ︸
(5.95)

‖x0 − xa0‖ < L2L4ε < L2η︸ ︷︷ ︸
(5.96)

. (5.113)

Hence, Claim 5.3.1a is true and it follows from (5.96) and (5.107) we have

τi − τi ≤
Kiw(τi)

L3︸ ︷︷ ︸
(5.107)

≤ Kiw(τi)

L3

≤ K

L3
w(t+0 )

i∏
k=1

(
1 +

2L1L2Kk

L3

)

≤ L4K

L3
w(t+0 ) ≤

L2L4K

L3
‖x0 − xa0‖

<
KL2L4ε

L3
<
ξ

2︸ ︷︷ ︸
(5.96)

, i ∈ N (5.114)

from which it follows that whenever ‖x0 − xa0‖ < ε, we have for all i ∈ N,
t ≥ t0 and |t− τi| > ξ

‖x(t)− xa(t)‖ < η.

This proves that xa(t) is uniformly stable. �
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Theorem 5.3.2. Let xa(t) = xa(t, t0,xa0) be any given solution of system
(5.93) on [t0,∞) which hits the switching surfaces at moments τak , k ∈ N,
and let us suppose that the following conditions are satisfied:

1. ‖f(t,x) + u(t,x)‖ ≤ L1, L1 > 0 and (t,x) ∈ R+ × Sxa(t)
ρ ;

2. for (t,x) ∈ R+ × Sxa(t)
ρ and for all k, we have

∂τk(x)

∂x
[f(t,x) + u(t,x)] ≤ 0 and |τk(x)− τk(y)| ≤ Kk‖x− y‖

where Kk ≥ 0 and
∑∞
k=1Kk converges;

3. V (t,x) ∈ C[R+ × Sρ,R+ ] is nonincreasing in t for fixed x and there is
an L2 > 0 such that

|V (t,x)− V (t,y)| ≤ L2‖x− y‖

where (t,x) ∈ R+ × Sρ and (t,y) ∈ R+ × Sρ;
4. for (t,x) ∈ R+ × Sρ, (t,y) ∈ R+ × Sρ and k ∈ N

V (t,x− y + U(k,x)− U(k,y)) ≤ V (t,x− y);

5. for x ∈ Sρ and for k ∈ N, ‖U(k,x)‖ ≤ ρ/3;
6. V (t, 0) = 0 and there is an L3 > 0 such that

L3‖x− xa(t)‖ ≤ V (t,x− xa(t)), (t,x) ∈ R+ × Sxa(t)
ρ ;

7. D+V (t,x − xa(t)) ≤ −γ(t)ζ(x − xa(t)), t �= τk(x), t �= τak , (t,x) ∈
R+ × Sxa(t)

ρ , where γ : R+ → R+ is measurable and ζ ∈ C[Sρ,R+ ];
8. for any δ > 0 there is a δ1 > 0 such that S ⊂ R+ and µ(S) ≥ δ implies∫

S
γ(s)ds ≥ δ1, where µ is Lebesque measure ;

9. for any ε1 > 0 there is an ε = ε(ε1) > 0 such that

ε1 ≤ ‖x‖ < ρ⇒ ζ(x) ≥ ε.

Then xa(t) is uniformly asymptotically stable. �

Proof. From Theorem 5.3.1 and the proof of Theorem 5.3.1 we know that
xa(t) is uniformly stable and there is a ε0 > 0 such that for any a solution,
x(t) = x(t, t0,x0), of system (5.93) we have

‖x0 − xa0‖ < ε0 ⇒ ‖x(t)− xa(t)‖ < ρ, t ≥ t0 (5.115)

To prove that xa(t) is uniformly asymptotically stable, we have the following
claim:
Claim 5.3.2a: For any give η ∈ (0, ρ/3) and ξ > 0, there is a T = T (η, ξ) > 0
such that

‖x(t)− xa(t)‖ < η, t ≥ t0 + T, |t− τak | > ξ. (5.116)
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Since xa(t) is uniformly stable, Claim 5.3.2a can be further simplified as
the following claim:
Claim 5.3.2b: For any give η ∈ (0, ρ/3) and ξ > 0, there is a T = T (η, ξ) > 0
such that for some

t1 ∈ [t0, t0 + T ] \
⋃

τk∈(t0,t0+T )

[τk, τk]

we have
‖x(t1)− xa(t1)‖ < ε(η, ξ).

If Claim 5.3.2b is false, then for any T > 0 there is a solution x(t) =
x(t, t0,x0) of system (5.93) with ‖x0 − xa0‖ < ε0 such that

ε ≤ ‖x(t)− xa(t)‖ < ρ, t ∈ [t0, t0 + T ] \
⋃

τk∈(t0,t0+T )

[τk, τk]. (5.117)

From (5.94) we have

w(τk) ≤ L2‖x(τk)− xa(τk)‖
< L2ρ ⇐ (5.115) (5.118)

Because
∑∞
k=1Kk is convergent, there is an L4 > 0 such that

∑∞
k=1Kk ≤ L4.

It then follows from (5.107) and (5.118) that

∞∑
k=1

(τk − τk) ≤
∞∑
k=1

Kk

L3
w(τk) ⇐ (5.107)

≤ ρL2L4

L3
⇐ (5.118) (5.119)

where w(τk) = V (t,x(τk)− xa(τk)).
It follows from condition 9 that there is a K = K(ε) > 0 such that

ζ(x) ≥ K for ε ≤ ‖x‖ < ρ. (5.120)

It follows from the assumption on γ(t) (condition 8), we know that there is
an L5 > 0 such that S ⊂ R+ and µ(S) ≥ L5 imply∫

S

γ(s)ds >
L2ε0 + 2L1L2L4/L3

K
. (5.121)

Let us set

T = L5 +
ρL2L4

L3
+ 1

and w(t) = V (t,x(t) − xa(t)), where x(t) = x(t, t0,x0) is the solution of
system (5.93) satisfying (5.117). It follows the conclusion in (5.108) that
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∞∑
k=1

[w(τk
+)− w(τk)] ≤

∞∑
k=1

2L1L2Kk

L3
≤ 2L1L2L4

L3
. (5.122)

From (5.94) we have

w(t+0 ) ≤ L2‖x0 − xa0‖
< L2ε0 ⇐ (5.115) (5.123)

From (5.117), (5.119), (5.120), (5.121), (5.122) and condition 7 we have
the following contradiction:

0 ≤ w(t0 + T ) ≤ w(t+0 ) +
∑

t0<τk≤τk<t0+T
[w(τk

+)− w(τk)]

+

∫
[t0,t0+T ]\

S
t0<τk≤τk<t0+T [τk,τk]

D+w(s)ds

≤ w(t+0 ) +
∑

t0<τk≤τk<t0+T

[w(τk
+)− w(τk)]

−
∫

[t0,t0+T ]\
S

t0<τk≤τk<t0+T [τk,τk]

γ(s)ζ(x(s)− xa(s))ds ⇐ (condition 7)

< L2ε0︸︷︷︸
(5.123)

+
2L1L2L4

L3︸ ︷︷ ︸
(5.122)

−K
∫

[t0,t0+T ]\
S

t0<τk≤τk<t0+T [τk,τk]

γ(s)ds

︸ ︷︷ ︸
condition 7,(5.117)&(5.120)

< 0 ⇐ (5.121) (5.124)

because let
S = [t0, t0 + T ] \

⋃
t0<τk≤τk<t0+T

[τk, τk],

we have

µ(S) = T −
∑

t0<τk≤τk<t0+T
(τk − τk)

≥ T −
∞∑
k=1

(τk − τk)

≥ T − L2ρ

L3

∞∑
k=1

Kk ⇐ (5.119)

≥ L5 +
L2L4ρ

L3
+ 1− L2L4ρ

L3
> L5. (5.125)

Therefore Claim 5.3.2a is true and xa(t) is uniformly asymptotically stable.
�



6. Practical Stability of Impulsive Control

In this chapter, we study the practical stability of impulsive control systems.
The so called practical stability are very useful for designing practical con-
trollers because in many cases, control a system to an idealized point is either
expensive or impossible because of the finite measuring accuracy of sensors
and actuators.

6.1 Practical Stability Based on Single Comparison
System

Let us study the practical stability of the following impulsive control system:

ẋ = f(t,x), t �= τk,

∆x = U(k,x), t = τk,

x(t+0 ) = x0, k ∈ N. (6.1)

Definition 6.1.1. The trivial solution of system (6.1) is

S1 equi-stable if for each δ > 0, t0 ∈ R+ , there is a ξ = ξ(t0, δ) which is
continuous in t0 for each δ such that ‖x0‖ < ξ implies ‖x(t)‖ < δ for
t ≥ t0;

S2 uniformly stable if ξ in S1 is independent of t0;
S3 qusi-equi asymptotically stable, if for each δ > 0, t0 ∈ R+ , there is a

ξ0 = ξ0(t0) > 0 and T = T (t0, δ) such that ‖x0‖ < ξ0 implies ‖x(t)‖ < δ
for t ≥ t0 + T ;

S4 qusi-uniformly asymptotically stable if ξ0 and T in S3 are independent of
t0;

S5 equi-asymptotically stable if both S1 and S3 hold;
S6 uniformly asymptotically stable if both S2 and S4 hold;
S7 qusi-equi asymptotically stable in the large, if for each δ > 0, η > 0

t0 ∈ R+ , there is a T = T (t0, δ, η) > 0 such that ‖x0‖ < η implies
‖x(t)‖ < δ for t ≥ t0 + T ;

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 149−197, 2001.
 Springer-Verlag Berlin Heidelberg 2001
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S8 qusi-uniformly asymptotically stable in the large if T in S7 is independent
of t0;

S9 completely stable if S1 and S7 hold for all η ∈ R+ ;
SA uniformly completely stable if S2 and S8 hold for all η ∈ R+ ;
SB unstable if S1 does not hold.

�

Definition 6.1.2. Given (µ, ν) with 0 < µ < ν and t0 ∈ R+ , and let x(t) =
x(t, t0,x0), t ≥ t0, be a solution of system (6.1), then the impulsive control
system (6.1) is said to be

PS1 practically stable if ‖x0‖ < µ implies ‖x(t)‖ < ν for some t0 ∈ R+ and
t ≥ t0;

PS2 uniformly practically stable if PS1 holds for every t0 ∈ R+ ;
PS3 practically quasistable if given θ > 0, T > 0 and for some t0 ∈ R+ ,

‖x0‖ < µ implies ‖x(t)‖ < θ, t ≥ t0 + T ;
PS4 uniformly practically quasistable if PS3 holds for every t0 ∈ R+ ;
PS5 strongly practically stable if both PS1 and PS3 hold;
PS6 strongly uniformly practically stable if both PS2 and PS4 hold;
PS7 practically asymptotically stable if both PS1 and S7 hold with η = µ;
PS8 uniformly practically asymptotically stable if both PS2 and S8 hold with

η = µ;
PS9 practically unstable if PS1 does not hold;
PSA eventually practically stable if there is such a T = T (µ, ν) that ‖x0‖ < µ

implies ‖x(t)‖ < ν, t ≥ t0 ≥ T ;
PSB eventually strongly practically stable if both PS3 and PSA hold;
PSC eventually uniformly strongly practically stable if both PS4 and PSA hold.

�

Let us define

D
+
x

(y) , lim
h→0+

‖x+ hy‖ − ‖x‖
h

,

and

D
−
x

(y) , lim
h→0−

‖x+ hy‖ − ‖x‖
h

.

Assume that there is a g ∈ C[R+ × R+ ,R+ ] such that for

D
+
x

(f(t,x)) ≤ g(t, ‖x‖), t �= τk, (6.2)

and assume that there are ψk : R+ → R+ , k ∈ N, such that ψk(w) is nonde-
creasing in w and

‖x+ U(k,x)‖ ≤ ψk(‖x‖), (6.3)

then we have the following comparison system for the impulsive control sys-
tem (6.1)
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ẇ = g(t, w), t �= τk,

w(τ+
k ) = ψk(w(τk)), t = τk,

w(t+0 ) = w0 ≥ 0, k ∈ N. (6.4)

Theorem 6.1.1. Let us assume that f ∈ C[(τk−1, τk] × R
n ,Rn ] and ∂f(t,x)

∂x
is continuous in (τk−1, τk] × R

n for each k ∈ N, then the practical stability
properties of the comparison system (6.4) imply those of the impulsive control
system (6.1). �

Proof. Let x(t) = x(t, t0,x0) be any a solution of control system (6.1), then
we can set �(t) = ‖x(t)‖, from the comparison system (6.4) it follows that

�̇ = g(t,�), t �= τk,

�(τ+
k ) = ψk(�(τk)), t = τk,

�(t+0 ) = ‖x0‖, k ∈ N. (6.5)

Let wmax(t) = wmax(t, t0, w0) be the maximal solution of (6.4), then it follows
from Theorem 3.1.1 that for t ≥ t0

�(t) ≤ wmax(t, t0, ‖x0‖). (6.6)

This finishes the proof. �

Let us study the practical stability of the following linear impulsive control
system:

ẋ = Ax, t �= τk,

∆x = Bkx, t = τk,

x(t+0 ) = x0, k ∈ N. (6.7)

Observe that D
+
x (Ax) ≤ µ(A)‖x‖ where µ(A) is the logarithmic norm of

A. Let us assume that ‖(I + Bk)x‖ ≤ dk‖x‖, then we have the following
comparison system:

ẇ = µ(A)w, t �= τk,

w(τ+
k ) = dkw(τk), t = τk,

w(t+0 ) = w0 ≥ 0, k ∈ N, (6.8)

whose solution is given by

w(t, t0, w0) = w0

∏
t0<τk<t

dke
µ(A)(t−t0), t ≥ t0. (6.9)

Then we have the following corollary.
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Corollary 6.1.1. Give 0 < µ < ν and assume that

∞∏
k=1

dk <
ν

µ

and µ(A) ≤ 0 then the linear impulsive control system (6.7) is practically
stable. �

Proof. From the assumption we know that the comparison system (6.8) is
practically stable. Therefore, it follows from Theorem 6.1.1 that the linear
impulsive control system (6.7) is practically stable. �

Since the usefulness of the practical stability of comparison systems, let
us study the practical stability of the following special case of the comparison
system (6.4)

ẇ = g1(t)g2(w), t �= τk,

w(τ+
k ) = ψk(w(τk)), t = τk,

w(t+0 ) = w0 ≥ 0, k ∈ N (6.10)

where g1 ∈ C[R+ ,R+ ], g2 ∈ C[R+ ,R+ ] is nondecreasing and ψk ∈ C[R+ ,R+ ],
k ∈ N are also nondecreasing.

Theorem 6.1.2. Assume that

1. given 0 < µ < ν such that

µ < min
k∈N

(ν, ψk(ν));

2. for every θ ≥ µ we have∫ τk+1

τk

g1(s)ds+

∫ ψk(θ)

θ

1

g2(s)
ds ≤ 0, k ∈ N. (6.11)

Then the comparison system (6.10) is practically stable. �

Proof. Without loss of generality, let us assume that t0 ∈ (τk, τk+1] and let
w0 ∈ [0, µ), then we have the following claim:
Claim 6.1.2: w(t) < ν for all t ≥ t0.

If Claim 6.1.2 is false, then there is such a t1 ∈ (t0, τk+1] that w(t1) ≥ ν.
We then obtain
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ψk(ν)

1

g2(s)
ds <

∫ ν

µ

1

g2(s)
ds ⇐ (assumption 1)

≤
∫ ν

w0

1

g2(s)
ds ⇐ ([w0 ∈ [0, µ)]

≤
∫ w(t1)

w0

1

g2(s)
ds ⇐ [w(t1) ≥ ν]

≤
∫ t1

t0

g1(s)ds ⇐ [g1(t) = ẇ/g2(w)]

≤
∫ τk+1

τk

g1(s)ds

⇑ {t0 ∈ (τk, τk+1] & t1 ∈ (t0, τk+1]} (6.12)

from which we have the following contradiction to (6.11):∫ τk+1

τk

g1(s)ds+

∫ ψk(ν)

ν

1

g2(s)
ds > 0. (6.13)

Therefore, if w0 < µ and t ∈ (τk, τk+1] then w(t) < ν.
We then use mathematical induction to prove that Claim 6.1.2 is true.

Let us assume that i ≥ k+2, w(t) < ν for t ∈ (τk+1, τi], then for t ∈ (τi, τi+1]
we have ∫ w(t)

w(τ+
i )

1

g2(s)
ds ≤

∫ t

τi

g1(s)ds ⇐ [g1(t) = ẇ/g2(w)]

≤
∫ τi+1

τi

g1(s)ds. ⇐ {t ∈ (τi, τi+1]} (6.14)

It follows from w(τ+
i ) = ψi(w(τi)) that∫ w(τ+

i )

w(τi)

1

g2(s)
ds =

∫ ψi(w(τi))

w(τi)

1

g2(s)
ds (6.15)

from which and (6.14) we have∫ w(t)

w(τi)

1

g2(s)
ds =

∫ w(τ+
i )

w(τi)

1

g2(s)
ds+

∫ w(t)

w(τ+
i )

1

g2(s)
ds

≤
∫ ψi(w(τi))

w(τi)

1

g2(s)
ds+

∫ τi+1

τi

g1(s)ds ≤ 0. (6.16)

Therefore we have w(t) ≤ w(τi) < ν for t ∈ (τk, τi+1]. By using mathematical
induction we know that Claim 6.1.2 is true. This proves that the comparison
system (6.10) is practically stable. �

Let us study the practical stability of the following nonlinear impulsive
control system by using first-order approximation
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ẋ = A(t)x+ u(t,x), t �= τk,

∆x = Bkx+ ck(x), t = τk,

x(t+0 ) = x0, k ∈ N. (6.17)

where A ∈ PC[R+ ,R
n×n ], f ∈ C[(τk−1, τk]×R

n and for every x ∈ R
n , k ∈ N

the following limit exists:

lim
(t,y)→(τ+

k ,x)
f (t,y) = f(τ+

k ,x),

Bk ∈ R
n×n and ck ∈ C[Rn ,Rn ] for k ∈ N.

Let Φk(t, s) be the fundamental matrix solution of the following reference
system

ẋ = A(t)x, t ∈ (τk−1, τk]. (6.18)

Let us assume that

HA ‖u(t,x)‖ ≤ α(t)‖x‖σ, σ > 1, for (t,x) ∈ R+ × R
n , α ∈ PC[R+ , (0,∞)].

HB ‖I +Bk‖ ≤ κk, κk ≥ 0, ‖ck(x)‖ ≤ γk‖x‖, γk ≥ 0, for k ∈ N and x ∈ R
n .

HC ‖Φk(t, s)‖ ≤ g1(t)g2(s) for τk−1 < s ≤ t ≤ τk, g1(τk) > 0, g2(τ+
k ) > 0 for

k ∈ N, g1 ∈ PC[R+ , (0,∞)], g2 ∈ PC[R+ , (0,∞)].

Theorem 6.1.3. Let us define �k , (γk + κk)g1(τk)g2(τ+
k ) and

φ(t0, t) ,

∫ t

t0

( ∏
t0<τk<s

�k

)σ−1

α(s)gσ1 (s)g2(s)ds.

Assume that φ(t0,∞) <∞ then the impulsive control system (6.17) is

1. practically stable if for a given K1 > 0

g1(t)g2(t+0 )
∏

t0<τk<t

�k < K1, t ≥ t0; (6.19)

2. strongly practically stable if for a given K2 > 0 and T > 0

g1(t)g2(t+0 )
∏

t0<τk<t

�k < K2, t ≥ t0 + T. (6.20)

�

Proof. Let Ψ(t, s) be the Cauchy matrix of the following reference system:
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ẋ = A(t)x, t �= τk,

∆x = Bkx, t = τk,

x(t+0 ) = x0, k ∈ N. (6.21)

Then the solution x(t) = x(t, t0,x0) of system (6.17) can be represented as

x(t) = Φ(t, t0)x0 +

∫ t

t0

Ψ(t, s)u(s,x(s))ds

+
∑

t0<τk<t

Ψ(t, τ+
k )ck(x(τk)). (6.22)

Let us define

w(t) =
‖x(t)‖
g1(t)

then it follows from (1.32), assumptions HA, HB and HC that

w(t) ≤ ‖x0‖g2(t+0 )
∏

t0<τk<t

κkg1(τk)g2(τ+
k )

+

∫ t

t0


 ∏

s≤τk<t

κkg1(τk)g2(τ+
k )


α(s)gσ1 (s)g2(s)wσ(s)ds

+
∑

t0<τk<t

γkg1(τk)g2(τ+
k )

∏
τk<τi<t

κig1(τi)g2(τ+
i )w(τk),

t ≥ t0. (6.23)

From which, Theorem A.3.2 of [15] and Lemma A.1.1 of [15] it follows that

w(t) ≤ ‖x0‖g2(t+0 )
∏

t0τk<t

�k{1 − (σ − 1)[g2(t+0 )‖x0‖]σ−1φ(t0, t)}1/(1−σ),

(6.24)

for all t ≥ t0 such that (σ − 1)[g2(t+0 )‖x0‖]σ−1φ(t0, t) < 1.
Assume that φ(t0,∞) <∞ and (6.19) holds, then let us choose ‖x0‖ < µ

and

µ = min

(
[2(σ − 1)gσ−1

2 (t+0 )φ(t0,∞)]1/(1−σ),
ν

K1
21/(1−σ)

)
then it follows from (6.24) that ‖x(t)‖ < ν for all t ≥ t0. Therefore, the
impulsive control system (6.17) is practically stable .

Since (6.20) shows practical quasi-stability, the second conclusion can be
easily proved. �

Let us using comparison method to study the practical stability of the
following nonlinear impulsive control system:
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ẋ = f(t,x), t �= τk,

∆x = U(k,x), t = τk,

x(t+0 ) = x0, k ∈ N (6.25)

where f ∈ C[(τk−1, τk] × R
n ,Rn ] and for any x ∈ R

n , k ∈ N, the following
limit exists:

lim
(t,y)→(τ+

k ,x)
f (t,y) = f(τ+

k ,x).

U : N × R
n → R

n and

0 < τ1 < τ2 < · · · τk < τk+1 < · · · , lim
k→∞

τk = ∞.

Assume that there is a V ∈ V0 such that

D+V (t,x) ≤ g(t, V (t,x)), t �= τk,

V (t,x+ U(k,x)) ≤ ψk(V (t,x)), t = τk, k ∈ N, (6.26)

where g ∈ PC[R+ × R+ ,R] and ψk : R+ → R+ , k ∈ N, are nondecreasing.
Then we have the following comparison system for system (6.25):

ẇ = g(t, w), t �= τk,

w(τ+
k ) = ψk(w(τk)), t = τk, k ∈ N. (6.27)

Theorem 6.1.4. Given 0 < µ < ν, let us assume that

1. V ∈ V0 satisfies (6.26) for x ∈ Sν ;
2. there is such a ρ = ρ(ν) > 0 that for any x ∈ Sν and k ∈ N we have
x+ U(k,x) ∈ Sρ;

3. there are α, β ∈ K such that α(µ) < β(ν) and for any t ∈ R+ and x ∈ Sρ
we have

β(‖x‖) ≤ V (t,x) ≤ α(‖x‖).

Then the practical stability properties of the comparison system (6.27) imply
those of the impulsive control system (6.25). �

Proof.

1. Practical stability. Let us suppose that the comparison system (6.27) is
practically stable; namely, for any solution w(t) = w(t, t0, w0) of (6.27)
we know that w0 < α(µ) implies

w(t) < β(ν) for t ≥ t0. (6.28)

Let us choose w0 = α(‖x0‖) and let x(t) = x(t, t0,x0) be any a solution
of system (6.25) then we have the following claim:
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Claim 6.1.4: ‖x0‖ < µ implies ‖x(t)‖ < ν for all t ≥ t0.
If Claim 6.1.4 is false, then there is a t1 > t0 such that t1 ∈ (τk, τk+1]
for some k, ‖x0‖ < µ, ‖x(t)‖ < ν for t ∈ [t0, τk] and ‖x(t1)‖ ≥ ν. It
follows from condition 2 that if ‖x(τk)‖ < ν then ‖x(τ+

k )‖ = ‖x(τk) +
U(k,x(τk))‖ < ρ. Thus, there is a t2 ∈ (τk, t1] such that ‖x(t2)‖ ∈ [ν, ρ).
Let us set w(t) = V (t,x(t)) for t ∈ [t0, t2] and in view of Theorem 3.1.2,
conditions 1 and 2, we have

V (t,x(t)) ≤ wmax(t, t0, α(‖x0‖)) (6.29)

where wmax(t, t0, w0) is the maximal solution of (6.27). It follows from
condition 3 and (6.29) that

β(ν) ≤ β(‖x(t2)‖) ⇐ [‖x(t2)‖ ∈ [ν, ρ)]

≤ V (t2,x(t2)) ⇐ (condition 3)

≤ wmax(t2, t0, α(‖x0‖)) ⇐ (6.29)

< β(ν) ⇐ (6.28) (6.30)

which leads to a contradiction. Therefore, Claim 6.1.4 is true and the
system (6.25) is practically stable.

2. Strongly practical stability . Let us suppose that the comparison system
(6.27) is strongly practically stable, then form the first conclusion of this
theorem we know that system (6.25) is practically stable; namely,

‖x0‖ < µ implies ‖x(t)‖ < ν for t ≥ t0. (6.31)

Given 0 < θ < ν and T > 0, then from the fact that (6.27) is practically
quasi-stable we have

w0 ∈ [0, α(µ)) implies w(t, t0, w0) < β(θ) for t ≥ t0 + T . (6.32)

Given ‖x0‖ < µ, it follows from (6.31) and by using the same procedure
that leading to (6.29) we have

V (t,x(t)) ≤ wmax(t, t0, α(‖x0‖)), t ≥ t0 (6.33)

which yields for t ≥ t0 + T

β(‖x(t)‖) ≤ V t,x(t)) ≤ wmax(t, t0, α(‖x0‖)) < β(θ). (6.34)

This proves that ‖x(t)‖ < θ for t ≥ t0 + T . Therefore, the impulsive
control system (6.25) is strongly practically stable.

�

We then the following corollary of Theorem 6.1.4.

Corollary 6.1.2. We have the following conclusions:
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1. Assume that g(t, w) = 0 and ψk(w) = dkw where dk ≥ 0, k ∈ N and

∞∏
k=1

dk <∞

then the impulsive control system (6.25) is uniformly practically stable.
2. Assume that g(t, w) = γ̇(t)w, γ ∈ C1[R+ ,R+ ] and ψk(w) = dkw where
dk ≥ 0, k ∈ N and

γ(τk) + ln dk ≤ γ(τk−1) (6.35)

for all k ∈ N, then the impulsive control system (6.25) is practically
stable.

3. Assume that g(t, w) = γ̇(t)w, γ ∈ C1[R+ ,R+ ] and ψk(w) = dkw where
dk ≥ 0, k ∈ N and there is a � > 1 such that

γ(τk) + ln(�dk) ≤ γ(τk−1) (6.36)

for all k ∈ N, then the impulsive control system (6.25) is practically
asymptotically stable.

�

Proof.

1. Let us prove conclusion 1 first. In this case let us suppose that there is a
K > 1 such that

∞∏
k=1

dk < K.

For any ν let us choose µ = ν/K, then we have

w(∞) = w(t0)
∏

t0≤τk<∞
dk.

From which we know that for any w0 < µ we have w(∞) < ν. There-
fore, system (6.27) is uniformly practically stable. Then it follows from
Theorem 6.1.4 that conclusion 1 is valid.

2. We then prove conclusion 2. In this case, the solution of system (6.27) is
given by

w(t, t0, w0) = w0


 ∏

t0≤τk<t

dk


 eγ(t)−γ(t0), t ≥ t0.

Without loss of generality, let us assume that t0 ∈ (0, τ1), then it follows
from (6.35) that

w(t, t0, w0) ≤ w0e
γ(τ1)−γ(t0), t ≥ t0.
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Let us choose µ and ν such that

eγ(τ1)−γ(t0) <
β(ν)

α(µ)

then we prove that system (6.27) is practically stable. Then it follows
from Theorem 6.1.4 that conclusion 2 is valid.

3. We then prove conclusion 3. In this case, by using similar process we can
get

w(t, t0, w0) ≤ w0e
γ(τ1)−γ(t0)

�k
, τk−1 < t ≤ τk,

which yields
lim
t→∞

w(t, t0, w0) = 0.

Therefore, system (6.27) is practically asymptotically stable . Then it
follows from Theorem 6.1.4 that conclusion 3 is valid.

�

Note 6.1.1. The results in this section are adopted from [15] with revisions.
�

6.2 Practical Stability in Terms of Two Measures

In this section we study the practical stability in terms of two measures of
the following general impulsive control system:

ẋ = f(t,x, ũ), t �= τk,

∆x = uk(x), t = τk,

x(t+0 ) = x0, k = 1, 2, · · · . (6.37)

Let Ω be the admissible control input for ũ. Given a ũ1 ∈ Ω, we denote by
x(t) = x(t, t0,x0, ũ1) a solution of system (6.37) with x(t+0 ) = x0.

6.2.1 Definitions and Notations

Definition 6.2.1. Let h0, h ∈ H. Then the system (6.37) is said to be

1. (h0, h)-practically stable if, given (λ, α) with 0 < λ < α, we have
h0(t0,x0) < λ implies h(t,x(t)) < α, t ≥ t0 for some t0 ∈ R+ ;

2. (h0, h)-uniformly practically stable if (1) holds for every t0 ∈ R+ ;
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3. (h0, h)-practically quasistable if, given (λ, α, T ) with λ > 0, α > 0, T > 0
and some t0 ∈ R+ , we have h0(t0,x0) < λ implies h(t,x(t)) < α, t ≥
t0 + T ;

4. (h0, h)-uniformly practically quasistable if (3) holds for every t0 ∈ R+ ;
5. (h0, h)-strongly practically stable if both (1) and (3) hold;
6. (h0, h)-strongly uniformly practically stable if both (2) and (4) hold;
7. (h0, h)-practically unstable if (1) does not hold.

�

Definition 6.2.1 is in terms of two measures which is a more general form
than that in terms of one measure. Definition 6.2.1 reduces to

1. the standard practical stability if h(t,x(t)) = h0(t,x(t)) = ‖x‖;
2. the practical stability of a prescribed solution xe of system (6.37) if
h(t,x(t)) = h0(t,x(t)) = ‖x− xe‖;

3. the partial practical stability if h(t,x(t)) = ‖xs‖, 1 ≤ s < n, where
x�
s = (x(1), x(2), · · · , x(s)) is an s-vector whose entries are chosen from x

and h0(t,x(t)) = ‖x‖;
4. the orbital practical stability of an orbit ℘ if h(t,x(t)) = h0(t,x(t)) =
d(x, ℘), where d(·, ·) is a distance function;

5. the practical stability of an invariant set ℘ if h(t,x(t)) = h0(t,x(t)) =
d(x, ℘), where d(·, ·) is a distance function;

6. the practical stability of conditionally invariant set ℘1 with respect to
℘2, where ℘2 ⊂ ℘1, if h(t,x(t)) = d(x, ℘1) and h0(t,x(t)) = d(x, ℘2),
where d(·, ·) is a distance function.

6.2.2 Comparison System

Let a comparison system be

ẇ = g(t, w, w), t �= τk,
w(τ+

k ) = ψk(w(τk)), k = 1, 2, · · · ,
w(t+0 ) = w0 ≥ 0,

(6.38)

where g : R+ × R × R → R is continuous in (τk−1, τk] × R × R and for each
(w, y) ∈ R × R, k = 1, 2, · · · ,

lim
(t,w̃,ỹ)→(τ+

k−1,w,y)
g(t, w̃, ỹ) = g(τ+

k−1, w, y)

exists, and ψk : R → R is nondecreasing for k = 1, 2, · · · .
Lemma 6.2.1. Let us suppose that

1. T > 0, m, v ∈ C[[t1, t1 + T ],R] and

D+m(t) ≤ g(t,m(t), v(t)), t ∈ [t1, t1 + T ]

where g ∈ C[[t1, t1 + T ] × R × R,R] is nondecreasing in v for every
(t,m) ∈ [t1, t1 + T ] × R;
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2. wmax(t) is the maximal solution on [t1, t1 + T ] of the following scalar
ordinary differential equation

ẇ = g(t, w, w), w(t1) = w1 ≥ 0 (6.39)

and v(t) ≤ wmax(t) for t ∈ [t1, t1 + T ].

Then for t ∈ [t1, t1 + T ], m(t1) ≤ w1 implies m(t) ≤ wmax(t). �

Note 6.2.1. The proof of this theorem can be found in [14]. �

Theorem 6.2.1. Assume that

1. m, v ∈ PC and

D+m(t) ≤ g(t,m(t), v(t)), t �= τk,

m(τ+
k ) ≤ ψk(m(τk)), k = 1, 2, · · · ; (6.40)

2. wmax(t, t0, w0) is the maximal solution of (6.38) on [t0,∞).

Then m(t) ≤ wmax(t, t0, w0) for t ≥ t0 if m(t0) ≤ w0. �

Proof. Let wmax(t) = wmax(t, t0, w0) be the maximal solution of the com-
parison system (6.38), then by classical comparison theorem, it is easy to
see that wmax(t) is the maximal solution of (6.39) with t ∈ [τk−1, τk] and
w(τ+

k−1) = wmax(τ+
k−1), k ∈ N. Then it follows from Lemma 6.2.1 that for

t ∈ (t0, τ1] we have

m(t) ≤ wmax 1(t, t0, w0) (6.41)

where wmax 1(t, t0, w0) is the maximal solution of (6.39) for t ∈ [t0, τ1] with
wmax 1(t+0 , t0, w0) = w0. Let w+

1 = ψ1(wmax 1(τ1, t0, w0)), since ψ1 is non-
decreasing, it follows (6.41) and assumption 1 that m(τ+

1 ) ≤ w+
1 . Then by

Lemma 6.2.1, we have

m(t) ≤ wmax 2(t, τ1, w
+
1 ), t ∈ (τ1, τ2] (6.42)

where wmax 2(t, τ1, w
+
1 ) is the maximal solution of (6.39) for t ∈ [τ1, τ2] with

wmax 2(τ+
1 , τ1, w

+
1 ) = w+

1 . Then by repeating the same process we have, for
k = 1, 2, · · · ,

m(t) ≤ wmax k(t, τk−1, w
+
k−1), t ∈ (τk−1, τk] (6.43)

where wmax k(t, τk−1, w
+
k−1) is the maximal solution of (6.39) for t ∈ [τk−1, τk]

with wmax k(τ+
k−1, τk−1, w

+
k−1) = w+

k−1. Let us construct the following solution
of (6.38):



162 6. Practical Stability of Impulsive Control

w(t) =




w0, t = t0
wmax 1(t, t0, w0), t ∈ (t0, τ1],
wmax 2(t, τ1, w

+
1 ), t ∈ (τ1, τ2],

...
wmax k(t, τk−1, w

+
k−1), t ∈ (τk−1, τk],

...

(6.44)

which satisfies w(t) ≤ wmax(t, t0, w0). Since

m(t) ≤ w(t), t ≥ t0

we have
m(t) ≤ wmax(t, t0, w0), t ≥ t0.

�

It follows from Theorem 6.2.1 we have the following lemma (Theorem 3.1
of [19], Theorem 3.3.1 of [11]) for later use.

Lemma 6.2.2. Assume that

1. m, v ∈ PC and

D+m(t) ≤ g(t,m(t), v(t)), t �= τk,

m(τ+
k ) ≤ ψk(m(τk)), k = 1, 2, · · · ; (6.45)

2. wmax(t, t0, w0) is the maximal solution of (6.38) on [t0,∞) such that
v(t) ≤ wmax(t, t0, w0), t ≥ t0;

3. g(t, w, v) is nondecreasing in v for each (t, w).

Then m(t) ≤ wmax(t, t0, w0) for t ≥ t0 if m(t0) ≤ w0. �

For the purpose of designing impulsive controller, some special cases of
Lemma 6.2.2 were found useful and are listed as follows.

Corollary 6.2.1. If in Lemma 6.2.2, we choose

1. g(t, w, w) ≡ 0 and ψk(w) = w, k ∈ N, then m(t) ≤ w0 for t ≥ t0;
2. g(t, w, w) ≡ 0 and ψk(w) = dkw, dk ≥ 0, k ∈ N, then

m(t) ≤ w0

∏
t0<τk<t

dk (6.46)

for t ≥ t0;
3. g(t, w, w) = −γw, γ > 0 and ψk(w) = dkw, dk ≥ 0, k ∈ N, then

m(t) ≤ w0e
−γ(t−t0)

∏
t0<τk<t

dk (6.47)

for t ≥ t0;
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4. λ ∈ C1[R+ ,R+ ], λ̇(t) ≥ 0 such that g(t, w, w) = λ̇w, γ > 0, and ψk(w) =
dkw, dk ≥ 0, k ∈ N, then

m(t) ≤ w0e
λ(t)−λ(t0)

∏
t0<τk<t

dk (6.48)

for t ≥ t0;
5. g(t, w, w) = −γw+4, γ > 0, 4 > 0 and ψk(w) = dkw, dk ≥ 0, k ∈ N, then

m(t) ≤ w0e
−γ(t−t0)

k∏
i=1

di +
4

γ

k∑
i=1

k∏
j=i

dj
(
e−γ(t−τi) − e−γ(t−τi−1)

)
+
4

γ

(
w − e−γ(t−τk)

)
(6.49)

for t ∈ (τk, τk+1].

�

We then have the following comparison theorem.

Theorem 6.2.2. Let us assume that

1. 0 < µ < ν are given and ρ > ν;
2. h0, h ∈ H and h(t,x) ≤ φ(h0(t,x)) with φ ∈ K whenever h0(t,x) < µ;
3. V ∈ V0 and there are α, β ∈ K such that

β(h(t,x)) ≤ V (t,x), if h(t,x) < ρ,

V (t,x) ≤ α(h0(t,x)), if h0(t,x) < µ; (6.50)

4. let

Ω = {ũ ∈ R
m | U(t, ũ) ≤ γ(t), t ≥ t0} (6.51)

where U : R+ ×R
m → R+ is continuous on (τk−1, τk]×R

m and for every
ũ ∈ R

m , k = 1, 2, · · · ,

lim
(t,y)→(t+k−1,ũ)

U(t,y) = U(t+k−1, ũ)

exists, and wmax(t) is the maximal solution of (6.38). For (t,x) ∈
(τk−1, τk) × R

n and ũ(t) ∈ Ω,

D+V (t,x) ≤ g(t, V (t,x), U(t, ũ(t))), if h(t,x) < ρ, (6.52)

where g(t, w, v) is nondecreasing in v for each (t, w) ∈ R+ × R and

V (τ+
k ,x(τ+

k )) ≤ ψk(V (τk,x(τk))), if h(τk,x(τk)) < ρ; (6.53)

5. φ(µ) < ν and α(µ) < β(ν);
6. h(t,x) < ν implies h(t,x+ uk(x)) < ρ for all k = 1, 2, · · · .
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Then the practical stability properties of (6.38) with respect to (α(µ), β(ν))
imply the corresponding (h0, h)-practical stability properties of the impulsive
control (6.37) with respect to (µ, ν). �

Proof. Let t0 ≥ 0 and t0 ∈ (τi, τi+1] for some i ≥ 1. We have the following
notation for k = 1, 2, · · · :

τk ,

{
τi+k, if t0 ∈ (τi, τi+1),
τi+1+k, if t0 = τi+1.

(6.54)

1. (h0, h)-practical stability
Suppose that the comparison system (6.38) is practically stable with
respect to (α(µ), β(ν)), then w0 < α(µ) implies

w(t, t0, w0) < β(ν), t ≥ t0, (6.55)

where w(t, t0, w0) is any a solution of (6.38) on [t0,∞). Let us choose
(t0,x0) ∈ R+ × R

n such that h0(t0,x0) < µ. Then from assumptions 2
and 5, we have

h(t0,x0) ≤ φ(h0(t0,x0)) ≤ φ(µ) < ν. (6.56)

We then have the following claim:
Claim 6.2.2: Let x(t) = x(t, t0,x0, ũ

∗) be any a solution of (6.37) with
h0(t0,x0) < µ, we have

h(t,x(t)) < ν, ∀t ≥ t0. (6.57)

If Claim 6.2.2 is not true, then there are a ũ1 and a corresponding solution
x(t) = x(t, t0,x0, ũ1) of (6.37) with h0(t0,x0) < µ and a t∗ > t0 such
that τk < t∗ ≤ τk+1 for some k, satisfying

h(t∗,x(t∗)) ≥ ν, and h(t,x(t)) < ν, t ∈ [t0, τk]. (6.58)

From assumption 6 we know that there is a t1 such that τk < t1 ≤ t∗ and

ν ≤ h(t1,x(t1)) < ρ. (6.59)

Let m(t) = V (t,x(t)), t ∈ [t0, t1], and w0 = V (t0,x0), then from assump-
tion 3 we have

D+m(t) ≤ g(t,m(t), U(t, ũ1(t))), t ∈ [t0, t1], t �= τi,

m(τ+
i ) ≤ ψi(m(τi)), i = 1, 2, · · · , k, (6.60)

from which and in view of ũ1 ∈ Ω and g(·, ·, v) is nondecreasing in v, we
have

D+m(t) ≤ g(t,m(t), wmax(t)), t ∈ [t0, t1], t �= τi,

m(τ+
i ) ≤ ψi(m(τi)), i = 1, 2, · · · , k (6.61)
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where wmax(t) = wmax(t, t0, w0) is the maximal solution of (6.38). It then
follows from Lemma 6.2.2 that

m(t) ≤ wmax(t), t ∈ [t0, t1]. (6.62)

Then from (6.55), (6.59), and (6.62) we have the following contradiction:

β(ν) ≤ V (t1,x(t1)) ≤ wmax(t1) < β(ν). (6.63)

Therefore, Claim 6.2.2 is true and we conclude that the impulsive control
system (6.37) is (h0, h)-practically stable.

2. (h0, h)-strongly practical stability
Suppose that the comparison system (6.38) is strongly practically stable
with respect to (α(µ), β(ν)). This implies that system (6.37) is (h0, h)-
practically stable . We then know that h0(t0,x0) < µ implies

h(t,x(t)) < ν, t ≥ t0, (6.64)

where x(t) = x(t, t0,x0,x
∗) is any solution of system (6.37) with

h0(t0,x0) < µ. Given 0 < b < ν and a T > 0 and since system (6.38) is
practically quasistable, if β(b) > 0 we then have

w0 < α(µ) implies w(t, t0, w0) < β(b), t ≥ t0 + T. (6.65)

Let us choose (t0,x0) such that h0(t0,x0) < µ, then in view of (6.64),
arguments leading to (6.63) yield

V (t,x(t)) ≤ γ(t, t0, α(h0(t0,x0))), t ≥ t0, (6.66)

from which and (6.65) we have

β(h(t,x(t))) ≤ V (t,x(t)) < β(b), t ≥ t0 + T, (6.67)

from which we have

h(t,x(t)) < b, t ≥ t0 + T. (6.68)

Thus, the system (6.37) is (h0, h)-strongly practically stable.
3. Other cases can be proven similarly.

�

By choosing different types of functions we have the following corollary
of Theorem 6.2.2.

Corollary 6.2.2.

1. Assume that

g(t, w, w) = 0, ψk(w) = dkw, dk ≥ 0, k = 1, 2, · · · ,
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and if
∞∏
k=1

dk <∞

then the impulsive control system (6.37) is (h0, h)-uniformly practically
stable.

2. Assume that

g(t, w, w) =
λ(t)

dt
w, λ ∈ C1[R+ ,R+ ],

ψk(w) = dkw, dk ≥ 0, k = 1, 2, · · · ,
λ(τk) + ln dk ≤ λ(τk−1), k = 1, 2, · · · , (6.69)

then the impulsive control system (6.37) is (h0, h)-practically stable.

�

6.2.3 Controllability

Theorem 6.2.3. Assume that

1. 0 < µ < ν are given and ρ > ν. For a given v ∈ PC we define the
following control set

Ω = {ũ ∈ R
m | U(t, ũ) ≤ v(t), t ≥ t0};

2. h0, h ∈ H and h(t,x) ≤ φ(h0(t,x)) with φ ∈ K whenever h0(t,x) < µ;
3. V ∈ V0 and there exist α, β ∈ K such that

β(h(t,x)) ≤ V (t,x), if h(t,x) < ρ,

V (t,x) ≤ α(h0(t,x)), if h0(t,x) < µ; (6.70)

4. for (t,x) ∈ (τk−1, τk) × R
n and ũ(t) ∈ Ω,

D+V (t,x) ≤ g(t, V (t,x), U(t, ũ(t))), if h(t,x) < ρ, (6.71)

where g(t, w, v) is nondecreasing in v for each (t, w) ∈ R+ × R and

V (t,x) ≤ α(h0(t,x)), if h0(t,x) < µ; (6.72)

5. φ(µ) < ν, α(µ) < β(ν) and h(t,x) < ν implies h(t,x + uk(x)) < ρ for
all k = 1, 2, · · · ;

6. there exists a control function v ∈ PC such that any solution w(t) =
w(t, t0, w0, w) of the system (6.38) satisfies

w0 ≤ α(µ) implies w(t) < β(ν), t ≥ t0, (6.73)

and

w(t0 + T ) ≤ β(b), 0 < b < ν, for some T = T (t0, w0) > 0. (6.74)
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Then there are admissible controls ũ = ũ(t) ∈ Ω such that

1. the system (6.37) is (h0, h)-practically stable;
2. all solutions x(t) = x(t, t0,x0, ũ) starting in

Ω1 = {x ∈ R
n | h(t,x) < µ, t ≥ t0}

are transferred to the region

Ω2 = {x ∈ R
n | h(t,x) ≤ b}

in a finite time T ∗ = T ∗(t0,x0) = T (t0, V (t0,x0)); namely, the system
(6.37) is controllable.

�

Proof. Let h0(t0,x0) ≤ φ(h0(t0,x0)) < µ and U(t, ũ(t)) ≤ v(t), t ≥ t0, then
we have h0(t0,x0) ≤ φ(h0(t0,x0)) < ν.

Then we have the following claim:
Claim 6.2.3: For any solution x(t) = x(t, t0,x0, ũ) of system (6.37), we have

h0(t0,x0) < µ implies h(t,x(t)) < ν, t ≥ t0. (6.75)

If Claim 6.2.3 is false, then there exist a ũ1 ∈ Ω and a corresponding
solution x(t) = x(t, t0,x0, ũ1) of system (6.37) and a t∗ > t0 such that
t∗ ∈ (τk, τk+1] for some k, satisfying

h(t∗,x(t∗)) ≥ ν and h(t,x(t)) < ν, t ∈ [t0, τk]. (6.76)

From assumption 5 we know that there exists a t1 ∈ (τk, t
∗] such that

h(t1,x(t1)) ∈ [ν, ρ). (6.77)

Let m(t) = V (t,x(t)) for t ∈ [t0, t1] then from assumption 4 we have

D+m(t) ≤ g(t,m(t), v(t)), t �= τi, t ∈ [t0, t1],

m(τ+
i ) ≤ ψi(m(τi)), i = 1, 2, · · · , k, (6.78)

which implies by Theorem 6.2.1 the estimate

m(t) ≤ γ(t, t0, w0, v), t ∈ [t0, t1], (6.79)

with m(t0) ≤ w0, where γ(t, t0, w0, v) is the maximal solution of (6.38). Let us
choose w0 = V (t0,x0), then we can get from assumption 3 and (6.76)-(6.79)
the relation

β(h(t,x(t))) ≤ V (t,x(t)) ≤ γ(t, t0, w0, v), t ∈ [t0, t1]. (6.80)

Now we are led to the following contradiction, in view of (6.73) and (6.77),
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β(ν) ≤ β(h(t1,x(t1))) ≤ γ(t, t0, w0, v) < β(ν), (6.81)

which proves that Claim 6.2.3 is true and the system (6.37) is (h0, h)-
practically stable.

Furthermore, (6.80) holds for all t ≥ t0, and from (6.74) we have

h(t0 + T ∗,x(t0 + T ∗)) ≤ b, (6.82)

where T ∗ = T (t0, V (t0,x0)). We finish the proof of controllability. �

6.2.4 Examples

Let us consider the following comparison system:

ẇ = a(t)w + b(t)v(t), t �= τk,

∆w(τ+
k ) = (dk − 1)w(τk), dk ≥ 0, k = 1, 2, · · · ,

w(t0) = w0. (6.83)

where a, b ∈ PC[R+ ,R]. The solution of (6.83) is given by

w(t) =




exp
(∫ t

t0
a(s)ds

) ∫ t
t0

exp
(
−
∫ s
t0
a(κ)dκ

)
b(s)v(s)ds

+w0 exp
(∫ t

t0
a(s)ds

)
, t ∈ [t0, τ1],

exp
(∫ t

τk−1
a(s)ds

) ∫ t
τk−1

exp
(
−
∫ s
τk−1

a(κ)dκ
)
b(s)v(s)ds

+dk−1w(τk−1) exp
(∫ t

τk−1
a(s)ds

)
,

t ∈ (τk−1, τk], k = 2, 3, · · · .

(6.84)

Given 0 < β(µ) < β(ν) and 0 < β(µ1) < β(ν) and let us choose v ∈
PC[R+ ,R] such that

∫ τk

τk−1

exp

(
−
∫ s

τk−1

a(κ)dκ

)
b(s)v(s)ds ≤ γk.

If a(t) ≤ 0 for t ≥ t0 and

β(µ)
∞∏
k=1

dk +
∞∑
k=1

γk

∞∏
i=k

di ≤ β(ν),

therefore, if w0 < β(µ) from (6.84) we have

w(t, t0, w0) < β(ν), t ≤ t0.

It means that system (6.83) is practically stable.
Furthermore, if there is a T > 0 such that t0 + T �= τk and
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exp

(∫ τi

τi−1

a(s)ds

)
≤ σi−1, i = 1, 2, · · · , k + 1,

and

β(µ)
k∏

i=1

diσi−1 +
k∑

i=1

k∏
j=1

djσj−1γi + σk+1γk+1 < β(µ1)

then
w(t0 + T, t0, w0) < β(µ1),

which shows that the system (6.83) is controllable.

6.3 Practical Stability of Linear Impulsive Control
Systems

Consider the following linear nonautonomous impulsive system:

ẋ = Ax+ B̃ũ+ σ(t), t �= τk,

∆x = Bkx, t = τk, k = 1, 2, · · · ,
x(t+0 ) = x0, (6.85)

where A and B̃ are n × n and n ×m matrices, respectively. Bk is an n × n
matrix for each k, and σ : R+ → R

n is piecewise continuous.

Theorem 6.3.1. Assume that

1. 0 < µ < ν are given;
2.

lim
h→0

1

h
(‖I + hA‖ − 1) ≤ −a, a > 0,

‖B̃‖ = b, ‖σ(t)‖ ≤ l and ‖Bk‖ = bk for k = 1, 2, · · · ;
3. a− b = δ > 0 and

µ
∞∏
k=1

(1 + bk) +
1

δ

∞∑
k=1

∞∏
i=k

(1 + bi) +
1

δ
< ν.

Then the system (6.85) is practically stable. �

Proof. Let us choose V (t,x) = ‖x‖ and h0(t,x) = h(t,x) = ‖x‖ then we
have

g(t, w, w) = (−a+ b)w + l and ψk(w) = (1 + bk)w.

We then construct the following comparison system:
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ẇ = −δw + l, t �= τk,

w(τ+
k ) = (1 + bk)w(τk), k = 1, 2, · · · ,

w(t+0 ) = w0 (6.86)

whose solutions are given by

w(t, t0, w0) = w0

k∏
j=1

(1 + bj)e
−δ(t−t0) +

1

δ

k∑
j=1

k∏
i=j

(1 + bi)e
−δ(t−tj)

−1

δ

k∑
j=1

k∏
i=j

(1 + bi)e
−δ(t−tj−1) +

1

δ
(1 − e−δ(t−tk)),

t ∈ (τk, τk+1]. (6.87)

From assumption 3 we know that w0 < µ implies w(t, t0, w0) < ν for t ≥ t0.
Thus, followed Theorem 6.2.2 the proof is complete. �

6.4 Practical Stability in Terms of Multicomparison
Systems

In this section we consider the practical stability of the following impulsive
control system:

ẋ = f(t,x, ũ), t �= τk,

∆x = uk(x, ũ), t = τk,

x(t+0 ) = x0, k = 1, 2, · · · (6.88)

where f ∈ PC[R+ × R
n × R

m ,Rn ] and uk ∈ C[Rn × R
m ,Rn ], k = 1, 2, · · · .

Let us construct the following D comparison systems:

ẇ = g(t,w,w), t �= τk,

w(τ+
k ) = ψk(w(τk),w(τk)), k = 1, 2, · · · ,

w(t0) = w0 (6.89)

where w ∈ R
D and

1. g ∈ PC[R+ × R
D
+ × R

D
+ ,R

D ], g(t,w,v) is quasimonotone nondecreasing
in w for each (t,v) and nondecreasing in v for each (t,w);

2. ψk : RD+ × R
D
+ → R

D
+ and ψk(w,v) is nondecreasing in (w,v) for each

k.
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Let Ω be the admissible control input for ũ defined by

Ω = {ũ ∈ R
m | U(t, ũ) � wmax(t), t ≥ t0},

where U ∈ C[R+ × R
m ,RD+ ] and wmax(t) is the maximal solution of the

comparison system (6.89).
The following Lemma can be found in [14].

Lemma 6.4.1. Let us assume that

1. g ∈ C[R+ ×RD+ ×RD+ ,RD ], g(t,w,v) is quasimonotone nondecreasing in
w for each (t,v) and nondecreasing in v for each (t,w);

2. wmax(t) ≥ 0, t ≥ t0, is the maximal solution of

ẇ = g(t,w,w),

w(t0) = w0 ≥ 0, t ∈ [t0,∞); (6.90)

3. w∗
max(t) is the maximal solution of

ẇ = g(t,w,wmax),

w(t0) = w0 ≥ 0, t ∈ [t0,∞). (6.91)

Then wmax(t) = w∗
max(t), t ≥ t0. �

The following lemma is Lemma 2.2 in [22]. The proof is straightforward
from the classical results in Lemma 6.4.1.

Lemma 6.4.2. Assume that

1. g ∈ C[R+ ×RD+ ×RD+ ,RD ], g(t,w,v) is quasimonotone nondecreasing in
w for each (t,v) and nondecreasing in v for each (t,w);

2. wmax(t) ≥ 0, t ≥ t0, is the maximal solution of

ẇ = g(t,w,w),

w(t0) = w0 ≥ 0, t ∈ [t0,∞); (6.92)

3. w∗
max(t) is the maximal solution of

ẇ = g(t,w,wmax),

w(t0) = w0 ≥ 0, t ∈ [t0,∞); (6.93)

4. m,v ∈ C[R+ ,R
D
+ ],

D+m(t) � g(t,m(t),v(t)), t ≥ t0,

v(t) � wmax(t), t ≥ t0 and m(t0) � w0.

Then m(t) � wmax(t) = w∗
max(t) for t ≥ t0. �

Lemma 6.4.3. Let us suppose that
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1. wmax(t) is the maximal solution of the comparison system (6.89) on
[t0,∞);

2. w∗
max(t) is the maximal solution of the following system

ẇ = g(t,w,wmax(t)), t �= τk,

w(τ+
k ) = ψk(w(τk),wmax(τk)), k = 1, 2, · · · ,

w(t0) = w0 � 0, (6.94)

on [t0,∞);
3. m,v ∈ PC[R+ ,R

D
+ ] and

D+m(t) � g(t,m(t),v(t)), t �= τk,

m(τ+
k ) � ψk(m(τk),v(τk)), k = 1, 2, · · · ; (6.95)

4. v(t) � wmax(t), t ≥ t0;
5. m(t0) � w0.

Then
m(t) � w∗

max(t), t ≥ t0.

�

Proof. Let wmax 1(t, t0,w0) and w∗
max 1(t, t0,w0) be maximal solutions of

(6.89) and (6.94) on [t0, τ1], respectively. It follows from Lemma 6.4.2 that

m(t) � w∗
max 1(t, t0,w0) = wmax 1(t, t0,w0), t ∈ [t0, τ1]. (6.96)

Then from (6.96), assumption 3 and assumptions on ψk we have

m(τ+
1 ) � ψ1(m(τ1),v(τ1))

� ψ1(wmax 1(τ1),wmax 1(τ1))

= ψ1(w∗
max 1(τ1),wmax 1(τ1)) , w+

1 . (6.97)

Let wmax 2(t, τ1,w
+
1 ) andw∗

max 2(t, τ1,w
+
1 ) be maximal solutions of (6.89)

and (6.94) on [τ1, τ2], respectively. By using Lemma 6.4.2 again we have

m(t) � w∗
max 2(t, τ1,w

+
1 )

= wmax 2(t, τ1,w
+
1 ), t ∈ [τ1, τ2]. (6.98)

Letwmaxk(t, τk−1,w
+
k−1) andw∗

max k(t, τk−1,w
+
k−1) be maximal solutions

of (6.89) and (6.94) on [τk−1, τk], respectively. And let

w+
k−1 = ψk−1(wmax(k−1)(τk−1, τk−2,w

+
k−2),wmax(k−1)(τk−1, τk−2,w

+
k−2)),

then by repeating the same process we have

m(t) � w∗
maxk(t, τk−1,w

+
k−1)

= wmaxk(t, τk−1,w
+
k−1), t ∈ [τk−1, τk]. (6.99)
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Let us choose a solution of the comparison system (6.89) as

w(t) =




w0, t = t0,
wmax 1(t, t0,w0), t ∈ (t0, τ1],
wmax 2(t, τ1,w

+
1 ), t ∈ (τ1, τ2],

...
wmax k(t, τk−1,w

+
k−1), t ∈ (τk−1, τk],

...

(6.100)

we have
m(t) � w(t), t ≥ t0.

Because wmax(t, t0,w0) is the maximal solution of the comparison system
(6.89), we have

m(t) � wmax(t, t0,w0), t ≥ t0.

�

We have the following theorem:

Theorem 6.4.1. Assume that

1. 0 < µ < ν are given;
2. V ∈ PC[R+ × R

n ,RD+ ], V (t,x) = (V1(t,x), V2(t,x), · · · , VD(t,x))� is
locally Lipschitzian in x, and there exist α, β ∈ K[R+ ,R+ ] such that

β(‖x‖) ≤
D∑
i=1

Vi(t,x) ≤ α(‖x‖), (t,x) ∈ R+ × Sρ, ρ > ν;

3. for (t,x) ∈ (τk, τk+1] × Sρ and ũ ∈ Ω we have

D+V (t,x) � g(t,V (t,x), U(t, ũ));

4. x ∈ Sν implies x+ uk(x, ũ) ∈ Sρ and

V (τ+
k ,x+ uk(x, ũ)) � ψk(V (τk,x), U(τk, ũ)), x ∈ Sρ;

5. α(µ) < β(ν);
6. wmax(t) is the maximal solution of the comparison system (6.89) on

[t0,∞);
7. w∗

max(t) is the maximal solution of the following system

ẇ = g(t,w,wmax(t)), t �= τk,

w(τ+
k ) = ψk(w(τk),wmax(τk)), k = 1, 2, · · · ,

w(t0) = w0 � 0, (6.101)

on [t0,∞).



174 6. Practical Stability of Impulsive Control

Then the practical stability properties of the comparison system (6.89) with
respect to (α(µ), β(ν)) imply those of system (6.88) with respect to (µ, ν) for
every ũ ∈ Ω. �

Proof. 1. Practical stability
Let us suppose that system (6.89) is practically stable with respect to
(α(µ), β(ν)), then we have

D∑
i=1

wi0 < α(µ) implies
D∑
i=1

wi(t, t0,w0) < β(ν), t ≥ t0, (6.102)

where w(t, t0,w0) is any solution of system (6.89) in [t0,∞) and w0 =
{wi0}Di=0.
Suppose that ‖x0‖ < µ and we claim that ‖x(t, t0,x0,u

∗)‖ < ν with
u∗ ∈ Ω. If this is not the case, then there exists a u1 ∈ Ω such that

‖x(t2, t0,x0,u1)‖ ≥ ν, ‖x(t, t0,x0,u1)‖ < ν, (6.103)

where t2 ∈ (τk, τk+1] for some k and t ∈ [t0, τk]. From assumption 4 we
know that there exists a t1 ∈ (τk, t2] such that

ν ≤ ‖x(t1, t0,x0,u1)‖ < ρ. (6.104)

We have ‖x(t)‖ < ρ, t ∈ [t0, t1]. Letm(t) = V (t,x(t)), t ∈ [t0, t1],w(0) =
V (t0,x0) and in view of assumption 3 we have

D+m(t) � g(t,m(t), U(t,u1(t))), t ∈ [t0, t1], t �= τk,

m(τ+
i ) � ψi(m(τi), U(τi,u1(τi))), i = 1, 2, · · · , k,

m(t0) = w(0). (6.105)

Since u1 ∈ Ω and g(t,w,v) is nondecreasing in v, we have

D+m(t) � g(t,m(t),wmax(t)), t ∈ [t0, t1], t �= τi,

m(τ+
i ) � ψi(m(τi),wmax(τi)), i = 1, 2, · · · , k. (6.106)

Thus, by Lemma 6.4.3 we have

m(t) � wmax(t), t ∈ [t0, t1]. (6.107)

Assumption 2 and (6.102), (6.104), (6.107) lead to the following contra-
diction:

β(ν) ≤
D∑
i=1

Vi(t1,x(t1)) ≤
D∑
i=1

wmax i(t1) < β(ν),

wmax = {wmax i}Di=1 (6.108)

which proves that the impulsive control system (6.88) is practically sta-
ble.
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2. Strongly practical stability
Let us suppose that system (6.89) is strongly practically stable with
respect to (α(µ), β(ν)). Thus system (6.88) is practically stable and we
have

‖x0‖ < µ implies ‖x(t, t0,x0,u
∗)‖ < ν, t ≥ t0. (6.109)

Given 0 < ν1 < ν and T > 0 and since system (6.89) is quasipractically
stable, we have

D∑
i=1

wi0 < α(µ) implies

D∑
i=1

wi(t, t0,w0) < β(ν), t ≥ t0 + T. (6.110)

Let us suppose that ‖x0‖ ≤ µ and because of (6.109), arguments leading
to (6.108) yield

V (t,x(t)) � wmax(t, t0,w0), t ≥ t0. (6.111)

Then in views of (6.110), (6.111) and assumption 2, it follows that

β(‖x(t, t0,x0,u
∗)‖) ≤

D∑
i=1

Vi(t,x(t, t0,x0,u
∗))

≤
D∑
i=1

wmax i(t, t0,w0) < β(ν1),

‖x(t, t0,x0,u
∗)‖ < ν1, t ≥ t0 + T. (6.112)

Thus, system (6.88) is practically stable.
3. Other practical stability

Proofs are similar.
�

Let V [1],V [2] ∈ PC[R+ × R
n ,RD+ ], V [1](t,x) and V [2](t,x) are locally

Lipschitzian in x. And we have the following two sets of comparison systems:

ẇ = g1(t,w,w), t �= τk

w(τ+
k ) = ψk(w(τk),w(τk)), k = 1, 2, · · · ,

w(t0) = w(0) ≥ 0, (6.113)

where ψk : RD+ ×R
D
+ → R

D
+ and g1 ∈ PC[R+ ×R

D
+ ×R

D
+ ,R

D ] and g1(t,w,v)
is quasimonotone nondecreasing in w for each (t,v) and monodecreasing in
v for each (t,w).
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ż = g2(t, z, z), t �= τk

z(τ+
k ) = φk(z(τk), z(τk)), k = 1, 2, · · · ,

z(t0) = z(0) ≥ 0, (6.114)

where φk : RD+ ×R
D
+ → R

D
+ and g2 ∈ PC[R+ ×R

D
+ ×R

D
+ ,R

D ] and g2(t,w,v)
is quasimonotone nondecreasing in w for each (t,v) and monodecreasing in
v for each (t,w).

Theorem 6.4.2. Assume that

1. 0 < µ < ν are given;
2. for (t,x) ∈ R+ × Sν,

D∑
i=1

V
[1]
i (t,x) ≤ α1(t, ‖x‖)

and for (t,x) ∈ R+ ×
(
Sµ ∩ Sν

)
β(‖x‖) ≤

D∑
i=1

V
[2]
i (t,x) ≤ α2(‖x‖) +

D∑
i=1

V
[1]
i (t,x),

where α1 ∈ CK[R+ ,R+ ] and α2 ∈ K[R+ ,R+ ];
3. for (t,x) ∈ (τk−1, τk] × Sν and ũ ∈ Ω

D+V [1](t,x) � g1(t,V [1](t,x), U(t, ũ));

4. ‖x+ uk(x, ũ)‖ ≤ ‖x‖ for x ∈ Sν ;
5. for x ∈ Sν,

V 1(τ+
k ,x+ uk(x, ũ)) � ψk(V 1(τk,x), U(τk, ũ)), k = 1, 2, · · · ,

where ψk(w,v) is nondecreasing in (w,v) for all k = 1, 2, · · · ;
6. for (t,x) ∈ (τk−1, τk] ×

(
Sµ ∩ Sν

)
and ũ ∈ Ω,

D+V [2](t,x) � g2(t,V [2](t,x), U(t, ũ));

7. for x ∈ Sµ ∩ Sν

V [2](τ+
k ,x+ uk(x, ũ)) � φk(V [2](τk,x), U(t, ũ)), k = 1, 2, · · · ,

where φk(w,v) is nondecreasing in (w,v);
8. α1(t0, µ) + α2(µ) < β(ν), for all t0 ∈ R+ ;
9.

D∑
i=1

wi(0) < α1(t0, µ) implies
D∑
i=1

wi(t, t0,w0) < α1(t0, µ)
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for t ≥ t0 with some t0 ∈ R+ , where w(t, t0,w0) is any solution of
(6.113) and

D∑
i=1

zi(0) < α2(µ) + α1(t0, µ) implies
D∑
i=1

zi(t, t0, z0) < β(ν)

for t ≥ t0 with all t0 ∈ R+ , where z(t, t0, z0) is any solution of (6.114).

Then the impulsive control system (6.88) is practically stable. �

Proof. If for any solution x(t, t0,x0, ũ) of system (6.88)

‖x0‖ < µ implies ‖x(t, t0,x0, ũ)‖ < ν, t ≥ t0,

is false, then there exist a ũ∗ = ũ∗(t) ∈ Ω and a corresponding solution
x(t, t0,x0, ũ

∗), and owing to assumption 4, there should exist t2 > t1 > t0
such that

‖x(t1, t0,x0, ũ
∗)‖ = µ, ‖x(t2, t0,x0, ũ

∗)‖ = ν,

µ ≤ ‖x(t, t0,x0, ũ
∗)‖ ≤ ν,

t1 ∈ (τi, τi+1], t2 ∈ (τj , τj+1], t ∈ [t1, t2]. (6.115)

Then in view of assumptions 3 and 5, we get by Lemma 6.4.3,

V [1](t,x(t)) � wmax 1(t, t0,V
[1](t0,x0)), t ∈ [t0, t2], (6.116)

where wmax 1(t, t0,w0) is the maximal solution of (6.113) passing though
(t0,w0). Based on assumptions 6 and 7 we have

V [2](t,x(t)) � wmax 2(t, t1,V
[2](t1,x(t1))), t ∈ [t1, t2], (6.117)

where wmax 2(t, t1, z1) is the maximal solution of (6.114) passing through

(t1, z1) and z1 = V [2](t1,x(t1)). Thus, from assumptions 2, 9, and (6.116)
we get

D∑
i=1

V
[1]
i (t1,x(t1)) ≤

D∑
i=1

wmax 1i(t1, t0,V
[1](t0,x0)) < α1(t0, µ),

wmax 1 = {wmax 1i}Di=1. (6.118)

From (6.115), (6.118), and assumption 2, we get

D∑
i=1

V
[2]
i (t1,x(t1)) ≤ α2(‖x(t1, t0,x0, ũ

∗)‖) +
D∑
i=1

V
[1]
i (t1,x(t1))

< α2(µ) + α1(t0, µ). (6.119)

Thus, from (6.115), (6.117), (6.119), and assumptions 2 and 9, we get
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β(ν) = β(‖x(t2, t0,x0, ũ
∗)‖) ≤

D∑
i=1

V
[2]
i (t2,x(t2))

≤
D∑
i=1

wmax 2i(t2, t1,V
[2](t1,x(t1))) < β(ν),

wmax 2 = {wmax 2i}Di=1 (6.120)

which is a contradiction. �

We then study the practical stability of the following impulsive control
system:

ẋ = f(t,x), t �= τk, t ∈ R+ ,

∆x = U(k,x), t = τk,

x(t+0 ) = x0, k = 1, 2, · · · , (6.121)

where x ∈ Sρ, ρ > 0. f ∈ C[R+ × Sρ0 ,R
n ] satisfies f(t, 0) = 0 for t ∈ R+

and there is a constant L > 0 such that ‖f(t,x) − f(t,y)‖ ≤ L‖x− y‖ for
t ∈ R+ , x,y ∈ Sρ0 , U ∈ C[N × Sρ0 ,R

n ] and U(k, 0) = 0 for all k ∈ N.
For a ς > 0 and D < n let us denote

Ω , {w ∈ R
n | ‖w‖ < ς}.

Let us construct the following D comparison systems:

ẇ = g(t,w), t �= τk,

w(τ+
k ) = ψk(w(τk)), k = 1, 2, · · · ,

w(t0) = w0 (6.122)

where w ∈ Ω, t ∈ R+ and

1. g ∈ C[(τk, τk+1] × Ω,RD ], g(t,w) is quasimonotonically increasing in
R+ × Ω, g(t, 0) = 0 for t ∈ R+ and for any q ∈ Ω the following limit
exists:

lim
(t,w)→(τ+

k
,q)
g(t,w) = g(τ+

k , q);

2. ψk : Ω → R
D is nondecreasing in Ω and ψk(0) = 0 for each k ∈ N. Let

eD , col(1, 1, · · · , 1) ∈ R
D , then there is such a � ∈ (0, ς) that for k ∈ N

we have
ψk(�eD) ≺ ςeD.

Theorem 6.4.3. Assume that there are such an α ∈ K1 and a β ∈ K2 that
for t ∈ R+ and x ∈ Sρ0
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α(‖x‖) ≤ max
1≤i≤D

Vi(t,x), (6.123)

V (t,x) � β(t, ‖x‖)eD, (6.124)

sup
(t,x)∈R+×Sρ0

‖V (t,x)‖ < ς, (6.125)

D+V (t,x) � g(t, V (t,x)), t �= τk (6.126)

V (τ+
k ,x+ U(k,x)) � ψk(V (τk,x)), k ∈ N. (6.127)

There are numbers µ0, ν0, µ and ν such that

sup
t0∈R+

β(t0, µ) ≤ µ0 < ν0 < α(ν), 0 < µ < ν, ν0 < �. (6.128)

Then we have the following conclusions:

1. if the trivial solution of the comparison system (6.122) is practically sta-
ble with respect to (µ0, ν0), then the trivial solution of system (6.121) is
practically stable with respect to (µ, ν);

2. Let λ0 and λ be such that 0 < λ0 < ν0 and α
−1(λ0) ≤ λ < ν, then

if the trivial solution of the comparison system (6.122) is contracting
practically stable with respect to (λ0, µ0, ν0), then the trivial solution of
system (6.121) is contracting practically stable with respect to (λ, µ, ν).

�

Proof.

♣ Let us prove the practical stability first. Let x(t) = x(t, t0,x0) be a solution
of system (6.121) such that t0 ∈ R+ , x(t0, t0,x0) = x0 and ‖x0‖ < µ. Then
we have

V (t+0 ,x0) � β(t0, ‖x0‖)eD , w0. ⇐ (6.124) (6.129)

Let wmax(t) = wmax(t, t0,w0) be the maximal solution of system (6.122)
with wmax(t0, t0,w0) = w0, then we have

V (t,x(t)) � wmax(t). (6.130)

It follows from (6.123) and (6.130) that

α(‖x(t)‖) ≤ max
1≤i≤D

Vi(t,x(t)) ⇐ (6.123)

≤ max
1≤i≤D

wmax i(t) ⇐ (6.130) (6.131)

which leads to

(‖x(t)‖) ≤ α−1

(
max

1≤i≤D
wmax i(t)

)
. (6.132)
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Since the trivial solution of the comparison system (6.122) is practically
stable with respect to (µ0, ν0) and

0 � w0 , β(t0, ‖x0‖)eD

< β(t0, µ)eD ⇐ (‖x0‖ < µ)

� µ0eD, ⇐ (6.128) (6.133)

there is such a function γ ∈ K2 that

wmax(t, t0,w0) � γ(t0, β(t0, ‖x0‖))eD, (6.134)

γ(t0, µ0) < ν0 < �. (6.135)

Then from (6.132),(6.134) and (6.135) we have

‖x(t)‖ ≤ α−1(γ(t0, β(t0, ‖x0‖))). (6.136)

Let us define γ1(t0, ‖x0‖) , α−1(γ(t0, β(t0, ‖x0‖))), then we have

γ1(t0, µ) = α−1(γ(t0, β(t0, µ)))

< α−1(γ(t0, µ0)) ⇐ (6.128)

< α−1(ν0) ⇐ (6.135)

< α−1(α(ν)) = ν, ⇐ (6.128) (6.137)

and in view of γ1 ∈ K2 we know that ‖x(t)‖ < ν, t ≥ t0 provided ‖x0‖ < µ;
namely, the trivial solution of system (6.121) is practically stable with respect
to (µ, ν).
♣ Let us then prove the contracting practical stability . If the trivial solution
of the comparison system (6.122) is contracting practically stable with respect
to (λ0, µ0, ν0), then there are γ ∈ K2 and γ0 : R+ → R+ such that for t > t0
we have

wmax(t, t0, β(t0, ‖x0‖)) � γ(t0, β(t0, ‖x0‖))γ0(t)eD,

γ(t0, µ0)γ0(t) < ν0,

γ(t0, µ0)γ0(t0 + s) < λ0 for some s > 0. (6.138)

It follows from (6.132) and (6.138) that

‖x(t)‖ ≤ α−1(γ(t0, β(t0, ‖x0‖))γ0(t)) = γ1(t0, ‖x0‖)γ2(t) (6.139)

where
γ1(t0, ‖x0‖) , α−1(γ(t0, β(t0, ‖x0‖)))

and

γ2(t) =

{
α−1(γ(t0,β(t0,‖x0‖))γ0(t))

γ1(t0,‖x0‖) , x0 �= 0,

0, x0 = 0.
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Since γ1 ∈ K2 and γ1(t0, µ) < ν we have

γ1(t0, µ)γ2(t0 + s) = α−1(γ1(t0, β(t0, µ))γ0(t0 + s))

≤ α−1(γ1(t0, µ0)γ0(t0 + s)) ⇐ (6.128)

< α−1(λ0) ≤ λ. ⇐ (6.138) (6.140)

Therefore, the trivial solution of system (6.121) is contracting practically
stable with respect to (λ, µ, ν). �

Similarly we have the following theorem.

Theorem 6.4.4. Assume that there are such an α ∈ K1 and a β ∈ K2 that
for t ∈ R+ and x ∈ Sρ0

α(‖x‖) ≤ max
1≤i≤D

Vi(t,x),

V (t,x) � β(‖x‖)eD,

sup
(t,x)∈R+×Sρ0

‖V (t,x)‖ < ς,

D+V (t,x) � g(t, V (t,x)), t �= τk

V (τ+
k ,x+ U(k,x)) � ψk(V (τk,x)), k ∈ N. (6.141)

There are numbers µ0, ν0, µ and ν such that

β(µ) ≤ µ0 < ν0 < α(ν), 0 < µ < ν, ν0 < �.

Then we have the following conclusions:

1. if the trivial solution of the comparison system (6.122) is uniformly prac-
tically stable with respect to (µ0, ν0), then the trivial solution of system
(6.121) is uniformly practically stable with respect to (µ, ν);

2. Let λ0 and λ be such that 0 < λ0 < ν0 and α
−1(λ0) ≤ λ < ν, then if the

trivial solution of the comparison system (6.122) is contracting uniformly
practically stable with respect to (λ0, µ0, ν0), then the trivial solution of
system (6.121) is contracting uniformly practically stable with respect to
(λ, µ, ν).

�

Note 6.4.1. The above two theorems are adopted from [2] with revision. �

6.4.1 An Example

As a demonstrating example, let us consider the following system[22]:
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ẋ1

ẋ2

)
=

[
η(t) ζ(t)
ζ(t) η(t)

](
x1

x2

)

+

(
− sin2 t(x3

1 + x1x
2
2) + ag(u1, u2)

− sin2 t(x2
1x2 + x3

2) + bg(u1, u2)

)
, t �= τk,

∆

(
x1

x2

)
=

[
ek fk
fk ek

](
x1(τk)
x2(τk)

)

+

(
hkg(u1(τk), u2(τk))
ikg(u1(τk), u2(τk))

)
, t = τk, k = 1, 2, · · · ,(

x1(t+0 )
x2(t+0 )

)
=

(
x1(0)
x2(0)

)
. (6.142)

where a, b, ek, fk, hk, ik are real constants, g(u1, u2) ≥ 0, η(t) ≥ 0, ζ(t) ≥ 0.
Let us choose

V1 =
1

2
(x1 + x2)2, V2 =

1

2
(x1 − x2)2,

then we have
V1 + V2 = x2

1 + x2
2 = ‖x‖2.

Thus we can choose α(x) = (1 + ε)x2 and β(x) = (1 − ε)x2 with a constant
ε ∈ (0, 1]. We then have

V̇1 = (x1 + x2)2(η(t) + ζ(t)) − sin2 t(x1 + x2)2(x2
1 + x2

2)

+(a+ b)(x1 + x2)g(u1, u2)

≤ (η(t) + ζ(t))V1 + |a+ b|g(u1, u2)
√

2V1. (6.143)

Similar we have

V̇2 ≤ (η(t) − ζ(t))V2 + |a− b|g(u1, u2)
√

2V2. (6.144)

Then we have

V1(τ+
k ,xk(τ+

k )) =
1

2
(x1(τ+

k ) + x2(τ+
k ))2

=
1

2
[(ek + fk)(x1 + x2) + (hk + ik)g(u1(τk), u2(τk))]2

≤ 1

2
[|ek + fk|

√
2V1 + |hk + ik|g(u1(τk), u2(τk))]2

and similarly

V2(τ+
k ,xk(τ+

k )) ≤ 1

2
[|ek − fk|

√
2V2 + |hk − ik|g(u1(τk), u2(τk))]2.

Let us define

U1(ũ) ,
1

2
[(a+ b)g(u1, u2)]2, U2(ũ) ,

1

2
[(a− b)g(u1, u2)]2 (6.145)
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then we have

g1(t, w, U) = [η(t) + ζ(t)]w1 +
√

2w1

√
2U1(ũ),

g1(t, w, U) = [η(t) − ζ(t)]w2 +
√

2w1

√
2U1(ũ),

ψk(w(τk), U(u(τk))) =
1

2

(
|ek + fk|

√
2w1 +

∣∣∣∣hk + ik
a+ b

∣∣∣∣√2U1(u(τk))

)2

,

φk(w(τk), U(u(τk))) =
1

2

(
|ek − fk|

√
2w2 +

∣∣∣∣hk − ik
a− b

∣∣∣∣√2U2(u(τk))

)2

,

from which we have the following comparison system:

ẇ1 = g1(t, w, w) = [η(t) + ζ(t) + 2]w1 , σ(t)w1, t �= τk,

ẇ2 = g2(t, w, w) = [η(t) − ζ(t) + 2]w2 , γ(t)w2, t �= τk,

w1(τ+
k ) = ψk(w(τk), w(τk))

=

(
|ek + fk| +

hk + ik
a+ b

)2

w1(τ+
k ) , ckw1(τ+

k ), k = 1, 2, · · · ,

w2(τ+
k ) = φk(w(τk), w(τk))

=

(
|ek − fk| +

hk − ik
a− b

)2

w2(τ+
k ) , dkw2(τ+

k ), k = 1, 2, · · · ,

w1(t0) =
1

2
(x1(0) + x2(0))2 , w1(0),

w2(t0) =
1

2
(x1(0) − x2(0))2 , w2(0). (6.146)

It is easy to verify that g, ψk, and φk satisfy the assumptions of Theorem
6.4.1. The solution to (6.146) is given as follows:

w1(t) = w1(0)
∏

0<τk<t

ck exp

{∫ t

t0

σ(s)ds

}
,

w2(t) = w2(0)
∏

0<τk<t

dk exp

{∫ t

t0

γ(s)ds

}
, t ≥ t0

and thus we have the admissible control set as

Ω = {u| U(u) ≤ w(t, t0, w0), t ≥ t0}.

Given 0 < µ < ν, if

U1 0 ≤ ck ≤ exp
{
−
∫ τk+1

τk
σ(s)ds

}
and 0 ≤ dk ≤ exp

{
−
∫ τk+1

τk
γ(s)ds

}
for

all k = 1, 2, · · · ;
U2

exp

{∫ τ1

t0

σ(s)ds

}
<
β(ν)

α(µ)
and exp

{∫ τ1

t0

γ(s)ds

}
<
β(ν)

α(µ)
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then the comparison system (6.146) is practically stable. Furthermore, given
0 < ν1 < ν and T > 0 where t0 + T ∈ (τi, τi+1] for some i, and U1 and U2

hold for all k �= i, and

0 ≤ ci ≤
β(ν1)

α(µ)
exp

{
−
∫ τ1

t0

σ(s)ds−
∫ τi+1

τi

σ(s)ds

}
and

0 ≤ di ≤
β(ν1)

α(µ)
exp

{
−
∫ τ1

t0

γ(s)ds−
∫ τi+1

τi

γ(s)ds

}
,

then the comparison system (6.146) is strongly practically stable.

6.5 Controllability in Terms of Multicomparison
Systems

From Theorem 2.2 of [22] we have the following lemma.

Lemma 6.5.1. Assume that

1. D+m(t) � g(t,m(t)), t �= τk, m(τ+
k ) � ψk(m(τk)), k = 1, 2, · · · , where

g ∈ PC[R+ × R
D
+ ,R

D ], g(t,w) is quasimonotone nondecreasing in w,
and ψk : RD+ → R

D
+ is nondecreasing for k = 1, 2, · · · ;

2. wmax(t) is the maximal solution of

ẇ = g(t,w), t �= τk,

w(τ+
k ) = ψk(w(τk)), k = 1, 2, · · · ,

w(t0) = w0 ≥ 0, (6.147)

on [t0,∞).

Then m(t) � wmax(t), t ≥ t0, provided m(t0) � w0. �

Theorem 6.5.1. Assume that

1. 0 < µ < ν and 0 < ν1 < ν are given;
2. V ∈ PC[R+ × R

D
+ ,R

D
+ ], V (t,x) is locally Lipschitzian in x, Q ∈

K[RD+ ,R+ ], and for (t,x) ∈ R+ × Sρ, ρ > ν,

β(‖x‖) ≤ Q(V (t,x)) ≤ α(‖x‖), α, β ∈ K;

3. for (t,x) ∈ (τk, τk+1] × Sρ, k = 1, 2, · · · , and ũ ∈ PC[R+ ,R
m ]

D+V (t,x) � g(t,V (t,x), U(t, ũ));

4. x ∈ Sν implies x+ uk(x, ũ) ∈ Sρ and

V (τ+
k ,x+ uk(x, ũ)) � ψk(V (τk,x), U(τk, ũ)), k = 1, 2, · · · ,

where x ∈ Sρ and U ∈ C[R+ × R
m ,RD+ ];
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5. α(µ) < β(ν);
6. given a T > 0 satisfying t0 +T �= τk, there exists a v ∈ PC[R+ ,R

D
+ ] such

that any solution w(t, t0,w0,v(t)) of

ẋ = g(t,w,v(t)), t �= τk,

w(τ+
k ) = ψk(w(τk),v(τk)), k = 1, 2, · · · ,

w(t0) = w0,

(6.148)

satisfies

Q(w0) < α(µ) implies Q(w(t, t0,w0,v)) < β(ν), t ≥ t0, (6.149)

and

Q(w(t0 + T, t0,w0,v)) ≤ β(ν1). (6.150)

Then there exists an admissible control ũ = ũ(t) such that system (6.88) is
practically stable and all solutions x(t, t0,x0, ũ) starting in Ω1 = {x| ‖x‖ <
µ} are transferred to the region Ω2 = {x| ‖x‖ < ν1} in a finite time T ;
namely, system (6.88) is controllable. �

Proof. Assume that ‖x0‖ < µ and there is a v = v(t) such that assumption
6 holds. Let ũ = ũ(t) be any control such that U(t, ũ) = v(t), t ≥ t0. If for
any solution x(t, t0,x0, ũ) of system (6.88)

‖x0‖ < µ implies ‖x(t, t0,x0, ũ)‖ < ν, t ≥ t0

is false, there should exist a ũ∗(t) such that v(t) = U(t, ũ∗). Correspondingly,
there should be a solution x(t, t0,x0, ũ

∗) and a t∗ > t0, t
∗ ∈ (τk, τk+1] for

some k such that

‖x(t∗, t0,x0, ũ
∗)‖ ≥ ν, ‖x(t, t0,x0, ũ

∗)‖ < ν, t ∈ [t0, τk]. (6.151)

Then, from assumption 4 we know that there is a t1 ∈ (τk, t
∗], such that

ν ≤ ‖x(t1, t0,x0, ũ
∗)‖ < ρ. (6.152)

Let m(t) = V (t,x(t)) for t ∈ [t0, t1] and w0 = V (t0,x0), from assumption 3
and Lemma 6.5.1, we have

m(t) � wmax(t, t0,w0,v), t ∈ [t0, t1], (6.153)

where wmax(t, t0,w0,v) is the maximal solution of (6.148). Then, from as-
sumption 2 we have

Q(‖x(t, t0,x0, ũ
∗)‖) ≤ Q(V (t,x))

≤ Q(wmax(t, t0,w0,v)), t ∈ [t0, t1]. (6.154)
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Thus, (6.149), (6.151), and (6.154) lead to the following contradiction:

β(ν) ≤ β(‖x(t1, t0,x0, ũ
∗)‖) ≤ Q(V (t1,x(t1)))

≤ Q(γ(t1, t0,w0,v)) < β(ν) (6.155)

which proves the practical stability of system (6.88).
Since (6.154) holds for all t ≥ t0 and therefore by using (6.150), we have

β(‖x(t0 + T, t0,x0, ũ
∗)‖) ≤ Q(γ(t0 + T, t0,w0,v)) ≤ β(ν1) (6.156)

and thus ‖x(t0 + T, t0,x0, ũ
∗)‖ ≤ ν1. This means that system (6.88) is con-

trollable. �

6.5.1 Examples

Let a time-varying linear type-II impulsive control system be

ẇ = A(t)w +B(t)ũ(t), t �= τk,

∆w(τk) =

(
m∑
i=1

di(τk)ũi(τk)

)
w(τk), k = 1, 2, · · · ,

w(t0) = w0 ≥ 0, (6.157)

where A(t) and B(t) are n × n and n ×m continuous matrices on R+ , re-
spectively. ũ ∈ PC[R+ ,R

m ] and di(τk) ∈ R for all k and i. Let Φ(t) be the
fundamental matrix of (6.157), then use transformation w = Φ(t)z we have

ż = Φ−1(t)B(t)ũ(t), t �= τk,

∆z(τk) =

(
m∑
i=1

di(τk)ũi(τk)

)
z(τk), k = 1, 2, · · · ,

z(t0) = w0. (6.158)

The solution of (6.158) is given by

z(t) =
∏

t0<τk<t

(
I +

m∑
i=1

di(τk)ũi(τk)

)
w0

+

∫ t

t0

∏
s<τk<t

(
I +

m∑
i=1

di(τk)ũi(τk)

)
Φ−1(s)B(s)ũ(s)ds,

t ≥ t0. (6.159)

Let us choose ũ(τk) = 0, k = 1, 2, · · · , then from (6.159) we have

z(t) = w0 +

∫ t

t0

Φ−1(s)B(s)ũ(s)ds. (6.160)
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Let us choose ũ(t) = B(t)�Φ−1(t)�h+ v(t), t �= τk, with∫ ∞

t0

B(s)�Φ−1(s)�v(s)ds = 0

for some vector h, we have

z(t) = w0 +

∫ t

t0

Φ−1(s)B(s)[B(s)�Φ−1(s)�h+ v(s)]ds. (6.161)

Given 0 < µ < ν and 0 < ν1 < ν and choose h such that∫ ∞

t0

‖Φ−1(s)B(s)B(s)�Φ−1(s)�‖ds ≤ ν − µ

‖h‖ .

Then from (6.161) and if ‖w0‖ < µ we have

‖z(t)‖ < µ+
ν − µ

‖h‖ = ν, t ≥ t0.

Since ‖w(t)‖ ≤ ‖Φ(t)‖‖z(t)‖ for t ≥ t0 by definition, we know that if ‖Φ(t)‖ <
1 for t ≥ t0, then system (6.157) is practically stable.

If for a given T satisfying t0 + T �= τk and ‖Φ(t0 + T )‖ ≤ ν1/ν, then
w(t0 + T ) < ν1. Therefore system (6.157) is controllable.

6.6 Impulsive Control of Nonautonomous Chaotic
Systems

In this section we study impulsive control of nonautonomous chaotic systems
by using practical stability.

6.6.1 Theory

Let a general nonautonomous chaotic system be

ẋ = f(t,x, ũ(t)) (6.162)

where f : R+ × R
n × R

m → R
n is continuous. x ∈ R

n is the state variable.
ũ : R+ → R

m is an external force which is independent of the system.
Suppose that a discrete instant set {τi} satisfies

0 < τ1 < τ2 < · · · < τi < τi+1 < · · · , τi → ∞ as i→ ∞.

Let

ui(x) = ∆x|t=τi , x(τ+
i ) − x(τi) (6.163)

be change of state variable at instant τi, then an impulsively controlled system
is given by
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

ẋ = f(t,x, ũ(t)), t �= τi,
∆x = ui(x), t = τi,
x(t+0 ) = x0, t0 ≥ 0, i = 1, 2, · · · .

(6.164)

Definition 6.6.1. Comparison system
Let V ∈ V0 and assume that{

D+V (t,x) ≤ g(t, V (t,x), v(t)), t �= τi,
V (t,x+ ui(x)) ≤ ψi(V (t,x)), t = τi

(6.165)

where g : R+ × R+ × R+ → R is continuous and ψi : R+ → R+ is nonde-
creasing. Then the system


ẇ = g(t, w, v(t)), t �= τi,
w(τ+

i ) = ψi(w(τi)), i = 1, 2, · · · ,
w(t+0 ) = w0 ≥ 0

(6.166)

is the comparison system of (6.164). �

Let the set Ω be

Ω = {ũ ∈ R
m | Γ (t, ũ) ≤ γ(t), t ≥ t0} (6.167)

where Γ ∈ C[R+ ×R
m ,R+ ] and γ(t) is the maximal solution of the compar-

ison system (6.166).

Theorem 6.6.1. Assume that

1. g ∈ PC[R+ ×R+ ×R+ ,R+ ], g(t, u, v) is nondecreasing in u for each (t, v)
and nondecreasing in v for each (t, u);

2. ψi is nondecreasing for each i;
3. 0 < µ < ν (resp. 0 < ν < µ) is given;
4. V ∈ PC[R+ ×Rn ,R+ ], V (t,x) is locally Lipschitzian in x, and there exist
α, β ∈ K such that

β(‖x‖) ≤ V (t,x) ≤ α(‖x‖),

(t,x) ∈ R+ × Sρ, ρ > ν; (6.168)

5. for (t,x) ∈ (τi, τi+1] × Sρ and ũ(t) ∈ Ω

D+V (t,x) ≤ g(t, V (t,x), Γ (t, ũ)); (6.169)

6. x ∈ Sν implies x + ui(x) ∈ Sρ and V (τ+
i ,x + ui(x)) ≤ ψi(V (t,x)),

x ∈ Sρ;
7. α(µ) < β(ν) (resp., α(µ) > β(ν)).
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Then, the practical stability properties of the comparison system (6.166), with
respect to (α(µ), β(ν)), imply the corresponding practical stability properties
of system (6.164) with respect to (µ, ν) for every ũ(t) ∈ Ω. �

Proof. Set h(t,x) = h0(t,x) = ‖x‖, from Theorem 6.2.2 we immediately get
the conclusion. �

Remark 6.6.1. This theorem can also be viewed as a special case of Theorem
3.1 of [22]. Theorem 6.6.1 is very powerful because it translates the stable
problem of an nth-order impulsive differential equation into that of a first-
order impulsive differential equation. In many cases, this translation provides
us an easy way to study the stability of a high-order impulsive differential
equation. In next theorem, we present the stability criterion for a first-order
impulsive differential equation, which is the general form of the comparison
system of impulsively controlled chaotic systems we will study. �

Theorem 6.6.2. Let δmax be

δmax , sup
i∈N

{τi+1 − τi}. (6.170)

For a given (µ, ν), (0 < µ < ν) or (0 < ν < µ),

1. Let

g(t, w, v) = φw + θ, φ > 0, θ > 0, t �= τi,

ψi(w) = diw, di > 0, t = τi, i = 1, 2, · · · ,
w(t+0 ) = w0 ≥ 0. (6.171)

2.

µ
∞∏
i=1

die
φ(t−t0) +

θ

φ

∞∑
j=1

∞∏
i=j

di

∣∣∣eφ(t−τj) − eφ(t−τj−1)
∣∣∣

+

∣∣∣∣ θφ(1 − eφδmax)

∣∣∣∣ < ν (6.172)

Then the system (6.171) is practically stable with respect to (µ, ν) for every
v(t). �

Proof. The solution of the comparison system (6.171) is given by[27]
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w(t, t0, w0) = w0

k∏
i=1

die
φ(t−t0) +

θ

φ

k∑
j=1

k∏
i=j

di
(
eφ(t−τj) − eφ(t−τj−1)

)

+
θ

φ
(1 − eφ(t−τk))

< w0

k∏
i=1

die
φ(t−t0) +

θ

φ

k∑
j=1

k∏
i=j

di

∣∣∣eφ(t−τj) − eφ(t−τj−1)
∣∣∣

+

∣∣∣∣ θφ(1 − eφ(t−τk))

∣∣∣∣ ,
t ∈ (τk, τk+1]. (6.173)

We have ∣∣∣∣ θφ (1 − eφ(t−τk))

∣∣∣∣ <
∣∣∣∣ θφ(1 − eφ∆max)

∣∣∣∣ . (6.174)

Since w0 < µ we have w(t, t0, w0) < ν. �

6.7 Examples

In this section we present some examples of impulsive control of nonau-
tonomous chaotic systems by using practical stability.

6.7.1 Example 1

First, we study the following chaotic system:{
ẋ = y − f(x)
ẏ = −εx− ζy + η sin(ωt)

(6.175)

where f(·) is a piecewise linear function given by

f(x) = bx+
1

2
(a− b)(|x+ 1| − |x− 1|) (6.176)

where a < b < 0. We choose the parameters as: ε = 1, ζ = 1.015 and ω = 0.75,
η = 0.15, a = −1.02, and b = −0.55. The uncontrolled system is chaotic with
a chaotic attractor shown in Fig. 6.1.

The impulsively controlled chaotic system is given by

ẋ = y − f(x)
ẏ = −εx− ζy + η sin(ωt)

}
, t �= τi,

x(τ+
i ) = dix(τi)

y(τ+
i ) = diy(τi)

}
, di > 0, t = τi. (6.177)
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Fig. 6.1. The chaotic attractor of the uncontrolled chaotic system (6.175).

To give conditions for the practical stability of the impulsively controlled
system (6.177), we first construct a comparison system for (6.177). We will
use Proposition 6.7.1 to show that the practical stability of the comparison
system implies that of (6.177). Finally, we will use Theorem 6.7.1 to show
that the comparison system is practically stable.

Proposition 6.7.1. The practical stability of impulsively controlled chaotic
system (6.177) with respect to (µ, ν) is implied by that of the following com-
parison system

g(t, w, v) = φw + θ, φ = max{|ε+ |a||, |1 − ζ|}, θ = |η|, t �= τi,

ψi(w) = diw, di > 0, t = τi, i = 1, 2, · · · ,
w(t+0 ) = w0 ≥ 0 (6.178)

with respect to (
√

2µ, ν).

Proof. Choose a Lyapunov function as[53]

V (t,x) = |x| + |y| (6.179)

then we have

D+V (t,x) = ẋsgn(x) + ẏsgn(y)

= ysgn(x) − f(x)sgn(x) − εxsgn(y) − ζ|y| + ηsgn(y) sin(ωt)

≤ |a||x| − ζ|y| + (ysgn(x) − εxsgn(y)) + ηsgn(y) sin(ωt)

≤ (ε+ |a|)|x| + (1 − ζ)|y| + |η|
≤ max{|ε+ |a||, |1 − ζ|) + |η|. (6.180)



192 6. Practical Stability of Impulsive Control

Notice that −f(x)sgn(x) ≤ |a||x| due to a < b < 0, hence

g(t, w, v) = φw + θ (6.181)

where φ = max{|ε+ |a||, |1 − ζ|) and θ = |η|.
Since

V (τ+
i ,x(τ+

i )) = diV (τi,x(τi)) (6.182)

we have ψi(w) = diw.

It is well-known that |x| + |y| ≥
√
x2 + y2. Since

2(x2 + y2) = 2(|x|2 + |y|2) ≥ |x|2 + 2|x||y| + |y|2 = (|x| + |y|)2 (6.183)

we have |x| + |y| ≤
√

2
√
x2 + y2. We then have α(χ) =

√
2χ and β(χ) = χ.

We find all conditions in Theorem 6.6.1 are satisfied. �

Theorem 6.7.1. Let di = d > 0 be constant for all i = 1, 2, · · · , the impulses
are equidistant with a fixed interval δ = τi+1 − τi for all i = 1, 2, · · · , and
1.

1

δ
ln(d) + φ < 0, (6.184)

2.

θ

φ
|1 − eφδ|deφδ 1

1 − deφδ
+
θ

φ
|1 − eφδ| < ν,

i.e,

θ

φ

|1 − eφδ|
1 − deφδ

< ν, (6.185)

then the impulsively controlled chaotic system (6.177) is practically stable
with respect to (µ, ν) for any µ <∞. �

Proof. Let

ξ(t) =

⌊
t− t0
δ

⌋
ln(d) + φ(t − t0)

=

⌊
t− t0
δ

⌋
ln(d) + φ

{
δ

⌊
t− t0
δ

⌋}
+ φ

{
(t− t0) − δ

⌊
t− t0
δ

⌋}

≤
⌊
t− t0
δ

⌋
(ln(d) + δφ) + δφ (6.186)

where �χ denotes the largest integer less than or equal to χ.
Since 1

δ ln(d) + φ < 0 we have
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lim
t→∞

ξ(t) = −∞ (6.187)

then

lim
t→∞

k∏
i=1

deφ(t−t0) = lim
t→∞

e�
t−t0

δ  ln(d)+φ(t−t0) = lim
t→∞

eξ(t) = 0, (6.188)

from which we see that the first term in (6.172) becomes zero for any µ <∞.
For t ∈ (τk, τk+1] we have

lim
k→∞

θ

φ

k∑
j=1

k∏
i=j

d|eφ(t−τj) − eφ(t−τj−1)|

=
θ

φ
lim
k→∞

|1 − eφδ|
k∑

j=1

k∏
i=j

deφ(t−τj)

=
θ

φ
lim
k→∞

|1 − eφδ|
k∑

j=1

k∏
i=j

deφ(τk+1−τj)

≤ θ

φ
|1 − eφδ| lim

k→∞

k∑
j=1

djejφδ

=
θ

φ
|1 − eφδ|deφδ 1

1 − deφδ
. (6.189)

The last equation is satisfied if deφδ < 1, i.e., 1
δ ln(d) + φ < 0.

Since w0 can be any finite value, it follows from Theorem 6.6.2 that the
comparison system is practically stable with respect to (

√
2µ, ν) for any µ <

∞. It follows from Proposition 6.7.1 that the impulsively controlled chaotic
system (6.177) is practically stable with respect to (µ, ν) for any µ <∞.

�

Remark 6.7.1. Since µ is used to decide the range of initial conditions, The-
orem 6.7.1 guarantees that no matter how far the initial condition is away
from the origin, the impulsively controlled chaotic system can be practically
stabilized around the origin. �

6.7.2 Example 2

We then study the following chaotic system:{
ẋ = −x+ εf(x) − ζf(y) + η sin(ωt)
ẏ = −y + εf(y) − ζf(x)

(6.190)

where f(·) is a piecewise linear function given by



194 6. Practical Stability of Impulsive Control

f(x) =
1

2
(|x+ 1| − |x− 1|). (6.191)

We choose the parameters as: ε = 2, ζ = 1.2, ω = π/2, and η = 4.04. The
uncontrolled system is chaotic with a chaotic attractor shown in Fig. 6.2.
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Fig. 6.2. The chaotic attractor of the uncontrolled chaotic system (6.190).

The impulsively controlled chaotic system is given by

ẋ = −x+ εf(x) − ζf(y) + η sin(ωt)
ẏ = −y + εf(y) − ζf(x)

}
, t �= τi,

x(τ+
i ) = dix(τi)

y(τ+
i ) = diy(τi)

}
, di > 0, t = τi. (6.192)

Theorem 6.7.2. The practical stability of impulsively controlled chaotic sys-
tem (6.192) with respect to (µ, ν) is implied by that of the following compar-
ison system

g(t, w, v) = φw + θ, φ = ε− 1 + |ζ|, θ = |η|, t �= τi

ψi(w) = diw, di > 0, t = τi, i = 1, 2, · · · ,
w(t+0 ) = w0 ≥ 0 (6.193)

with respect to (
√

2µ, ν). �

Proof. Choose a Lyapunov function as[53]
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V (t,x) = |x| + |y|, (6.194)

then we have

D+V (t,x) = ẋsgn(x) + ẏsgn(y)

= −|x| + εf(x)sgn(x) − ζf(y)sgn(x) + ηsgn(x) sin(ωt)

−|y| + εf(y)sgn(y) + ζf(x)sgn(y)

≤ (ε− 1 + |ζ|)(|x| + |y|) + |η|, (6.195)

hence

g(t, w, v) = φw + θ (6.196)

where φ = ε− 1 + |ζ| and θ = |η|. The rest part of the proof is the same as
that in Proposition 6.7.1. �

6.7.3 Example 3: Duffing’s Oscillator

A Duffing’s oscillator is given by

ẋ = y,

ẏ = x− x3 − εy + θ cos(ωt). (6.197)

We choose the parameters as: ε = 0.25, θ = 0.3 and ω = 1. The uncontrolled
system is a chaotic system whose chaotic attractor is shown in Fig. 6.3.
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Fig. 6.3. The chaotic attractor of the uncontrolled Duffing’s oscillator.

The impulsively controlled Duffing’s oscillator is given by
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ẋ = y
ẏ = x− x3 − εy + θ cos(ωt)

}
, t �= τi,

x(τ+
i ) = dix(τi)

y(τ+
i ) = diy(τi)

}
, di > 0, t = τi. (6.198)

To give conditions for practical stability of the impulsively controlled sys-
tem (6.198), we first construct a comparison system of (6.198). We then use
Proposition 6.7.2 to show that the practical stability of the comparison sys-
tem implies that of (6.198). Finally, we use Theorem 6.7.3 to show that the
comparison system is practically stable.

Proposition 6.7.2. The practical stability of impulsively controlled Duff-
ing’s oscillator in (6.198) with respect to (µ, ν) is implied by that of the
following comparison system

g(t, w, v) = φw + θ, φ = max{1 − ε, 1 + x2}, t �= τi,

ψi(w) = diw, di > 0, t = τi, i = 1, 2, · · · ,
w(t+0 ) = w0 ≥ 0 (6.199)

with respect to (
√

2µ, ν).

Proof. Choose a Lyapunov function as[53]

V (t,x) = |x| + |y|. (6.200)

Then we have

D+V (t,x) = ẋsgn(x) + ẏsgn(y)

= ysgn(x) + xsgn(y) − x3sgn(y) − ε|y| + θ sin(ωt)sgn(y)

≤ (1 − ε)|y| + (1 + x2)|x| + |θ sin(ωt)|
≤ max(1 − ε, 1 + x2)V (t,x) + |θ|. (6.201)

Hence

g(t, w, v) = max(1 − ε, 1 + x2)w + |θ| = φw + θ (6.202)

where φ = max(1 − ε, 1 + x2) and θ = |θ| because of θ > 0. The rest part of
the proof is the same as that in Proposition 6.7.1. �

Theorem 6.7.3. Let di = d > 0 be constant for all i = 1, 2, · · · , the impulses
are equidistant with a fixed interval δ = τi+1 − τi for all i = 1, 2, · · · , and
1.

1

δ
ln(d) + φ < 0, (6.203)
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2.

θ/φ|1 − eφδ|deφδ 1

1 − deφδ
+ θ/φ|1 − eφδ| < ν,

i.e,

θ

φ

|1 − eφδ|
1 − deφδ

< ν, (6.204)

then the impulsively controlled Duffing’s oscillator is practically stable with
respect to (µ, ν) for any µ <∞. �

Proof. Since the comparison systems in (6.178) and (6.199) has the same
form, the proof is similar to that of Theorem 6.7.1. �

Note 6.7.1. The practical stability in terms of two measures is adopted from
[19, 17]. The theory of practical stability in terms of multicomparison systems
is adopted from [22]. The practical stability of control and synchronization
of nonautonomous chaotic systems was presented in [50, 46, 30, 44]. �



7. Other Impulsive Control Strategies

In this chapter we study some other impulsive control strategies includ-
ing: partial stability of impulsive control systems, and stability of integro-
differential impulsive control systems.

7.1 Partial Stability of Impulsive Control

In this section we study the case when only a part of the state variables
of an impulsive control system is stable; namely, partial stability. Let x =
(x1, · · · , xm, xm+1, ·, xn)� be an n-vector, then we can split x into an m-
vector and an (n−m)-vector as y = (x1, · · · , xm)� and z = (xm+1, · · · , xn)�.
We have the following relation: x = (y�, z�)�. Let us define

Smρ , {y ∈ Rm | ‖y‖ < ρ}
zρ , Smρ × Rn−m , n > m. (7.1)

7.1.1 Control Impulses at Variable Time

In this section we study the following impulsive control system:



ẋ = f(t,x) + u(t,x), t 
= τk(x),
∆x = U(k,x), t = τk(x),
x(t+0 ) = x0, k = 1, 2, · · ·

(7.2)

where f : R+ ×Rn → R
n is the uncontrolled plant, u : R+ ×Rn → R

n is the
additive continuous control input, τk : Rn → R+ , U : N × Rn → R

n is the
impulsive control input. In this section, all results are based on the following
assumptions:

1. f + u ∈ C[R+ × zρ,Rn ] and satisfies Lipschitz condition in x with a
constant L; namely,

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 199−217, 2001.
 Springer-Verlag Berlin Heidelberg 2001
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‖f(t,x1) + u(t,x1)− f (t,x2)− u(t,x2)‖ ≤ L‖x1 − x2‖,
t ∈ R+ , x1,x2 ∈ zρ (7.3)

and f (t, 0) + u(t, 0) = 0 for all t ∈ R+ ;
2. U ∈ C[N ×zρ,Rn ], U(k, 0) = 0 for all k ∈ N;
3. there is a ρ0 ∈ (0, ρ) such that

x ∈ zρ0 ⇒ x+ U(k,x) ∈ zρ, k ∈ N;

4. τk : C[zρ,R+ ], k ∈ N and for each x ∈ zρ we have

0 < τ1(x) < τ2(x) < · · · < τk(x) < · · · , lim
k→∞

τk(x) =∞;

5. every solution of system (7.2) hits any switching surface Σk at most once;
6. every solution x(t, t0,x0) of system (7.2), for which the estimate ‖y(t, t0,x0)‖ ≤

ρ0 < ρ is valid for t ∈ J+(t0,x0), is defined for all t > t0.

Theorem 7.1.1. Assume that

1. V ∈ V1 and α ∈ K and

α(‖y‖) ≤ V (t,x) for (t,y) ∈ R+ ×zρ, (7.4)

V̇ (t,x) ≤ 0 for (t,y) ∈ G (7.5)

where the function V̇ : G→ R is defined by

V̇ (t,x) =

〈
∂V (t,x)

∂x
,f(t,x) + u(t,x)

〉
+

∂V (t,x)

∂t
;

2.

V (t+,x+ U(k,x)) ≤ V (t,x)

for (t,x) ∈ Σk ∩ (R+ ×zρ0), k ∈ N. (7.6)

Then, the solution x ≡ 0 of system (7.2) is

1. partially stable with respect to y ;
2. uniformly partially stable with respect to y if for some β ∈ K and for
each (t,x) ∈ R+ ×zρ we have

V (t,x) ≤ β(‖x‖). (7.7)

�

Proof. Let us first prove conclusion 1. Given t0 ∈ R+ and η > 0, then there
is a ε = ε(t0, η) > 0 such that

sup
‖x‖<ε

|V (t+0 ,x)| < min(α(η), α(ρ0)).
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Let x0 ∈ zρ, ‖x0‖ < ε and x(t, t0,x0) be a solution of system (7.2), then
from (7.5) and (7.6) we know that V (t,x) is nonincreasing in J+(t0,x0). It
follows from (7.4) that

α(‖y(t, t0,x0)‖) ≤ V (t,x) ≤ V (t0,x0) < min(α(ρ0), α(η)) (7.8)

from which and from the assumptions on α we have

y(t, t0,x0) < min(η, ρ0) for t ∈ J+(t0,x0). (7.9)

Since each solution x(t, t0,x0) of system (7.2), for which the estimate

‖y(t, t0,x0)‖ ≤ ρ0 < ρ

is valid for t ∈ J+(t0,x0), is defined in all t > t0, it follows from (7.9) that
J+(t0,x0) = (t0,∞). Thus, (7.9) is true for t > t0. And we conclude that the
solution x ≡ 0 of system (7.2) is partially stable with respect to y.

We then prove conclusion 2. It follows from (7.7) that ε is independent of
t0 such that

β(ε) < min(α(η), α(ρ0)).

Therefore, the solution x ≡ 0 of system (7.2) is uniformly partially stable
with respect to y. �

Definition 7.1.1. The set

B(t0) , {x0 | lim
t→∞

y(t, t0,x0) = 0}

is the basin of attraction of the origin with respect to y at t0. �

Definition 7.1.2. Let t, s ∈ R+ , V ∈ V0, γ ∈ K, then we define the following
set:

ßγ(t, s) , {x ∈ zρ | V (t+,x) < γ(s)}. (7.10)

�

Theorem 7.1.2. Assume that V ∈ V1, α, β, γ ∈ K such that

α(‖y‖) ≤ V (t,x) ≤ β(‖x‖) for (t,x) ∈ R+ ×zρ, (7.11)

V̇ (t,x) ≤ −γ(‖x‖) for (t,x) ∈ G, (7.12)

V (t+,x+ U(k,x)) ≤ V (t,x) for (t,x) ∈ Σk ∩ (R+ ×zρ0), k ∈ N.

(7.13)

Then we have the following two conclusions:

1.
lim
t→∞

‖y(t, t0,x0‖ = 0

uniformly in (t0,x0) ∈ R+ × ßγ(t0, ξ) if ξ ∈ (0, ρ0);
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2. the trivial solution of system (7.2) is uniformly asymptotically stable with
respect to y.

�

Proof. Let us prove conclusion 1 first. Given ξ ∈ (0, ρ0), then from (7.11) we
have, for t ∈ R+

ßα(t, ξ) = {x ∈ zρ | V (t+,x) < α(ξ)} ⊆ zξ ⊂ zρ.

Given t0 ∈ R+ , x0 ∈ ßα(t0, ξ) and let x(t) = x(t, t0,x0) be a solution of
(7.2), then by using the similar procedure of the proof of Theorem 7.1.1 we
have J+(t0,x0) = (t0,∞) and x(t) ∈ zξ for t > t0. Given η > 0 then we
can choose δ1 = δ1(η) > 0 and δ2 = δ2(η) > 0 such that β(δ1) < α(η) and
δ2 > α(ξ)/γ(δ1). We then have the following claim:
Claim 7.1.2: There is a t1 ∈ (t0, t0 + δ2] such that V (t1,x(t1)) < α(η).

If Claim 7.1.2 is not true, then for t ∈ (t0, t0 + δ2] we have V (t,x(t)) ≥
α(η). It follows from (7.11) that ‖x(t)‖ ≥ δ1 for t ∈ (t0, t0 + δ2]. Then from
(7.12) and (7.13) we have

V (t0 + δ2,x(t0 + δ2)) ≤ V (t+0 ,x0)−
∫ t0+δ2

t0

γ(‖x(s)‖)ds

≤ α(ξ)− γ(δ1)δ2 < 0 (7.14)

which is a contradiction to (7.11). Therefore, Claim 7.1.2 is true. From the
proof of Theorem 7.1.1 we know that V (t,x(t)) is nonincreasing, then for
t ≥ t0 + δ2 we have

α(‖y(t, t0,x0‖) ≤ V (t,x(t)) ≤ V (t1,x(t1)) < α(η)

from which we know that for t ≥ t0 + δ2

‖y(t, t0,x0)‖ ≤ η.

This proves conclusion 1.
We are then going to prove conclusion 2. It follows from Theorem 7.1.1

that the trivial solution of system (7.2) is uniformly stable. Let us choose
ε > 0 such that β(ε) < α(ξ) and in view of (7.11) we have {x ∈ zρ | ‖x‖ <
ε} ⊆ ßγ(t, ξ). This means that the trivial solution of system (7.2) is uniformly
attractive with respect to y. �

Theorem 7.1.3. Assume that there are V,W ∈ V1 and α, β, γ ∈ K such that
1. for (t,x) ∈ R+ ×zρ we have

α(‖y‖) ≤ V (t,x), β(‖y‖) ≤W (t,x);
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2. for (t,x) ∈ Σk ∩ (R+ ×zρ0), k ∈ N, we have

V (t+,x+ U(k,x)) ≤ V (t,x)

and
W (t+,x+ U(k,x)) ≤W (t,x)

(resp. W (t+,x+ U(k,x)) ≥W (t,x));
3. for (t,x) ∈ G we have V̇ (t,x) ≤ −γ(W (t,x));
4. Ẇ (t,x) is bounded from above (resp. from below) on G.

Then we have the following two conclusions:

1. the basin of attraction with respect to y is B(t0) ⊇ ßγ(t0, ξ) if ξ ∈ (0, ρ0)
and t0 ∈ R+ ;

2. the trivial solution of system (7.2) is asymptotically stable with respect to
y .

�

Proof. Let us prove conclusion 1 first. Given t0 ∈ R+ , ξ ∈ (0, ρ0), x0 ∈
ßγ(t0, ξ) and let x(t, t0,x0) be a solution of system (7.2), then by using the
same procedure in the proof of conclusion 1 of Theorem 7.1.2 we have

J
+(t0,x0) = (t0,∞), x(t) ∈ zξ for t > t0.

We then have the following claim:
Claim 7.1.3:

lim
t→∞

‖y(t, t0,x0‖ = 0 for x0 ∈ ßγ(t0, ξ).

If Claim 7.1.3 is false, then there are x0 ∈ ßγ(t0, ξ), �1 > 0 and �2 > 0
such that

τi − τi−1 ≥ �1 and ‖y(τi, t0,x0)‖ ≥ �2 for i ∈ N.

Then it follows from assumption 1 that

|W (τ+
i ,x(τ+

i )| ≥ β(�2), i ∈ N (7.15)

where x(τ+
i ) = x(τi) + U(i,x(τi)). Let us choose the case that Ẇ (t,x) is

bounded from above from assumption 4, then there is an L > 0 such that

sup
(t,x)∈G

Ẇ (t,x) < L. (7.16)

Let us choose �3 > 0 such that

�3 < min

(
�1,

β(�2)

2L

)
,

then it follows from (7.15), (7.16) and assumption 2 that
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W (t,x(t)) ≥ W (τ+
i ,x(τ+

i )) +

∫ t

τi

Ẇ (s,x(s))ds ⇐ (assumption 2)

= W (τ+
i ,x(τ+

i ))−
∫ τi

t

Ẇ (s,x(s))ds

≥ β(�2)− L(τi − t) ⇐ (7.15)&(7.16)

≥ β(�2)− L�3

> β(�2)/2, t ∈ [τi −�3, τi]. (7.17)

Then, it follows from assumptions 2 and 3 and (7.17) that

0 ≤ V (τ+
k ,x(τ+

k )) ⇐ (assumption 2)

≤ V (t+0 ,x0) +

∫ τk

t0

V̇ (s,x(s)))ds

≤ V (t+0 ,x0)−
∫ τk

t0

γ(W (s,x(s)))ds ⇐ (assumption 3)

≤ V (t+0 ,x0)−
k∑
i=1

∫ τi

τi−�3

γ(W (s,x(s)))ds ⇐ (γ ∈ K)

≤ V (t+0 ,x0)− k�3γ(β(�2)/2) ⇐ (7.17) (7.18)

which leads to a contradiction if k is big enough. Therefore, Claim 7.1.3 is
true. In the case when Ẇ (t,x) is bounded from below , by using similar
process we can get the same conclusion. Thus, conclusion 1 has been proved.

We then prove conclusion 2. From Theorem 7.1.1 we know that the trivial
solution of system (7.2) is stable with respect to y. Since ßt0,ξ is a neighbor-
hood of x = 0, it follows form conclusion 1 that the trivial solution of system
(7.2) is attractive with respect to y. Therefore, the trivial solution of system
(7.2) is asymptotically stable with respect to y. �

Then from Theorem 7.1.3 we have the following corollary.

Corollary 7.1.1. Assume that there are V ∈ V1 and α, γ ∈ K such that

α(‖y‖) ≤ V (t,x) for (t,x) ∈ R+ ×zρ,
V̇ (t,x) ≤ −γ(V (t,x)) for (t,x) ∈ G, (7.19)

and

V (t+,x+ U(k,x)) ≤ V (t,x)

for (t,x) ∈ Σk ∩ (R+ ×zρ0), k ∈ N. (7.20)

Then we have the following two conclusions:

1. the basin of attraction with respect to y is B(t0) ⊇ ßγ(t0, ξ) if ξ ∈ (0, ρ0)
and t0 ∈ R+ ;

2. the trivial solution of system (7.2) is asymptotically stable with respect to
y .

�
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7.1.2 Control Impulses at Fixed Time

We then use comparison system to study partial stability of the following
impulsive control system:



ẋ = f(t,x) + u(t,x), t 
= τk,
∆x = U(k,x), t = τk,
x(t+0 ) = x0, k = 1, 2, · · ·

(7.21)

where f : R+ × R
n → R

n is the uncontrolled plant, u : R+ × R
n → R

n

is the additive continuous control input, and U : N × R
n → R

n is the im-
pulsive control input. In this section, all results are based on the following
assumptions.

1. f + u ∈ C[R+ × zρ,Rn ] and satisfies Lipschitz condition in x with a
constant L; namely,

‖f(t,x1) + u(t,x1)− f (t,x2)− u(t,x2)‖ ≤ L‖x1 − x2‖,
t ∈ R+ , x1,x2 ∈ zρ (7.22)

and f (t, 0) + u(t, 0) = 0 for all t ∈ R+ ;
2. U ∈ C[N ×zρ,Rn ], U(k, 0) = 0 for all k ∈ N;
3. there is a ρ0 ∈ (0, ρ) such that

x ∈ zρ0 ⇒ x+ U(k,x) ∈ zρ, k ∈ N;

4.

0 < τ1 < τ2 < · · · τk < · · · , lim
k→∞

τk =∞; (7.23)

5. every solution x(t, t0,x0) of system (7.21), for which the estimate

‖y(t, t0,x0)‖ ≤ ρ0 < ρ (7.24)

is valid for t ∈ J+(t0,x0), is defined for all t > t0.

Let us set a comparison system of system (7.21) as

ẇ = g(t,w), t 
= τk,
w(τ+

k ) = ψk(w(τk)), t = τk,
w(t+0 ) = w0 ∈ Ω, k ∈ N

(7.25)

where g : R+ × Ω → R
D , ψk : Ω → R

D , and Ω is an open subset of
R
D . Let w = (w1, · · · , wp, wp+1, · · ·wD)�, wy = (w1, · · · , wp)� and wz =

(wp+1, · · ·wD)� and for every solutionw(t, t0,w0) of system (7.25), for which
the estimate

‖wy(t, t0,w0)‖ ≤ ρ0 < ρ (7.26)

is valid for t ∈ J+(t0,x0), is defined for all t > t0.
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Lemma 7.1.1. Let us assume that

1. g ∈ C[R+ ×Ω,RD ] is quasimonotone increasing in R+ ×Ω;
2. ψk, k ∈ N are monotone increasing in Ω;
3. wmax : (t0, T ) → R

D is the maximal solution of the comparison system
(7.25) with wmax(t

+
0 ) = w0 ∈ Ω and t0 ∈ R+ . w(τ+

k ) ∈ Ω if τk ∈ (t0, T );
4. m ∈ PC[(t0, T1),R

D ], T1 ≤ T such that

(t,m(t)) ∈ R+ ×Ω for t ∈ (t0, T1),

m(τ+
k ) ∈ Ω provided τk ∈ (t0, T1), (7.27)

m(t+0 ) ≤ w0, (7.28)

D+m(t) ≤ g(t,m(t)) for t ∈ (t0, T1), t 
= τk, (7.29)

m(τ+
k ) ≤ ψk(m(τk)) for τk ∈ (t0, T1). (7.30)

Then m(t) ≤ wmax(t) for t ∈ (t0, T1). �

Proof. Let us assume that t0 < τ1 and let t ∈ (t0, τ1]∩(t0, T1). Then it follows
from classical comparison theorem and assumption 4 that m(t) � wmax(t)
and m(τ1) � wmax(τ1). From assumption 2 and (7.30) we have

m(τ+
1 ) � ψ1(m(τ1))

� ψ1(wmax(τ1)) , wmax(τ
+
1 ). (7.31)

By using the similar procedure we have m(t) � wmax(t) for t ∈ (τk, τk+1] ∩
(t0, T1), k ∈ N. Therefore we finish the proof. �

Theorem 7.1.4. Let us assume that

1. V : R+ ×zρ → R
D , V = {Vi}Di=1, V ∈ V0 is locally Lipschitzian in x

and

sup
(t,x)∈R+×zρ

‖V (t,x)‖ < K ≤ ∞,

Ω = {w ∈ RD | ‖w‖ < K}; (7.32)

2. g is continuous, quasimonotone increasing in R+ ×Ω and g(t, 0) = 0 for
all t ∈ R+ ;

3. ψk, k ∈ N are monotone increasing in Ω and ψk(0) = 0 for all k ∈ N;
4. for some α ∈ K we have

α(‖y‖) ≤ max
1≤i≤p

Vi(t,x), (t,x) ∈ R+ ×zρ, (7.33)

D+V (t,x) � g(t,V (t,x)) for t 
= τk, x ∈ zρ, (7.34)

V (τ+
k ,x+ U(k,x)) � ψk(V (τk,x))

for x ∈ zρ0 , k ∈ N. (7.35)

Then we have the following conclusions:
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1. if the trivial solution of the comparison system (7.25) is stable with respect
to wy then the trivial solution of the impulsive control system (7.21) is
stable with respect to y;

2. if the trivial solution of the comparison system (7.25) is asymptotically
stable with respect to wy then the trivial solution of the impulsive control
system (7.21) is asymptotically stable with respect to y .

�

Proof. Let us prove conclusion 1 first. Given (t0,x0) ∈ R+×zρ and let x(t) =
x(t, t0,x0) be a solution of system (7.21). Let m(t) = V (t,x(t)) be defined
on (t0, T1) and the maximal solution wmax(t) = wmax(t, t0,V (t+0 ,x0)) of
system (7.25) be defined in (t0, T2). Then from (7.33) and Lemma 7.1.1 we
have for t ∈ (t0, T1) ∩ (t0, T2)

α(‖y(t, t0,x0)‖) ≤ max
1≤i≤p

Vi(t,x(t))

≤ max
1≤i≤p

wmax i(t, t0,V (t+0 ,x0)). (7.36)

Given η > 0 such that α(η) < K and η < ρ, since the trivial solution of
system (7.25) is stable with respect to wy, there is a ϑ = ϑ(t0, η) > 0 such
that

max
1≤i≤D

‖V (t+0 ,x0)‖ < ϑ

implies

max
1≤i≤p

wmax i(t, t0,V (t+0 ,x0)) < α(η) (7.37)

for t ∈ (t0, T2). It follows from (7.26) that T2 =∞ and (7.37) is valid for all
t > t0.

From the properties of V we know that there is a ε = ε(t0, η) > 0 such
that ε < min(α(η), α(ρ0)) and if ‖x0‖ < ε then

0 ≤ max
1≤i≤D

Vi(t
+
0 ,x0) < ϑ. (7.38)

It follows from (7.36), (7.37) and (7.38) that

‖y(t, t0,x0)‖ < η provided ‖x0‖ < ε, t ∈ (t0, T1). (7.39)

From (7.24) we know that T1 =∞ and therefore (7.39) is valid for all t > t0.
We then finish the proof of conclusion 1.

The proof of conclusion 2 can be constructed in a similar way. �

Similarly, we have the following Theorem.

Theorem 7.1.5. Let us assume that
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1. V : R+ ×zρ → R
D , V = {Vi}Di=1, V ∈ V0 is locally Lipschitzian in x

and

sup
(t,x)∈R+×zρ

‖V (t,x)‖ < K ≤ ∞,

Ω = {w ∈ RD | ‖w‖ < K}; (7.40)

2. g is continuous, quasimonotone increasing in R+ ×Ω and g(t, 0) = 0 for
all t ∈ R+ ;

3. ψk, k ∈ N are monotone increasing in Ω and ψk(0) = 0 for all k ∈ N;
4. for some α ∈ K we have

α(‖y‖) ≤ max
1≤i≤p

Vi(t,x), (t,x) ∈ R+ ×zρ (7.41)

D+V (t,x) � g(t,V (t,x)) for t 
= τk, x ∈ zρ, (7.42)

V (τ+
k ,x+ U(k,x)) � ψk(V (τk,x))

for x ∈ zρ0 , k ∈ N; (7.43)

5. for some β ∈ K and for all (t,x) ∈ R+ ×zρ we have

max
1≤i≤D

Vi(t,x) ≤ β(‖x‖). (7.44)

Then we have the following conclusions:

1. if the trivial solution of the comparison system (7.25) is uniformly stable
with respect to wy then the trivial solution of the impulsive control system
(7.21) is uniformly stable with respect to y;

2. if the trivial solution of the comparison system (7.25) is uniformly asymp-
totically stable with respect to wy then the trivial solution of the impulsive
control system (7.21) is uniformly asymptotically stable with respect to
y.

�

7.2 Impulsive Control of Integro-differential Systems

In this section let us study a kind of impulsive control strategy that can be
modeled by the following impulsive integro-differential equation:



ẋ = f (t,x, Tx), t 
= τk,
∆x = U(k,x(τk)), t = τk,
x(t+0 ) = x0, t0 ≥ 0, k ∈ N

(7.45)
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where f : R+ × R
n × R

n → R
n is continuous on (τk, τk+1] × R

n × R
n ,

U : N × Rn → R
n .

Tx =

∫ t

t0

u(t, s,x(s))ds

where u : R+ × R+ × Rn → R
n is continuous on (τk, τk+1]× (τk, τk+1]× Rn .

We assume the existence and uniqueness of the solution of system (7.45) and

0 < τ1 < τ2 < · · · < τk < · · · , lim
k→∞

τk =∞.

7.2.1 Comparison Results

Let us first present the following well-known comparison results for later use.

Lemma 7.2.1. Let us assume that

1. g0, g ∈ C[R+ × R+ ,R], g0(t, w) ≤ g(t, w), wmax(t, t0, w0) is the right
maximal solution of

ẇ = g(t, w), w(t0) = w0 ≥ 0

on [t0,∞) and vmax(t, t1, v0) is the left maximal solution of

v̇ = g0(t, v), v(t1) = v0 ≥ 0

on [t0, t1];
2. V (t,x) ∈ C[R+ × R

n ,R+ ] is locally Lipschitzian in x and for t ≥ t0,
x ∈ Ξ,

D−V (t,x) ≤ g(t, V (t,x))

where

Ξ , {x ∈ C[R+ ,Rn ] | V (s,x(s)) ≤ vmax(s, t, V (t,x)), s ∈ [t0, t]}

is the minimal class of functions along which D−V (t,x) can be conve-
niently estimated.

3. let x(t) = x(t, t0,x0) be any solution of the following system

ẋ = f(t,x, Tx), x(t0) = x0, t0 ≥ 0 (7.46)

on [t0,∞) such that V (t0,x0) < w0.

Then, V (t,x(t)) < wmax(t, t0, w0) for t ≥ t0. �

Similarly, we can construct a comparison system as


ẇ = g(t, w), t 
= τk,
w(τ+

k ) = ψk(w(τk)), t = τk,
w(t+0 ) = w0 ≥ 0, t0 ≥ 0.

(7.47)
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In this section we assume that g : R+ ×R+ → R is continuous on (τk, τk+1]×
R+ and the limit

lim
(t,u)→(τ+

k ,w)
g(t, u) = g(τ+

k , w)

exists and let wmax(t, t0, w0) be the maximal solution of system (7.47) on
[t0,∞).

Theorem 7.2.1. Let us assume that assumption 1 of Lemma 7.2.1 holds on
each [τk, τk+1)× R+ and

1. g0 ∈ C[[τk, τk+1)× R+ ,R];
2. let us define

Ξ ′ , {x ∈ PC[R+ ,Rn ] | V (s,x(s)) ≤ vmax(s, t, V (t,x)), s ∈ [t0, t]}

then V (t,x) ∈ V0 is locally Lipschitzian in x and for t ≥ t0, t 
= τk, and
x ∈ Ξ′ we have

D−V (t,x) ≤ g(t, V (t,x));

3. V (t+,x + U(k,x)) ≤ ψk(V (t,x)) for t = τk, ψk : R+ → R+ is nonin-
creasing.

Then, for any a solution, x(t) = x(t, t0,x0), t ∈ [t0,∞), of system (7.45) we
have

V (t,x(t)) ≤ wmax(t, t0, w0), t ≥ t0,

provided V (t+,x0) ≤ w0. �

Proof. Without loss of generality, let us suppose that t0 ∈ (τk, τk+1] for some
k ∈ N. Let x(t, t0,x0), t ∈ [t0,∞) be any a solution of (7.45) and set m(t) =
V (t,x(t)). It follows from Lemma 7.2.1 that for t ∈ (t0, τ1] we have

m(t) ≤ wmax 1(t, t0, w0)

where wmax 1(t, t0, w0) is the maximal solution of the following differential
equation

ẇ = g(t, w) (7.48)

on (t0, τ1] such that wmax 1(t
+
0 , t0, w0) = w0. Because ψ1(w) is nondecreasing

in w and m(τ1) ≤ wmax 1(τ1, t0, w0), then from assumption 3 we have

m(τ+
1 ) ≤ ψ1(wmax 1(τ1, t0, w0)) , w+

1 .

Again, from Lemma 7.2.1 we have for t ∈ (τ1, τ2]

m(t) ≤ wmax 2(t, τ1, w
+
1 )

where wmax 2(t, τ1, w
+
1 ) is the maximal solution of (7.48) on (τ1, τ2] such that
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wmax 2(τ
+
1 , τ1, w

+
1 ) = w+

1 .

By repeating the same process we have

m(t) ≤ wmax(k+1)(t, τk, w
+
k ), t ∈ (τk, τk+1]

where wmax(k+1)(t, τk, w
+
k ) is the maximal solution of (7.48) on (τk, τk+1] such

that
wmax(k+1)(τ

+
k , τk, w

+
k ) = w+

k .

Therefore if we choose the following solution of (7.47)

w(t) =




w0, t = t0,
wmax 1(t, t0, w0), t ∈ (t0, τ1],
wmax 2(t, τ1, w

+
1 ), t ∈ (τ1, τ2],

...
wmax(k+1)(t, τk, w

+
k ), t ∈ (τk, τk+1],

...

(7.49)

then we have
m(t) ≤ w(t), t ≥ t0.

Because wmax(t, t0, w0) is the maximal solution of (7.47), we have

m(t) ≤ wmax(t, t0, w0), t ≥ t0.

�

Corollary 7.2.1. In Theorem 7.2.1, let us assume that

1. g0(t, w) = g(t, w) = 0 and ψk(w) = w for all k ∈ N, then V (t,x(t)) is
nonincreasing in t and V (t,x(t)) ≤ V (t+0 ,x0) for t ≥ t0;

2. g0(t, w) = g(t, w) = 0 and ψk(w) = dkw, dk ≥ 0 for all k ∈ N, then

V (t,x(t)) ≤ V (t+0 ,x0)
∏

t0<τk<t

dk, t ≥ t0;

3. g0(t, w) = 0, g(t, w) = λ̇(t)w, λ ∈ C1[R+ ,R+ ], λ̇(t) ≥ 0 and ψk(w) =
dkw, dk ≥ 0 for all k ∈ N, then

V (t,x(t)) ≤ eλ(t)−λ(t0)V (t+0 ,x0)
∏

t0<τk<t

dk, t ≥ t0;

4.

g0(t, w) = g(t, w) = − λ̇(t)

λ(t)
w,

where λ(t) > 0 is continuously differentiable on R+ ,



212 7. Other Impulsive Control Strategies

lim
t→∞

A(t) =∞

and ψk(w) = dkw, dk ≥ 0 for all k ∈ N, then

V (t,x(t)) ≤ λ(t0)

λ(t)
V (t+0 ,x0)

∏
t0<τk<t

dk, t ≥ t0;

5.

g0(t, w) = g(t, w) = −aeat

eat
w = −aw, a > 0

and ψk(w) = dkw, dk ≥ 0 for all k ∈ N, then

V (t,x(t)) ≤ eat0

eat
V (t+0 ,x0)

∏
t0<τk<t

dk, t ≥ t0;

6. g0(t, w) = g(t, w) = −α(w), α ∈ K and ψk(w) = w for all k ∈ N, then

V (t,x(t)) ≤ ϕ−1[ϕ(V (t+0 ,x0)) − (t− t0)], t ≥ t0.

where ϕ̇(w) = 1/α(w).

�

We then present some special cases of Ξ′ because their constructions are
quite important to the proof of stability.

1. When g0(t, w) = 0, then vmax(s, t1, v0) = v0. Therefore

Ξ ′ = {x ∈ PC[R+ ,Rn ] | V (s,x(s)) ≤ V (t,x(t)), s ∈ [t0, t]}.

2. When

g0(t, w) = − λ̇(t)

λ(t)
w,

then

vmax(s, t1, v0) = v0
λ(t)

λ(s)
, s ∈ [t0, t1].

Therefore

Ξ ′ = {x ∈ PC[R+ ,Rn ] | V (s,x(s))λ(s) ≤ V (t,x(t))λ(t), s ∈ [t0, t]}.

3. When g0(t, w) = −α(w), α ∈ K, then

vmax(s, t1, v0) = ϕ−1[ϕ(v0)− (s− t1)], s ∈ [t0, t1]

where ϕ̇(w) = 1/α(w). Because vmax(s, t1, v0) is increasing in s to the
left of t1, given an s0 < t1 and setting ζ(w) = vmax(s0, t1, w), we find
that ζ ∈ K. Therefore

Ξ ′ = {x ∈ PC[R+ ,Rn ] | V (s,x(s)) ≤ ζ(V (t,x(t))), s ∈ [t0, t]}.
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7.2.2 Stability in Terms of Two Measures

Theorem 7.2.2. Let us assume that assumption 1 of Lemma 7.2.1 holds on
each [τk, τk+1)× R+ and

1. g0 ∈ C[[τk, τk+1)× R+ ,R];
2. let us define

Ξ ′ , {x ∈ PC[R+ ,Rn ] | V (s,x(s)) ≤ vmax(s, t, V (t,x)), s ∈ [t0, t]}

then V (t,x) ∈ V0 is locally Lipschitzian in x and for t ≥ t0, t 
= τk, and
x ∈ Ξ′ we have

D−V (t,x) ≤ g(t, V (t,x));

3. V (t+,x + U(k,x)) ≤ ψk(V (t,x)) for t = τk, ψk : R+ → R+ is nonin-
creasing;

4. h0, h ∈ H and h0 is uniformly finer than h;
5. V (t,x) is h-positive definite and h0-decrescent;
6. there is a ρ0 > 0 such that (t,x) ∈ Sρ0(h) implies that (t,x+ U(k,x)) ∈
Sρ(h) for all k ∈ N.

Then the stability properties of the trivial solution of the comparison system
(7.47) imply the corresponding (h0, h)-stability properties of the impulsive
control system (7.45). �

Proof.

1. Stability: Assume that the trivial solution of the comparison system
(7.47) is stable. From the assumption that V (t,x) is h-positive definite,
we know that there are δ > 0 and β ∈ K such that

h(t,x) < δ ⇒ β(h(t,x)) ≤ V (t,x). (7.50)

Given 0 < η < δ1 = min(δ, ρ0, ρ) and t0 ∈ R+ , since the trivial solution
of the comparison system (7.47) is stable, given β(η) > 0, there is a ε0 =
ε0(t0, η) > 0 such that for any solution, w(t, t0, w0), of the comparison
system (7.47)

w0 ∈ [0, ε0)⇒ w(t, t0, w0) < β(η) for t ≥ t0. (7.51)

Let us set w0 = V (t0,x0), then from conditions 4 and 5, we know that
there are a ε1 > 0 and α ∈ K such that

h(t0,x0) < δ, V (t+0 ,x0) ≤ α(h0(t0,x0)), (t0,x0) ∈ Sε1(h0). (7.52)

Let us choose ε = ε(t0, η) ∈ (0, ε1) such that α(ε) < ε0 and h0(t0,x0) < ε.
We then have the following claim:
Claim 7.2.2:

h0(t0,x0) < ε⇒ h(t,x(t)) < η, t ≥ t0 (7.53)
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where x(t) = x(t, t0,x0) is any a solution of system (7.45).
If Claim 7.2.2 is false, then there are a solution, x1(t) = x1(t, t0,x0), of
system (7.45) with h0(t0,x0) < ε and a t1 ∈ (τk, τk+1) for some k such
that

h(t1,x(t1)) ≥ η and h(t,x(t)) < η for t ∈ [t0, τk]. (7.54)

From η ∈ (0, δ1) we have η ∈ (0, ρ0). Then we have h(τ+
k ,x(τk) +

U(k,x(τk))) < ρ. Therefore there is a t2 ∈ (τk, t1] satisfying

η ≤ h(t2,x(t2)) < ρ. (7.55)

It follows from Theorem 7.2.1 that

V (t,x(t)) < wmax(t, t0, α(h0(t0,x0))), t ∈ [t0, t2] (7.56)

Then we have the following contradiction:

β(η) ≤ β(h(t2,x(t2))) ≤ V (t2,x(t2)) < β(η). (7.57)

Therefore, Claim 7.2.2 is true and the trivial solution of system (7.45) is
(h0, h)-stable.

2. Uniform stability: Assume that the trivial solution of the comparison
system (7.47) is uniformly stable . Then ε is independent of t0. Therefore,
the trivial solution of system (7.45) is (h0, h)-uniformly stable.

3. Asymptotic stability: Assume that the trivial solution of the comparison
system (7.47) is asymptotically stable . Then from the first part of this
proof we know that the trivial solution of system (7.45) is (h0, h)-stable.
Let us set η = δ1 and ε2 = ε(t0, δ1), we then have

h0(t0,x0)) < ε2 ⇒ h(t,x(t)) < ρ for t ≥ t0. (7.58)

Given η ∈ (0, δ1), β(η) > 0 and t0 ∈ R+ , from the fact that the trivial
solution of the comparison system (7.47) is attractive, we know that there
are a ε3 = ε3(t0) > 0 and a T = T (t0, η) > 0 such that

w0 ∈ [0, ε3)⇒ w(t, t0, w0) < β(η) for t ≥ t0 + T. (7.59)

Let us choose ε0 = min(ε2, ε3) and let h0(t0,x0) < ε0, then from (7.58)
and the arguments leading to (7.56) we have

V (t,x(t)) ≤ wmax(t, t0, α(h0(t0,x0))) for t ≥ t0 (7.60)

from which we have

β(h(t,x(t))) ≤ V (t,x(t))

≤ wmax(t, t0, α(h0(t0,x0)))

< β(η), t ≥ t0 + T. (7.61)

Therefore we know that h(t,x(t)) < η for t ≥ t0 + T , which proves that
the trivial solution of system (7.45) is attractive. This means that the
trivial solution of system (7.45) is (h0, h)-asymptotically stable.
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4. Uniform asymptotic stability: Assume that the trivial solution of the com-
parison system (7.47) is uniformly asymptotically stable . Then ε0 and
T are independent of t0. Therefore, the trivial solution of system (7.45)
is (h0, h)-uniformly asymptotically stable.

�

From Theorem 7.2.2 we have the following corollaries that are convenient
to use in designing impulsive controllers.

Corollary 7.2.2. In Theorem 7.2.2, let us assume that g0(t, w) = g(t, w) =
0, ψk(w) = dkw, dk ≥ 0 for all k, then the trivial solution of system (7.45)
is (h0, h)-uniformly stable if

∞∏
k=1

dk <∞.

�

Proof. The proof is immediately followed from Corollary 7.2.1. �

Corollary 7.2.3. In Theorem 7.2.2, let us assume that g0(t, w) = 0, g(t, w) =
λ̇(t)w, λ ∈ C1[R+ ,R+ ], λ̇(t) ≥ 0, ψk(w) = dkw, dk ≥ 0 for all k, then the
trivial solution of system (7.45) is

1. (h0, h)-stable if

λ(τk) + ln dk ≤ λ(τk−1) for all k; (7.62)

2. (h0, h)-asymptotically stable if there is a γ > 1 such that

λ(τk) + ln(γdk) ≤ λ(τk−1) for all k. (7.63)

�

Proof. The comparison system (7.47) becomes


ẇ = λ̇(t)w, t 
= τk,
w(τ+

k ) = dkw(τk), t = τk,
w(t+0 ) = w0 ≥ 0.

(7.64)

The solution of (7.64) for t ≥ t0 is given by

w(t, t0, w0) = w0

∏
t0<τk<t

dke
λ(t)−λ(t0). (7.65)

Without loss of generality, let us suppose that t0 ∈ (0, τ1). Because λ(t) is
nondecreasing, from (7.62) we have for t ≥ t0

w(t, t0, w0) ≤ w0e
λ(τ1)−λ(t0). (7.66)
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Let us choose
ε =

η

2
eλ(τ0)−λ(t1)

then we can prove the trivial solution of (7.64) is stable. This proves conclu-
sion 1.

From (7.63) it follows that for t ≥ t0

w(t, t0, w0) ≤
1

γk
w0e

λ(τ1)−λ(t0), t ∈ (τk−1, τk] (7.67)

from which we have

lim
t→∞

w(t, t0, w0) = 0. (7.68)

This proves conclusion 2. �

Then let us consider the following impulsive control system:



ẋ = Ax+

∫ t
t0
u(t, s,x(s))ds, t 
= τk,

∆x = U(k,x(τk)), t = τk,
x(t+0 ) = x0, t0 ≥ 0, k ∈ N

(7.69)

which is a special case of system (7.45). Let us suppose that

‖u(t, s,x)‖ ≤ γ(t, s)‖x‖ on R+ × Sρ
and other assumptions are the same as those for system (7.45).

Let us construct a Lyapunov function as V (t,x) = ‖x‖ and choose the
set

Ξ ′ = {x ∈ PC[R+ ,Sρ] | ‖x(s)‖ ≤ ‖x(t)‖, s ∈ [t0, t]}.
Then we have

D−V (t,x) ≤
(

µ(A) +

∫ t

t0

γ(t, s)ds

)
V (t,x)

where µ(A) is the logarithmic norm of A given by

µ(A) , lim
h→0

‖I + hA‖ − 1

h
.

Therefore we have g0(t, w) = 0 and g(t, w) = λ̇(t)w where

λ̇(t) = µ(A) +

∫ t

t0

γ(t, s)ds.

Then we can choose different impulsive control laws U(k,x) to make the triv-
ial solution of comparison system (7.64) stable. For example, we can choose
a kind of U(k,x) such that ψk(w) = dkw, dk ≥ 0 for all k ∈ N, then the
stability properties can be found by using Corollary 7.2.3.
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7.2.3 Practical Stability

Based on the comparison theorem (Theorem 7.2.1) and the similar technology
presented in Section 6.1, we can prove the following theorem[15] concerning
the practical stability of system (7.45).

Theorem 7.2.3. Let 0 < µ < ν be given and there is such a ρ = ρ(ν) > 0
that if x ∈ Sν then x+U(k,x) ∈ Sρ for each k ∈ N. Let us assume that there
are α, β ∈ K such that α(µ) < β(ν) and

β(‖x‖) ≤ V (t,x) ≤ α(‖x‖) for (t,x) ∈ R+ × Sρ.

Then the practical stability properties of the comparison system (7.47) imply
the corresponding practical stability properties of control system (7.45). �

As an example, let us study the practical stability of system (7.69). Let
us suppose that

‖u(t, s,x)‖ ≤ γ(t, s)‖x‖ on R+ × Rn

and other assumptions are the same as those for system (7.45).
Let us construct a Lyapunov function as V (t,x) = ‖x‖e�t, � > 0 and

choose the set

Ξ ′ = {x ∈ PC[R+ ,Rn ] | ‖x(s)‖e�s ≤ ‖x(t)‖e�t, s ∈ [t0, t]}.

Then we have

D−V (t,x) ≤
(

� + µ(A) +

∫ t

t0

γ(t, s)e�(t−s)ds

)
V (t,x)

where µ(A) is the logarithmic norm of A. Therefore we have g(t, w) = λ̇(t)w
where

λ̇(t) = � + µ(A) +

∫ t

t0

γ(t, s)e�(t−s)ds.

Then we can choose different impulsive control laws U(k,x) to make the triv-
ial solution of comparison system (7.64) stable. For example, we can choose a
kind of U(k,x) such that ψk(w) = dkw, dk ≥ 0 for all k ∈ N, then the stability
properties can be found by using Corollary 6.1.2 and Theorem 7.2.3.

Note 7.2.1. Section 7.1 is adopted from [28]. Section 7.2 is adopted from [17].
�



8. Impulsive Computational Verb Control

Computational verbs and computational verb systems[31, 32, 35, 34, 33, 36,
38, 40, 39, 42, 41, 43] are revolutionary paradigms working together with
fuzzy systems[54, 55, 56] for the purpose of embedding experts’ knowledge
that coded in human natural languages into machine intelligence. In this
chapter we present impulsive control strategies based on newly developed
computational verb control systems. Control with computational verb, or
verb control is a systematic way to integrate human experts’ knowledge of
dynamical processes into control systems. Since so far there is no reference
addressing verb control systems, in this chapter we shall first present verb
control system without impulsive control strategy to give the reader the flavor
of verb control systems. Since the basic knowledge of computational verb
systems had been well-established in the references listed above and especially
in [43], we do not repeat the definitions and examples of computational verbs
in this chapter.

The basic structure of a verb control system is shown in Fig. 8.1.
Observe that a typical verb control system consists of a verb recogni-
tion block(verbification), a set of verb control rules and a verb collapse
block(deverbification). The verb recognition block is used to verbify a dy-
namical output of the plant. The outputs of a verb recognition block are
called observing verbs. The verb inference engine and verb rule base are used
to choose controlling verbs with respect to the reference signal which is used
to shift the equilibrium points of the controlled system. The verb collapse
block(deverbification) is used to transform the controlling verbs into control
signals.

The design of verb control system may include: the definition of input
and output variables, the selection of data manipulation method, the design
of outer systems of computational verbs and the verb control rule design.
The source of knowledge to construct the verb control rules is the control
experiences of human experts. The control experience consists of a set of
conditional “IF-THEN” statements, where the IF-part contains conditions
modeled by observing verbs and the THEN-part provides actions expressed
by controlling verbs.

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 219−235, 2001.
 Springer-Verlag Berlin Heidelberg 2001
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plant

outputs
noise

verb recognition
(verbification)

verb inference
 engine

verb collapse
(deverbification)

reference
signal

control signal

observing verb

verb control
 rule base

Fig. 8.1. The block diagram of a typical verb control system.

8.1 Design of Verb Controller with Fuzzy Errors

In a typical verb controller, we usually know error e(t) between the output
of the plant and the reference signal and changes in error r(t) , ė(t). The
control input u(t) is generated by the deverbification block. Without loss of
generality, let us assume that e(t), r(t) and u(t) are normalized into inter-
val [−1, 1]. Thus, the associative universe of discourse of e(t), r(t) and u(t)
confined within [−1, 1].

The structure of verb controller with respect to e(t), r(t) and u(t) is
shown in Fig. 8.2. Observe that a verb controller consists of three parts: a
“verbification” block, a “verb inference engine” and a “deverbification” block.
The details of each block will be addressed in this section.

Verbifications Block

In the verbification block the observed waveforms of e(τ) and r(τ) in a time
period τ ∈ [t−∆, t] are used to determine which verb can be used to model
the dynamics of the control error at time moment t. For simplicity, we use
e(t − ∆, t) and r(t − ∆, t) to denote the waveforms of e(τ) and r(τ) with
τ ∈ [t−∆, t]. Then the universe of discourse of e(t−∆, t) and r(t−∆, t) are
respectively given by

Ue(∆) = [t−∆, t]× [−1, 1], Ur(∆) = [t−∆, t]× [−1, 1].
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verbification verb inference
engin

controlling
verbs

deverbification

e

r

u

observing
verbs

verb control
rule base

Fig. 8.2. The block diagram of a typical verb controller.

To reduce redundant information in these values, let us partition the values
of e(t) ∈ [−1, 1] and r(t) ∈ [−1, 1] into two sets of fuzzy values Te and Tr,
respectively. We also suppose both term-sets Te and Tr have the same number
of linguistic members on both positive and negative sides

Te = {E−K , · · · , E−1, E0, E1, · · · , EK}
Tr = {R−K , · · · , R−1, R0, R1, · · · , RK}. (8.1)

Therefore, the universe of discourse of e(t) is partitioned into 2K+1 sections
and each section is modeled with a fuzzy value Ei, i = −K, · · · , 0, · · · ,K that
are characterized by membership functions µEi(e(t)). Similarly, the universe
of discourse of r(t) is also partitioned into 2K + 1 sections and each section
is modeled by a fuzzy value Ri, i = −K, · · · , 0, · · · ,K that are characterized
by membership functions µRi(e(t)).

Let Vverbification denote the set of computational verbs used to model
the dynamics of fuzzy values µEi(e(t − ∆, t])) and µRi(e(t − ∆, t])), i =
−K, · · · , 0, · · · ,K. Then we can use the following steps to verbify the control
errors:

1. Decompose any verb Vj ∈ Vverbification into verb rules described by simple
verbs. For example, suppose fluctuate is a verb in Vverbification, we need
to use the following relations to define three possible decompositions:
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fluctuate

, a center verb

, a center verb

+[(a node verb) ◦ (adverbial defining small value change)]
, (a focus verb) ◦ (adverbial defining value range). (8.2)

2. Use similarity criteria to determine which verb in Vverbification can be
use to model the dynamics of control error. This step needs to run
verb similarity test for each possible decomposition of every element in
Vverbification.

Verb Inference Engine

In this block, we use verb reasoning to implement a verb inference engine for
choosing different controlling verbs. Let Vcontrol denote the set of controlling
verbs, and let Voi ∈ Vverbification and Vcj ∈ Vcontrol we then have the verb
inference rules as

IF the control error Vo1 , THEN the control Vc1 ;
IF the control error Vo2 , THEN the control Vc2 ;

...

IF the control error VoM , THEN the control VcM . (8.3)

Observe that there are M verb IF-THEN rules in this verb inference engine.
In this set of verb rules, Voi , i = 1, 2, · · · ,M are not necessary to be M
distinguished verbs. Similarly, Vci , i = 1, 2, · · · ,M are also not necessary to
be M distinguished verbs. The output of this block is a controlling verb that
can be used to determine the value of control signal in the deverbification
block.

Deverbification Block

In this block controlling verbs collapse into a control signals that used to
control the plant. The definition and construction of collapses of verbs can
be found in [43, 41].

8.2 Design of Verb Controller with Verb Singletons

In this section we present a design example with the lifetime of each verb as
∆ = 0. In this case, the verbs become verb singletons which are described
by a sample of the outer system and a sample of the changing rate of the
outer system. Let us suppose that the verb controller is implemented by a
digital computer with a sampling interval δ, then we design different blocks
of a verb controller as follows.
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Normalization

Assume that the range of the measured control error ẽ(nδ) , ẽ(n) is
[−1/GE,−1/GE], then the normalized control error e(n) = GE ẽ(n) ∈ [−1, 1].
In a digital implementation, we define the change of control error as r̃(n) =
ẽ(n)− ẽ(n− 1). Assume that the range of r̃(n) is [−1/GR,−1/GR], then we
normalize r̃(n) into r(n) = GRr̃(n) ∈ [−1, 1].

Verbification

The inputs of the verification block are e and r. The output of this block is
an observing verb. Let us partition the universes of discourse of e and r into
2K + 1 adjectives for each; namely,

Te = {E−K , · · · , E−1, E0, E1, · · · , EK}
Tr = {R−K, · · · , R−1, R0, R1, · · · , RK} (8.4)

where Ei and Ri are adjectives for describing the values of e and r, respec-
tively. Then the verbification is given by the following set of rules called
verbification rules:

Ri,j : IF en is Ei AND rn is Rj , THEN the control error Vvi+j. (8.5)

Observe that we need 4K + 2 verbs to model the control error and the verb-
ification rule is symmetric with respect to e and r because Vvi+j = Vvj+i. This
design is just for the convenience of analysis. We then use the membership
function of each adjective to calculate the following membership values for
e(n) and r(n)

Ei(e(n)) = µEi(e(n)) ∈ [0, 1], Ri(r(n)) = µRi(r(n)) ∈ [0, 1],
i = −K, · · · , 0, · · · ,K. (8.6)

We then calculate the firing level of verb Vvi+j, φi,j as

φi,j = F(Ei (en), Rj(rn)) (8.7)

where F : [0, 1]× [0, 1]→ [0, 1] can be any function for implementing a verb
similarity judgement. For example, we can choose F as

F(x, y) = min(x, y). (8.8)

We then need to calculate the final choice of the observing verb as

Vo =
∑K
i=−K

∑K
j=−K W (φi,j ,Vvi+j)∑K

i=−K
∑K
j=−K φi,j

(8.9)
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where W is a weighting operator that impose an adverbial upon the verb
Vvi+j . Observe that the observing verb Vo is a compound verb that generated
by 4K+2 verbs Vvi+j. For designing simple verb controller, we can choose W
as simple abverbial. For example, we can use the following simple operation:

FVo =

∑K
i=−K

∑K
j=−K φi,jFVv

i+j∑K
i=−K

∑K
j=−K φi,j

(8.10)

which means that the outer system of the observing verb is the center of
gravity of activated verbs Vvi+j .

Verb Inference Engine

Verb inference is based on a set of verb rules that connect observing verbs
Vok to controlling verbs Vck by using rule set (8.3). The output of this block is
a compound verb given by

Vu =
∑4K+2
k=1 A (S(Vok,Vo),Vck)∑4K+2

k=1 S(Vok,Vo)
(8.11)

where S is an operation to determine the similarity between two verbs and
A is an operation to determine the contribution of each verb rule to the final
choice of controlling verb Vu.

Deverbification

This block outputs a control signal based on Vu. It functions as a collapse
map.

8.3 Examples of Verb Control Systems

In this section, I present examples of verb control of a chaotic circuit called
Chua’s circuit[5] that consists of two linear capacitors C1 and C2, a linear
inductor L, two linear resistors R and R0, and a piecewise-linear negative
resistor. This chaotic circuit is described by the following state equation:


dv1
dt =

1
C1
[G(v2 − v1)− f(v1)]

dv2
dt =

1
C2
[G(v1 − v2) + i3]

di3
dt = − 1

L [v2 +R0i3]

(8.12)

where G = 1/R and f(·) is the piecewise-linear characteristic of the negative
resistor defined by

f(v1) = Gbv1 +
1

2
(Ga −Gb)(|v1 +E| − |v1 −E|) (8.13)
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where E is the breakpoint voltage. The output of this chaotic system is given
by

y(t) = v1(t) (8.14)

Since the structures of verb controllers for controlling this chaotic circuit are
very simple, we do not need to design them block by block. I will present
some design examples.

Example 8.3.1. In this example, the goal of verb control is to keep the chaotic
system staying in the range of y > 0. To do this, a human expert can intu-
itively (and immediately) find the following verb rule:

if y(t) goes across zero from positive side, then capture it back.

The control signal can be written as

u = Fcapture (8.15)

We choose Fcapture as

Fcapture =

{
0, if r(t) < h

−0.01(y(t)− 0.5)/C1, else
(8.16)

where h is a threshold, r(t) is given by

r(t) =
1

T

∫ T

0

|y(t− τ) −Fgo(T − τ)|dτ (8.17)

where T is the window length of the outer system of go. Fgo is given by
observing the uncontrolled chaotic system.

The verb-controlled chaotic system is given by


dv1
dt =

1
C1
[G(v2 − v1)− f(v1)] + u

dv2
dt =

1
C2
[G(v1 − v2) + i3]

di3
dt = − 1

L [v2 +R0i3]

u = Fcapture =

{
0, if r(t) < h

−0.01(y(t)− 0.5)/C1, else
(8.18)

The simulation result is shown in Fig. 8.3. The parameters for this sim-
ulation is as follows: C1 = 5.56nF , C2 = 50nF , G = 0.7mS, L = 7.14mH ,
Ga = −0.81mS, Gb = −0.5mS, E = 1, R0 = 0, h = 1.189918, and
T = 0.3ms. The fourth order Runge-Kutta method with fixed step-size of
1µs is used. Figure 8.3(a) shows the uncontrolled waveform of v1(t). Ob-
serve that almost half of the time, the chaotic system enters the region of
v1(t) < 0. After observing this uncontrolled waveform, we find that before
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y(t) goes across zero from the positive direction, there exists a typical un-
stable oscillation. This typical observation is then stored as a waveform of
the outer system of go. Figure 8.3(b) shows the observed outer system of go
(across 0). This waveform can be stored into a computer by a few space yet
it is not necessary to know the underlying model of this waveform, which is
usually done by other control strategies such as model identification. Figure
8.3(c) shows the controlled waveform of v1(t). Observe that there still exists
some negative peaks due to the transient of the verb feedback control loop.
Figure 8.3(d) shows r(t), which is used to construct Fcapture.
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Fig. 8.3. Verb control of chaotic circuit to a desired region. (a) The waveform of
v1(t) of the free chaotic system. (b) The computational verb go observed from the
free waveform of v1(t). (c) The controlled waveform of v1(t). (d) r(t).
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Fig. 8.3 (Continued).

F

Example 8.3.2. In this example, we control the chaotic system to a fixed
point. We can use different control laws. For example the following control
law, which control the chaotic system to a fixed point, is constructed by
changing the second part of (8.18) into

u = Fcapture =

{
0, if r(t) < h

−0.01[y(t)− 0.01(r(t)− h)]/C1, else
(8.19)

with h = 1.189918. The simulation results are shown in Fig.8.4. Figure 8.4(a)
shows the controlled waveform, which approaches to−0.002663. Figure 8.4(b)
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shows the corresponding r(t), which approaches to 1.453270. All other con-
ditions are kept the same as those in Example 8.3.1. F
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Fig. 8.4. Verb control of chaotic circuit to a fixed point. (a) The controlled wave-
form of v1(t). (b) r(t).

8.4 Linear Verb Control Systems

We define a linear verb control system as a verb control system where all
observing verbs and controlling verbs are modeled by linear systems. In this
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case, the evolving systems of observing verbs and controlling verbs are sets of
linear ordinary differential equations or linear difference equations. We also
assume a simple structure such that the inner system of all observing verbs
is the same and only let the choice of different measurements happens in the
outer systems of observing verbs.

8.4.1 Using Different Controlling Verbs

The verb control rules are given by

IF the plant Vp1 , THEN the controller Vc1 ;
IF the plant Vp2 , THEN the controller Vc2 ;
...
IF the plant Vpν , THEN the controller Vcν ;
ELSE the controller Vc0 .

where Vpi , i = 1, 2, ..., ν, are verb statements constructed by observing verbs.
Vci , i = 0, 1, ..., ν, are verb statements constructed by controlling verbs. Let
the plant be{

ẋp = Axp +Bu,
y = Cxp, ← outer system of Vpi , i = 1, 2, ..., ν

(8.20)

where xp ∈ Rn , u ∈ Rm , and y ∈ Rl are state variables, control input and
output, respectively. A ∈ R

n×n , B ∈ R
n×m , and C ∈ R

l×n are constant
matrices. Notice that all observing verbs have the same inner system and
outer system. However, there will be different collapse maps for different
observing verbs when verb logic is used to determined which controlling verb
is activated.

Let the evolving system of the i-th controlling verb be{
ẋi = Aixi +Biu,
u = Cixi +Diy, ← outer system of Vci , i = 0, 1, ..., ν.

(8.21)

where xi ∈ Rni is the state variable of Vi. Ai ∈ Rni×ni , Bi ∈ Rni×m, Ci ∈
R
m×ni and Di ∈ Rm×l are constant matrices.
When the controller is governed by the i-th controlling verb Vci , the closed

loop system is given by[
ẋp
ẋi

]
︸ ︷︷ ︸
ẋ

=

[
A+BDiC BCi

BiC Ai

][
xp
xi

]
= (K + δKi)

[
xp
xi

]
︸ ︷︷ ︸
x

(8.22)

where K ∈ R(n+n1 )×(n+n1) and δKi ∈ R(n+n1 )×(n+n1) can be viewed as the
standard parameter matrix and the perturbing parameter matrix for the verb
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control system. Suppose that all controlling verbs share K as their common
part and K is asymptotically stable, then the stability of the entire verb
control system is guaranteed by the following theorem.

Theorem 8.4.1. Let P be the unique positive definite symmetric solution of

K�P + PK +Q = 0 (8.23)

where Q is a positive definite symmetric matrix and K is asymptotically
stable. If all controlling verbs satisfy the following condition

‖δK�P + PδK‖2 ≤ λmin(Q) (8.24)

where δK is any of δKi, then the linear verb control system is stable. �

Proof. Followed Lyapunov’s Theorem we know if K is asymptotically stable,
we can construct the following Lyapunov function:

V (x) = x�Px (8.25)

with V (x) > 0 for all x �= 0 and V (x)→∞ as ‖x‖ → ∞. Take the derivative
of V (x) with respect to x along solutions of (8.22) we have

V̇ (x) = ẋ�Px+ x�P ẋ

= x�(K� + δK�)Px+ x�P (K + δK)x

= x�(K�P + PK)x+ x�(δK�P + PδK)x

= −x�Qx+ x�(δK�P + PδK)x ⇐ (8.23).

(8.26)

From condition

‖δK�P + PδK‖2 ≤ λmin(Q) (8.27)

and the fact

|x�(δK�P + PδK)x| ≤ ‖x�‖2‖δK�P + PδK‖2‖x‖2
≤ ‖x‖22‖δK�P + PδK‖2 (8.28)

we have

x�(δK�P + PδK)x ≤ λmin(Q)x
�x. (8.29)

From Rayleigh principle we have

x�Qx ≥ λmin(Q)x
�x (8.30)

Thus from (8.29) and (8.30) we have

x�(δK�P + PδK)x ≤ x�Qx (8.31)

then from (8.31) and (8.26) we immediate have V̇ (x) ≤ 0. �

Remark 8.4.1. This theorem tells us that if the parameter perturbations in-
troduced by every controlling verb satisfy condition (8.24), then the entire
verb controlled system is asymptotically stable. �
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8.4.2 Using Single Controlling Verb

In this section we discuss a kind of verb control rule whose controlling verbs
are the same with different adverbs to give different constrains. This kind of
verb control rule is given by

IF the plant Vp1 , THEN the controller Vc adverb1;
IF the plant Vp2 , THEN the controller Vc adverb2;
...
IF the plant Vpn, THEN the controller Vc adverbn;
ELSE the controller Vc adverb0.

In this case, the structure of the controlling verb Vc is the same for THEN-
rules and the ELSE-rule.We usually use the adverbs to change the parameters
of the controlling verb as those modeled in [33] as follows:

Ai = Ã+ δAi, Bi = B̃ + δBi, Ci = C̃ + δCi, Di = D̃ + δDi. (8.32)

Then the verb controlled system is given by

[
ẋp
ẋi

]
=



[
A+BD̃C BC̃

B̃C Ã

]
︸ ︷︷ ︸

K

+

[
BδDiC BδCi
δBiC δAi

]
︸ ︷︷ ︸

δKi



[
xp
xi

]
(8.33)

We would like to find the range within which an adverb can change the
controlling verb such that the entire control system still in stable region. First,
let pj, j = 1, 2, ...,m, denote all tunable parameters by adverbs adverb1,
adverb2, ..., adverbn, then we can write δKi as

δKi =
m∑
j=1

pjE
i
j (8.34)

where Eij ∈ R(n+n1 )×(n+n1) is a square matrix which has only 1s and 0s as its

entries. Let Ej be any of E
i
j , i = 1, 2, ..., ν, then the stable range for designing

different adverbs can be guaranteed by the following theorem.

Theorem 8.4.2. If the following condition is satisfied:

m∑
j=1

p2
j ≤

λ2
min(Q)∑m

j=1 ‖E�
j P + PEj‖22

(8.35)

then the adverb modified controlling verbs are within stable regions. �
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Proof. From the condition

m∑
j=1

p2
j ≤

λ2
min(Q)∑m

j=1 ‖E�
j P + PEj‖22

(8.36)

we have
m∑
j=1

p2
j

m∑
j=1

(‖E�
j P + PEj‖2)2 ≤ λ2

min(Q). (8.37)

Since
m∑
j=1

p2
j

m∑
j=1

(‖E�
j P + PEj‖2)2 ≥

m∑
j=1

(|pj |‖E�
j P + PEj‖2)2 (8.38)

we have
m∑
j=1

(|pj |‖E�
j P + PEj‖2) ≤ λmin(Q). (8.39)

Since ∥∥∥∥∥∥
m∑
j=1

pj(E
�
j P + PEj)

∥∥∥∥∥∥
2

≤
m∑
j=1

(|pj |‖E�
j P + PEj‖2) (8.40)

we have ∥∥∥∥∥∥
m∑
j=1

pjE
�
j P + P

m∑
j=1

pjEj

∥∥∥∥∥∥
2

≤ λmin(Q) (8.41)

followed Theorem 8.4.1 and (8.24) we know that the linear verb control sys-
tem is asymptotically stable. �

8.5 Impulsive Verb Control Based on Basin of Stability

In this kind of impulsive control problem, we assume that the basin of stabil-
ity of the plant is expressed as a kind of verb knowledge of human experts.
Under normal operating conditions, the plant stays within the basin of sta-
bility. However, in many applications some system faults can result in abrupt
changes of state variables such that the entire plant is kicked outside the
basin of stability pseudoimpulsively. In many applications such as the con-
trol of transient of power system, the controller needs to captures the plant
back into the basin of stability impulsively. In this kind of applications, there
is virtually no time for a controller to do computation, instead the knowl-
edge of the basin of stability should be stored as a kind of look-up table and
the control signals are generated by simple control rules. This is a kind of
impulsive verb control problem whose verb control rule is given by:
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IF the plant stays within the basin of stability of target, THEN the controller
does nothing;
IF the plant leaves the basin of stability of target, THEN the controller cap-
tures it back impulsively.

Example 8.5.1. In this example let us design impulsive verb controller to con-
trol Van-der-Pol oscillator. This example had been reported as a conventional
impulsive control problem in [4]. A Van-der-Pol oscillator with impulse effects
induced by system faults is given by

ẋ(t) = y(t)
ẏ(t) = −ωx(t)− αy(t) + βy3(t)

}
, t �= τFk , α > 0, β > 0, (8.42)

∆x = nx(τ
F
k )

∆y = ny(τ
F
k )

}
, t = τFk , k ∈ N (8.43)

where {τFk } are the moments of the impulse effects induced by system faults,
nx(τ

F
k ) and ny(τ

F
k ) are the impulsive changes of two state variables caused

by the system faults. The stability basin of the system (8.42) is given by

Ω ,

{
(x, y) | x2 + y2 ≤ α

β

}
. (8.44)

Whenever the state variables leave Ω because of the impulsive system faults,
the plant is considered unsafe and should be captured back into Ω. There
are many different kinds of impulsive control strategies to perform this kind
of control, we only present one example as in the following impulsive verb
control rules:

IF the plant (8.42) leaves Ω, THEN the controller generates control impulses;
IF the controller generates control impulses, THEN control impulses capture
the plant (8.42) back into Ω.

The outer system of observing verb leave is given by

Fleave(t) , Fleave(x(t), y(t)) = x2(t) + y2(t). (8.45)

Let {τCi } be the moments of control impulses, then the outer system of gen-
erate is given by

Fgenerate , Fgenerate(Fleave(t)) :{
τCi = t, if Fleave(t) ≥ dα/β,
no control impulse, if Fleave(t) < dα/β

(8.46)

where d ∈ (0, 1) is a scaling factor that is used to provide a small time advance
for the controller to act before the entire system blows up. The outer system
of the controlling verb capture is given by
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Fcapture , Fcapture(τ
C
i ) :



∆x(τCi ) = −x(τCi ), if |x(τCi )| ≥ d

√
α/β,

∆x(τCi ) = 0, otherwise,

∆y(τCi ) = −y(τCi ), if |y(τCi )| ≥ d
√
α/β

∆y(τCi ) = 0, otherwise.

(8.47)
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Fig. 8.5. The simulation results of impulsive verb control of Van-der-Pol oscillator
subjected to impulsive state changes. (a) Waveforms of x(t)(thin-solid), y(t)(thick-
solid) (b) x(t) versus y(t) plot.

Remark 8.5.1. Although we use crisp representation for the outer systems
(8.45), it can also be fuzzy because the computational verb leave can also
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have a fuzzy collapse[43]. For simplicity, we only use the simplest verb impulse
control law (8.47). Some other verb impulse control laws are possible when
we introduce different optimal criteria such as minimum power or minimum
shock. �

We then present some simulation results in Fig. 8.5. The parameters are
given by α = 1, β = 1, ω = 3 and d = 0.8. Observe that the frequent system
faults cause many impulsive state changes, which are plotted as dashed verti-
cal straight lines, to both x(t) and y(t). The verb impulsive control signals are
plotted as solid vertical straight lines that may overlap with the dash lines.
Observe from Fig. 8.5(b) that the verb impulsive control is quite efficient to
keep the plant within the basin of stability. F



9. Impulsive Control of Periodic Motions

In this chapter we will design impulsive control strategies that can perform
the following two kinds of tasks:

1. Stabilize impulsive systems to periodic solutions by using periodic control
signals. The applications of this kind of controller to nanoelectronics will
be presented in Chapter 11.

2. Using impulsive control signals to stabilize periodic motions.

9.1 Linear Periodic Impulsive Control

Let us first study the cases when plants and impulsive control laws are linear.

9.1.1 Autonomous Cases

Let us study the following linear T -periodic impulsive differential equation:

{
ẋ = A(t)x, t �= τk,
∆x = Bkx, t = τk, k ∈ Z (9.1)

where A ∈ PC[R, C n×n ], A(t+T ) = A(t) for t ∈ R, Bk ∈ C n×n , det(I+Bk) �=
0, τk < τk+1 for k ∈ Z. We assume that there is a � ∈ N such that for k ∈ Z
we have

Bk+� = Bk, τk+� = τk. (9.2)

Theorem 9.1.1. The fundamental matrix, X(t), of system (9.1) can be rep-
resented in the following form

X(t) = Θ(t)eΛt, t ∈ R (9.3)

where Θ ∈ PC1[R, C n×n ] is non-singular and T -periodic, Λ ∈ C
n×n is a

constant matrix. �

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 237−287, 2001.
 Springer-Verlag Berlin Heidelberg 2001
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Proof. Let Y (t) = X(t+ T ), then Y (t) is a fundamental matrix, we have

Y (t)

dt
=
X(t+ T )

dt
= A(t+ T )X(t+ T ) = A(t)Y (t), t �= τk,

∆Y (τk) = ∆X(τk + T ) = ∆X(τk+�)

= Bk+�X(τk+�) = BkX(τk + T ) = BkY (τk). (9.4)

From the second conclusion of Theorem 1.6.2 we know that there is a unique
non-single matrix M ∈ C n×n (called the monodromy matrix of system (9.1)
) such that

X(t+ T ) = X(t)M. (9.5)

Let us choose

Λ =
1

T
lnM,

Θ(t) = X(t)e−Λt (9.6)

then it is easy to see that (9.3) holds, Θ(t) is non-singular, Θ ∈ PC1[R, C n×n ]
and Me−ΛT = I . We then have

Θ(t + T ) = X(t+ T )e−Λ(t+T ) = X(t)Me−ΛTe−Λt = Θ(t), (9.7)

which proves that Θ(t) is T -periodic. �

Remark 9.1.1. If system (9.1) is real and let us define

Λ2 ,
1

2T
lnM2, Θ2(t) , X(t)e−Λ2t, (9.8)

then we have

X(t) = Θ2(t)e
Λ2t, (9.9)

where Λ2 and Θ2(t) are real and Θ2(t) is 2T -periodic. �

Theorem 9.1.2. All monodromy matrices of system (9.1) are similar and
therefore have the same eigenvalues. �

Proof. Let M1 and M2 are two monodromy matrices of system (9.1) with
respect to fundamental matrices X1(t) and X2(t), respectively. We then have

X1(t+ T ) = X1(t)M1, X2(t+ T ) = X2(t)M2. (9.10)

Then from the second conclusion of Theorem 1.6.2 we have

X2(t) = X1(t)S, X2(t+ T ) = X1(t+ T )S, detS �= 0 (9.11)

from which we have
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X1(t+ T )S = X2(t+ T )

= X2(t)M2 ⇐ (9.10)

= X1(t)SM2 ⇐ (9.11). (9.12)

Then from (9.10) and (9.12) we have

X1(t)M1S = X1(t)SM2, (9.13)

from which we have

M1S = SM2, (9.14)

which leads to

M1 = SM2S
−1 (9.15)

because S is non-singular. This proves that all monodromy matrices of system
(9.1) are similar. Since similar matrices have same eigenvalues, we complete
the proof. �

The eigenvalues µ1, · · · , µn of the monodromy matrix are called multipli-
ers of system (9.1) and the eigenvalues λ1, · · · , λn of the matrix Λ are called
characteristic exponents and it follows from (9.6) that

λi =
1

T
lnµi, i = 1, · · · , n. (9.16)

For any monodromy matrix, M , of system (9.1) we have

detM =
n∏
i=1

µi =

�∏
i=1

det(I +Bi) exp

(∫ T

0

TrA(s)ds

)
. (9.17)

As a direct consequence to Theorem 9.1.1 we have the following corollary.

Corollary 9.1.1.

1. µ ∈ C is a multiplier of system (9.1) if and only if there is a non-trivial
solution, ξ(t), of system (9.1) such that

ξ(t+ T ) = µξ(t), t ∈ R;

2. System (9.1) has a nontrivial pT -periodic solution if and only if the pth
power of some of its multipliers are equal to 1.

�

Theorem 9.1.3. System (9.1) can be reduced to

ẏ = Λy (9.18)

by using transformation

x = Θ(t)y. (9.19)

�
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Proof. It follows from Theorem 9.1.1 that

X(t) = Θ(t)eΛt. (9.20)

By using transformation (9.19) we have, for t �= τk

Θ̇(t)y +Θ(t)ẏ = A(t)x = A(t)Θ(t)y (9.21)

from which and (9.20) we have

Ẋ(t)e−Λty −X(t)Λe−Λty +X(t)e−Λtẏ = A(t)X(t)e−Λty

A(t)X(t)e−Λty −X(t)Λe−Λty +X(t)e−Λtẏ = A(t)X(t)e−Λty,

X(t)e−Λtẏ = X(t)Λe−Λty,

e−Λtẏ = Λe−Λty,

ẏ = eΛtΛe−Λty = Λy (9.22)

from which we immediate have (9.18).
For t = τk we have

Θ(τ+
k )y(τ

+
k )−Θ(τk)y(τk) = BkΘ(τk)y(τk), (9.23)

from which and (9.20) we have

X(τ+
k )e

−Λτky(τ+
k )−X(τk)e−Λτky(τk) = BkX(τk)e

−Λτky(τk). (9.24)

In view of X(τ+
k ) = (I +Bk)X(τk) we have

X(τ+
k )e

−Λτky(τ+
k ) = X(τ+

k )e
−Λτky(τk) (9.25)

which leads to

y(τ+
k ) = y(τk). (9.26)

Therefore, the impulse effects disappear by using transformation (9.19). This
completes the proof. �

We then have the main theorem for the stability of system (9.1) as follows.

Theorem 9.1.4. System (9.1) is

1. stable if and only if all of its multipliers µi, i = 1, · · · , n, satisfy

|µi| ≤ 1

and those µi with |µi| = 1 are simple;
2. asymptotically stable if and only if all of its multipliers µi, i = 1, · · · , n,

satisfy
|µi| < 1;
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3. unstable if
|µi| > 1

for some i = 1, · · · , n.
�

Proof. We have the following relation:

1

T
ln |µi| = Reλi, i = 1, · · · , n. (9.27)

Then it follows from Theorem 9.1.3 we immediately have the conclusions. �

Remark 9.1.2. From Theorem 9.1.4 we know that it is important to find the
multipliers in order to determine the stability properties of system (9.1). In
order to do so, let us first fix a t0 ∈ R and choose an arbitrary fundamental
matrix X(t) of system (9.1) and then find the eigenvalue of the following
matrix

M = Ψ(t0 + T, t0) = X(t0 + T )X−1(t0). (9.28)

There are two useful special cases listed as follows.

1. if X(0) = I , then we can choose M = X(T );
2. if X(0+) = I , then we can choose M = X(T+).

�

Example 9.1.1. Consider the following linear periodic impulsive control sys-
tem (

ẋ
ẏ

)
=

(
0 ω
−ω 0

)
︸ ︷︷ ︸

A

, t �= τ0 + kT,

∆

(
x
y

)
=

(
0 0
a/ω b

)
︸ ︷︷ ︸

B

(
x
y

)
, t = τ0 + kT, k ∈ Z, T > 0. (9.29)

It follows from Remark 9.1.2 that the monodromy matrix of system (9.29) is
given by

M = Ψ(τ0 + T+, τ+
0 ) = (I +B)eAT

=

(
1 0
a/ω b+ 1

)(
cos(ωT ) sin(ωT )
− sin(ωT ) cos(ωT )

)

=

(
cos(ωT ) sin(ωT )

a
ω cos(ωT )− (b+ 1) sin(ωT ) a

ω sin(ωT ) + (b+ 1) cos(ωT )

)
(9.30)
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whose eigenvalues are the multipliers µp, p = 1, 2 that are given by the roots
of

µ2 −
( a
ω
sin(ωT ) + (b+ 2) cos(ωT )

)
µ+ b+ 1 = 0. (9.31)

Then we consider the following cases.

1. T -periodic solutions.
If at least one root of (9.31) is equal to 1, then system (9.29) had non-
trivial T -periodic solution. In this case, in view of (9.31), we have the
following condition:

a

ω
sin(ωT ) + (b+ 2) cos(ωT ) = b+ 2. (9.32)

If we need to design impulsive control laws such that the T -periodic
solution is stable, the second multiplier should be less than one, in this
case, we have the following condition

|b+ 1| < 1. (9.33)

Then from (9.32) and (9.33) we can choose the parameters for the impul-
sive controller to achieve an asymptotically stable T -periodic solution. We
will show that the controlled system (9.29) may have infinite many stable
T -periodic solutions. Let x(t) = (x(t), y(t))� be a T -periodic solution of
system (9.29) with initial condition x0 , (x(τ+

0 ), y(τ
+
0 ))

� = (x0, y0)
�,

then we have an additional condition to define this T -periodic solution;
namely, Mx0 = x0, from which we have

[cos(ωT )− 1]x0 + sin(ωT )y0 = 0,( a
ω
cos(ωT )− (b+ 1) sin(ωT )

)
x0

+
( a
ω
sin(ωT ) + (b+ 1) cos(ωT )− 1

)
y0 = 0. (9.34)

We have the following three kinds of situations:

a) ωT = 2pπ, p ∈ N.
Condition (9.32) holds and (9.34) becomes the following stable initial
condition line1:

a

ω
x0 + by0 = 0. (9.35)

For t ∈ (τk, τk+1) we have

x(t) = x0 cosω(t− τk) + y0 sinω(t− τk),
y(t) = −x0 sinω(t− τk) + y0 cosω(t− τk), (9.36)

1 Any trajectory starting from an initial point located on the stable initial line will
generate a stable periodic solution.
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therefore x(τk+1) = x0 and y(τk+1) = y0. This means that at t = τk+1

the impulsive control is zero.
In the simulation shown in Fig. 9.1 we set ω = π, T = 2, a = 1,
b = −1.5. The initial conditions for the solid and dashed curves are
given by (x0, y0) = (2,−3) and (x0, y0) = (−2,−2), respectively.
Observe that the trajectories approach two limit cycles. The dotted
straight line is the stable initial condition line.

−4 −2 0 2 4
−4

−3

−2

−1

0

1

2

3

4

x(t)

y
(t

)

Fig. 9.1. The simulation results of controlling periodic impulsive systems: Case 1.

b) ωT �= 2pπ, p ∈ N, a = 0 and b = −2.
Condition (9.32) holds for all T > 0 and ωT �= 2pπ. In this case
we have a multiple multiplier at µ1,2 = 1, condition (9.33) can not
be satisfied. Therefore the periodic trajectory is not asymptotically
stable. From (9.34) we have

[cos(ωT )− 1]x0 + sin(ωT )y0 = 0,

sin(ωT )x0 − [cos(ωT ) + 1]y0 = 0, (9.37)

from which we have

[cos(ωT )− 1]cos(ωT ) + 1
sin(ωT )

y0 + sin(ωT )y0 = 0,

x0 =
cos(ωT ) + 1

sin(ωT )
y0, (9.38)

which leads to the stable initial condition line:

x0 =
cos(ωT ) + 1

sin(ωT )
y0, (9.39)
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which is equivalent to

−x0 + cot(ωT/2)y0 = 0. (9.40)

In the simulation shown in Fig. 9.2 we set ω = 3, T = 2, a =
0, b = −2. The initial conditions for the solid and dashed curves
are given by (x0, y0) = (2,−0.2818)(on the stable initial condition
line) and (x0, y0) = (−2,−2)( not on the stable initial condition
line), respectively. Observe that only the solid trajectory forms a T -
periodic. Since the initial condition of the dashed trajectory is not
on the stable initial condition line, the observed solution is not T -
periodic. This can be verified by the two positions of impulses shown
as two vertical straight dashed lines. Also, the stable initial condition
line is shown as a dotted line.

−4 −2 0 2 4
−3

−2

−1

0

1

2

3

x(t)

y
(t

)

Fig. 9.2. The simulation results of controlling periodic impulsive systems: Case 2.

c) ωT �= 2pπ, p ∈ N, a �= 0 and from (9.34) we know that the stable
initial condition line is given by

y0 = −
cos(ωT )− 1
sin(ωT )

x0 (9.41)

with parameter satisfying( a
ω
cos(ωT )− (b+ 1) sin(ωT )

)
sin(ωT )

=
( a
ω
sin(ωT ) + (b+ 1) cos(ωT )− 1

)
[cos(ωT )− 1]

and (9.33).
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In the simulation shown in Fig. 9.3 we set ω = 3, T = 2, a = −0.2,
b = −1.5323. The initial conditions for the solid and dashed curves
are given by (x0, y0) = (2,−3) and (x0, y0) = (−2,−2), respectively.
Observe that the trajectories approach two limit cycles. The dotted
straight line is the stable initial condition line. Observe that the con-
trol impulses make (x(τ+

k ), y(τ
+
k )) approach a point on the stable

initial condition line.
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Fig. 9.3. The simulation results of controlling periodic impulsive systems: Case 3.

2. 2T -periodic solutions.
To study 2T -periodic solutions, we need to consider the eigenvalues νp,
p = 1, 2, of matrix M2. It is easy to see that νp = µ2

p, p = 1, 2, then from
(9.31) we have

ν1 + ν2 = µ2
1 + µ2

2 = (µ1 + µ2)
2 − 2µ1µ2

=
( a
ω
sin(ωT ) + (b+ 2) cos(ωT )

)2

− 2(b+ 1),

ν1ν2 = µ2
1µ

2
2 = (b+ 1)

2. (9.42)

Therefore, νp, p = 1, 2 are roots of the following equation:

ν2 −
[( a
ω
sin(ωT ) + (b+ 2) cos(ωT )

)2

− 2(b+ 1)
]
ν

+(b+ 1)2 = 0. (9.43)

System (9.29) has non-trivial 2T -periodic solutions if and only of ν = 1
is a solution of (9.43), thus we have( a

ω
sin(ωT ) + (b+ 2) cos(ωT )

)2

= (b+ 2)2. (9.44)
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Then the stable initial condition for 2T -periodic solutions are given by
M2x0 = x0; namely,

sin(ωT )
( a
ω
x0 − (b+ 2)y0

)
= 0,

(b+ 2)
( a
ω
cos(ωT )− (b+ 1) sin(ωT )

)
x0

+
(
(b+ 1)

a

ω
sin(ωT ) + b(b+ 2) cos(ωT )

)
y0 = 0. (9.45)

The rest of analysis is similar to that of T -periodic cases.

F

9.1.2 Nonautonomous Cases

In this section let us consider the following impulsive control system with
impulses at fixed time:

{
ẋ = A(t)x+ u(t), t �= τk,
∆x = Bkx+ ck, t = τk, k ∈ Z (9.46)

where A ∈ PC[R, C n×n ], A(t+T ) = A(t) for t ∈ R, u ∈ PC[R, C n ], u(t+T ) =
u(t), Bk ∈ C n×n , det(I +Bk) �= 0, ck ∈ C n , τk < τk+1 for k ∈ Z. We assume
that there is a � ∈ N such that for k ∈ Z we have

Bk+� = Bk, ck+� = ck, τk+� = τk. (9.47)

Let X(t) = Ψ(t, 0) be the normalized fundamental matrix of system (9.1)
at t = 0, then the solution, x(t) = x(t, 0,x0), of system (9.46) is given by

x(t) = X(t)x0 +

∫ t

0

X(t)X−1(s)u(s)ds

+
∑

0≤τk<t

X(t)X−1(τ+
k )ck (9.48)

where x0 = x(0). If x(t) is T -periodic, then we have x(T ) = x(0); namely,

[I −X(T )]x(0) =
∫ T

0

X(T )X−1(s)u(s)ds

+
∑

0≤τk<T

X(T )X−1(τ+
k )ck. (9.49)
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Case det[I −X(t)] �= 0.

Definition 9.1.1. Let us define Υ (t, s) as

Υ (t, s) ,



X(t)[I −X(T )]−1X−1(s), 0 < s < t ≤ T,
X(t+ T )[I −X(T )]−1X−1(s), 0 < t ≤ s ≤ T,
Υ (t− kT, s− lT ), kT < t ≤ (k + 1)T,

lT < s ≤ (l + 1)T, k, l ∈ Z,
(9.50)

which is called the Green’s function for the periodic solutions of system (9.46).
�

Remark 9.1.3. Υ (t, s) has the following properties

1. Υ (t, t−)− Υ (t, t+) = I for t �= τk and t ∈ R;
2. Υ (t+ T, s) = Υ (t, s) for t ∈ R and s ∈ R;
3.

∂Υ (t, s)

∂t
= A(t)Υ (t, s)

for t �= τk and s ∈ R;
4. Υ (τ+

k , s) = (I +Bk)Υ (τk, s) for s �= τk;
5.

Υ (τ+
k , τ

+
k ) = lim

t→τ+
k

Υ (t, τ+
k ) = (I +Bk)Υ (τk, τ

+
k ) + I.

�

Theorem 9.1.5. Assume that I−X(t) is non-singular and system (9.1) has
no non-trivial T -periodic solution, then system (9.46) has a unique T -periodic
solution

xT (t) =

∫ T

0

Υ (t, s)u(s)ds+
∑

0≤τk<T

Υ (t, τ+
k )ck, (9.51)

which satisfies

‖xT (t)‖ ≤ L

(∫ T

0

‖u(s)‖ds+
�∑

k=1

‖ck‖
)
, (9.52)

where

L = sup
t,s∈[0,T ]

‖Υ (t, s)‖. (9.53)

�
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Proof. Since I − X(t) is non-singular we know that det[I − X(t)] �= 0 and
M = X(T ) is a monodromy matrix of system (9.1), we know that all mul-
tipliers of system (9.1) are not equal to 1. Furthermore, this means that
system (9.1) does not have non-trivial T -periodic solution. Then, (9.49) has
a unique solution

x(0) = [I −X(T )]−1

(∫ T

0

X(T )X−1(s)u(s)ds

+
∑

0≤τk<T

X(T )X−1(τ+
k )ck


 . (9.54)

Therefore system (9.46) has a unique T -periodic solution

xT (t) = X(t)[I −X(T )]−1

(∫ T

0

X(T )X−1(s)u(s)ds

+
∑

0≤τk<T

X(T )X−1(τ+
k )ck




+

∫ t

0

X(t)X−1(s)u(s)ds+
∑

0≤τk<t

X(t)X−1(τ+
k )ck, (9.55)

which is exactly (9.51) and from which we immediately have the estimate in
(9.52). �

Remark 9.1.4. If all multipliers, µi, i = 1, · · · , n, of system (9.1) satisfy |µi| <
1, then xT (t) is exponentially stable. �

Case det[I − X(t)] = 0. In this case, system (9.1) has non-trivial T -
periodic solutions. Let us construct the following adjoint equation of (9.1){

ẏ = −A∗(t)y, t = τk,
∆y = −(I +B∗

k)
−1B∗

ky, t = τk, k ∈ Z. (9.56)

The following lemma will be used in the proof of Theorem 9.1.6. Other-
wise, it also provides some conclusions on the relations between the solutions
and fundamental matrices of the mutually adjoint equations (9.1) and (9.56).

Lemma 9.1.1. Assume that A ∈ PC[R, C n×n ], Bk ∈ C
n×n and det(I +

Bk) �= 0 for all k ∈ Z, then we have the following conclusions:

1. Let x(t) and y(t) be any solutions of mutually adjoint equations (9.1)
and (9.56), respectively, then for t ∈ R we have

x∗(t)y(t) = x∗(0)y(0) = ς (9.57)

where ς is a constant.
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2. Let X(t) and Y (t) be fundamental matrices of mutually adjoint equations
(9.1) and (9.56), respectively, then for t ∈ R we have

Y ∗(t)X(t) = C, (9.58)

where C ∈ Cn×n is a constant matrix.
3. If X(t) is a fundamental matrix of (9.1), C ∈ C

n×n is a nonsingular
constant matrix and (9.58) holds, then Y (t) is a fundamental matrix of
(9.56).

�

Proof. Conclusion 1: For t ∈ (τk, τk+1] we have

dx∗(t)y(t)

dt
= ẋ∗(t)y(t) + x∗(t)ẏ(t)

= [A(t)x(t)]∗y(t)− x∗(t)A∗(t)y(t)

= [A(t)x(t)]∗y(t)− [A(t)x(t)]∗y(t) = 0. (9.59)

Therefore x∗(t)y(t) = ςk for each k ∈ Z and t ∈ (τk, τk+1]. For t = τ+
k , k ∈ Z

we have

x∗(τ+
k )y(τ

+
k ) = [(I +Bk)x(τk)]

∗[I − (I +B∗
k)

−1B∗
k]y(τk)

= [(I +Bk)x(τk)]
∗(I +B∗

k)
−1y(τk)

= x∗(τk)y(τk), k ∈ Z, (9.60)

then we know that ςk = ς for all k ∈ Z.
Conclusion 2: Can be proved by using the similar procedure as that for con-
clusion 1.
Conclusion 3: For t �= τk, k ∈ Z, it follows from (9.58) that

dY (t)

dt
= −A∗(t)Y (t). (9.61)

For t = τk, k ∈ Z we have

Y (τ+
k ) = [X

∗(τ+
k )]

−1C∗

= (I +B∗
k)

−1[X∗(τk)]
−1C∗

= (I +B∗
k)

−1Y (τk), (9.62)

from which we have

∆Y (τk) = [(I +B∗
k)

−1 − I ]Y (τk) = −(I +B∗
k)

−1B∗
kY (τk). (9.63)

This proves that Y (t), t ∈ R is a matrix solution of system (9.56). Since
Y (t), t ∈ R is nonsingular, it is a fundamental matrix of system (9.56). �

The following lemma will be used in the proofs of Theorems 9.1.6 and
9.1.7. It can be easily proved based on standard matrix theory.
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Lemma 9.1.2. Assume that

Ax = a, (9.64)

Ay = 0, (9.65)

A∗z = 0, (9.66)

where A ∈ Cn×n , a,x,y, z ∈ C n , then

1. The mutually adjoint equations (9.1) and (9.56) have the same number
of linearly independent solutions and

m = n− rank A = n− rank A∗.

2. If z1, · · · , zm are m linearly independent solutions of (9.66), then (9.64)
has a solution if and only if z∗ia = 0, i = 1, · · · ,m.

3. If z∗ia = 0, i = 1, · · · ,m, then there is a unique solution x1 of (9.64)
such that y∗ix1 = 0 for i = 1, · · · ,m, where yi, i = 1, · · · ,m are linearly
independent solutions of (9.65). Let Z , (z1, · · · , zm) ∈ C n×m , Y ,

(y1, · · · ,ym) ∈ C
n×m , and B , A− ZY ∗, then we have

x1 = B−1a.

Furthermore, B is nonsingular and there is a constant L > 0 independent
of a such that ‖x1‖ ≤ L‖a‖.

�

Theorem 9.1.6. Let system (9.1) have m linearly independent T -periodic
solutions ϕ1(t), · · · ,ϕm(t) with 1 ≤ m ≤ n, and let Ψ(t, s) be the Cauchy
matrix of system (9.1) and

M = Ψ(t, 0), Γψ(t) = (ψ1(t), · · · ,ψm(t)),

Γϕ(t) = (ϕ1(t), · · · ,ϕm(t)), (9.67)

then

1. System (9.56) has m linearly independent T -periodic solutions ψ1(t), · · · ,
ψm(t);

2. System (9.46) has a T -periodic solution if and only if∫ T

0

Γ ∗
ψ(t)g(t)dt+

∑
0≤τk<T

Γ ∗
ψ(τ

+
k )ck = 0. (9.68)

Furthermore, let xa(t) be a particular T -periodic solution of system
(9.46), then each T -periodic solution of system (9.46) has the form

x(t) = xa(t) +
m∑
i=1

ςiϕi(t), (9.69)

where ςi, i = 1, · · · ,m are constants;
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3. If (9.68) holds, then system (9.46) has a unique T -period solution xT (t),
which satisfies the condition

Γ ∗
ϕ(0)xT (0) = 0, (9.70)

and is given by

xT (t) =

∫ T

0

Υ̃ (t, s)u(s)ds+

�∑
i=1

Υ̃ (t, τ+
i )ci, (9.71)

where

Υ̃ (t, s) =




Ψ(t, 0)P−1Ψ(T, s) + Ψ(t, s), 0 < s < t ≤ T,
Ψ(t, 0)P−1Ψ(T, s), 0 < t ≤ s ≤ T,

Υ̃ (t− kT, s− lT ), kT < t ≤ (k + 1)T,
lT < s ≤ (l + 1)T,
k, l ∈ Z

(9.72)

is the generalized Green’s function and

P , (I −M − Γψ(0)Γ ∗
ϕ(0)) (9.73)

is nonsingular.
Furthermore, there is a constant L > 0 independent of u(t) and ck such
that

sup
t∈R
‖xT (t)‖ ≤ L

(
sup

t∈[0,T ]

‖u(t)‖+ �
max
k=1
‖ck‖

)
. (9.74)

�

Proof. Conclusion 1: Since system (9.1) have m linearly independent T -
periodic solutions ϕ1(t), · · · ,ϕm(t) with 1 ≤ m ≤ n, we know that

(I −M)x = 0 (9.75)

has m linearly independent solutions x1, · · · ,xm such that ϕi(0) = xi,
i = 1, · · · ,m. Then from Lemma 9.1.2 we know that the following adjoint
equation of (9.75)

(I −M∗)y = 0 (9.76)

also has m linearly independent solutions y1, · · · ,ym such that there are m
linearly independent T -periodic solutions ψ1(t), · · · ,ψm(t) of system (9.56)
satisfying ψi(0) = yi, i = 1, · · · ,m.
Conclusion 2: System (9.46) has a T -periodic solution x(t) if and only if the
equation
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(I −M)x(0) =
∫ T

0

Ψ(T, s)u(s)ds+

�∑
k=1

Ψ(T, τ+
k )ck , a (9.77)

has a solution x(0). From conclusion 3 of Lemma 9.1.2 we know that the
above condition is equivalent to

y∗ia = 0 for i = 1, · · · ,m, (9.78)

or in the following matrix form

Γ ∗
ψ(0)


∫ T

0

Ψ(T, s)u(s)ds+
∑

0≤τk<T

Ψ(T, τ+
k )ck


 = 0. (9.79)

Let Φ(t) = (Γϕ(t), Γ̃ϕ(t)) be a fundamental matrix of system (9.1) where

each of (n−m) columns of Γ̃ϕ(t) is a solution of system (9.1), then we have

Ψ(T, s) = Φ(T )Φ−1(s), Γ ∗
ψ(0) = Γ ∗

ψ(T ) (9.80)

and from Lemma 9.1.1 we have

Γ ∗
ψ(T )Φ(T ) = Γ ∗

ψ(s)Φ(s). (9.81)

From (9.79) and (9.80) we have

Γ ∗
ψ(T )


∫ T

0

Φ(T )Φ−1(s)u(s)ds+
∑

0≤τk<T

Φ(T )Φ−1(τ+
k )ck


 = 0. (9.82)

From (9.81) and (9.82) we have∫ T

0

Γ ∗
ψ(s)Φ(s)Φ

−1(s)u(s)ds+
∑

0≤τk<T

Γ ∗
ψ(τ

+
k )Φ(τ

+
k )Φ

−1(τ+
k )ck = 0(9.83)

from which we immediately have (9.68).
Conclusion 3: Assume that (9.68) holds and let us construct the following
system:

(I −M)xT (0) =
∫ T

0

Ψ(T, s)u(s)ds+
∑

0≤τk<T

Ψ(T, τ+
k )ck,

Γ ∗
ϕ(0)xT (0) = 0. (9.84)

It follows from conclusion 3 of Lemma 9.1.2 that P , I −M − Γψ(0)Γ ∗
ϕ(0)

is nonsingular and system (9.84) has a unique solution

xT (0) = P−1a = P−1


∫ T

0

Ψ(T, s)u(s)ds+
∑

0≤τk<T

Ψ(T, τ+
k )ck


 .(9.85)
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Therefore, system (9.46) has a unique T -periodic solution corresponding to
xT (0) as

xT (t) = Ψ(t, 0)P−1


∫ T

0

Ψ(T, s)u(s)ds+
∑

0≤τk<T

Ψ(T, τ+
k )ck




+

∫ t

0

Ψ(t, s)u(s)ds+
∑

0≤τk<t

Ψ(t, τ+
k )ck (9.86)

which is exactly (9.71).
It follows from conclusion 3 of Lemma 9.1.2 that there is a constantK > 0

such that

‖xT (0)‖ ≤ K

∥∥∥∥∥∥
∫ T

0

Ψ(T, s)u(s)ds+
∑

0≤τk<T

Ψ(T, τ+
k )ck

∥∥∥∥∥∥ (9.87)

from which and (9.86) we have estimation in (9.74). �

Conclusions Based on Bounded Solutions.

Theorem 9.1.7. If system (9.46) has a bounded solution then it has at least
one T -periodic solution. �

Proof. Assume that x1(t), t ≥ 0, is a bounded solution of system (9.46), then
for t ∈ R+ we have

x1(t) = Ψ(t, 0)x1(0) +

∫ t

0

Ψ(t, s)u(s)ds+
∑

0≤τk<t

Ψ(t, τ+
k )ck (9.88)

where Ψ(t, s) is the Cauchy matrix of system (9.1). Let M , Ψ(T, 0) be a
monodromy matrix of system (9.1) and set a as

a ,

∫ T

0

Ψ(T, s)u(s)ds+
∑

0≤τk<T

Ψ(T, τ+
k )ck (9.89)

then we have

x1(T ) =Mx1(0) + a. (9.90)

Since system (9.46) is T -periodic, we know that

xp(t) , x1(t+ pT ), p ∈ N (9.91)

are also bounded solutions of system (9.46), then it follows from (9.90) that

x1(pT ) =Mpx1(0) +

p−1∑
i=0

M ia. (9.92)
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We then have the following claim:
Claim 9.1.7: System (9.46) has at least one T -periodic solution.
If Claim 9.1.7 is not true, then system (9.46) has no T -periodic solution.

Therefore, the equation

(I −M)x = a (9.93)

has no solution. Then from the reverse of conclusion 2 of Lemma 9.1.2 we
know that there is a z ∈ C n such that

(I −M∗)z = 0 and z∗a �= 0, (9.94)

from which we have

z =M∗z, z = (M−k)∗z for k ∈ N. (9.95)

Then from (9.92) we have

z∗x1(pT ) = z
∗Mpx1(0) +

p−1∑
i=0

z∗M ia. (9.96)

from which and (9.95) we have

z∗x1(pT ) = [(M
−p)∗z]∗Mpx1(0) +

p−1∑
i=0

[(M−i)∗z]∗M ia

= z∗M−pMpx1(0) +

p−1∑
i=0

z∗M−iM ia

= z∗x1(0) + pz∗a (9.97)

from which and (9.94) we have the following contradiction to the boundedness
of x1(t):

lim
p→∞

z∗x1(pT ) =∞. (9.98)

Therefore, Claim 9.1.7 is true.
�

We then have the following corollary.

Corollary 9.1.2.

1. Assume that system (9.46) has no T -periodic solution, then all of its
solutions are unbounded for t ≥ 0 and t ≤ 0.

2. Assume that system (9.46) has a unique bounded solution for t ≥ 0, then
this solution is T -periodic.

�



9.1 Linear Periodic Impulsive Control 255

First-order Cases. Let us then consider the following first-order linear im-
pulsive T -periodic control system:{

ẋ = a(t)x + u(t), t = τk,
∆x = bkx+ ck, t = τk, k ∈ Z (9.99)

where a ∈ PC[R, C ], a(t+T ) = a(t) for t ∈ R, u ∈ PC[R, C ], u(t+T ) = u(t),
bk ∈ C , 1 + bk �= 0, ck ∈ C , τk < τk+1 for k ∈ Z. We assume that there is a
� ∈ N such that for k ∈ Z we have

bk+� = bk, ck+� = ck, τk+� = τk. (9.100)

Then the Cauchy matrix for the following autonomous system{
ẋ = a(t)x, t = τk,
∆x = bkx, t = τk, k ∈ Z (9.101)

is given by

Ψ(t, s) = exp

(∫ t

s

a(τ)dτ

) ∏
s≤τk<t

(1 + bk), −∞ < s ≤ t <∞. (9.102)

The multiplier of system (9.101) is given by

µ = Ψ(τ+
� , τ

+
0 ) = exp

(∫ τ�

τ0

a(τ)dτ

) �∏
k=1

(1 + bk). (9.103)

Then we have the following cases.

1. µ �= 1. In this case, system (9.99) has the following unique T -periodic
solution:

xT (t) = Ψ(t, τ+
0 )

1

1− µ

(∫ τ�

τ0

Ψ(τ+
� , s)u(s)ds+

�∑
k=1

Ψ(τ+
� , τ

+
k )ck

)

+

∫ t

τ0

Ψ(t, s)u(s)ds+
∑

τ0<τk<t

Ψ(t, τ+
k )ck. (9.104)

It is easy to see that
a) if |µ| < 1, then xT (t) is exponentially stable;
b) if |µ| > 1, then xT (t) is unstable.

2. µ = 1. In this case, all solution of system (9.101) are T -periodic, there-
fore all solutions of the following adjoint equation to (9.101) are also
T -periodic: {

ẏ = −a∗(t)y, t = τk,

∆y = − b∗k
1+b∗k

y, t = τk, k ∈ Z. (9.105)
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And the function

y1(t) = exp

(
−
∫ t

τ0

a∗(τ)dτ

) ∏
τ0<τk<t

1

1 + b∗k
(9.106)

is a T -periodic solution of system (9.105) with y1(τ
+
� ) = y1(τ

+
0 ) = 1.

Furthermore, if the following condition holds:∫ τ�

τ0

y∗1(t)u(t)dt+
�∑

i=1

y∗1(τ
+
i )ci = 0 (9.107)

then all solutions of (9.99) given by

x(t) = Ψ(t, τ+
0 )x(τ

+
0 ) +

∫ t

τ0

Ψ(t, s)u(s)ds+
∑

τ0<τk<t

Ψ(t, τ+
k )ck

(9.108)

are T -periodic and stable.
3. � = 1, bk = b, ck = c for k ∈ Z. In this case, (9.103) can be simplified as

µ = exp

(∫ τ1

τ0

a(τ)dτ

)
(1 + b). (9.109)

If we further assume that µ = 1, then (9.107) can be simplified as∫ τ1

τ0

exp

(
−
∫ t

τ0

a(τ)dτ

)
u(t)dt+ c = 0. (9.110)

9.2 Parameter Perturbation Methods and Robustness

In this section we provide theoretical basis for two kinds of impulsive control
strategies for controlling periodic motions; namely,

1. Given a periodic motion, how can we design impulsive periodic motion
controllers that are robust to parameter drift?

2. How can we use parameter perturbation methods to design impulsive
periodic motion controllers?

9.2.1 Linear Control Systems

Let us study the following impulsive control system with parameter pertur-
bations:
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{
ẋ = A(t)x+ u(t) + p(t,x, ξ), t �= τk,
∆x = Bkx+ ck + qk(x, ξ), t = τk, t ∈ R, k ∈ Z, (9.111)

where x ∈ Sρ ⊂ Rn , ξ ∈ i , (−ξ̃, ξ̃) is a small parameter perturbation that
may be caused by some adaptive impulsive control algorithms or parameter
drift.

A ∈ PC[R,Rn×n ], A(t+ T ) = A(t) for t ∈ R, u ∈ PC[R,Rn ], u(t+ T ) =
u(t), Bk ∈ Rn×n , det(I +Bk) �= 0, ck ∈ Rn , τk < τk+1 for k ∈ Z. We assume
that there is a � ∈ N such that for k ∈ Z we have

Bk+� = Bk, ck+� = ck, τk+� = τk + T. (9.112)

p ∈ C[(τk, τk+1] × Sρ × i,Rn ], k ∈ Z, for any k ∈ Z, x ∈ Sρ and ξ ∈ i,
we have

lim
(t,y,ε)→(τ+

k ,x,ξ)
p(t,y, ε) <∞, and p(t+ T,x, ξ) = p(t,x, ξ).

qk : C[Sρ × i,Rn ] and
qk+�(x, ξ) = qk(x, ξ),

for all k ∈ Z, x ∈ Sρ, and ξ ∈ i. Let χ be a nonnegative function such that
for t ∈ R, k ∈ Z, x ∈ Sρ, and ξ ∈ i,

lim
ξ→0

χ(ξ) = χ(0) = 0

and

‖p(t,x, ξ)‖ ≤ χ(ξ), ‖qk(x, ξ)‖ ≤ χ(ξ). (9.113)

Let us suppose that the following reference system has no T -periodic
solution: {

ẋ = A(t)x, t �= τk,
∆x = Bkx, t = τk, t ∈ R, k ∈ Z. (9.114)

Let ξ = 0, then system (9.111) has the same form as system (9.46) because
it follows from (9.113) that p(t,x, 0) = 0 and qk(x, 0) = 0. It follows from
Theorem 9.1.5 that system (9.111) has the following T -periodic solution when
ξ = 0:

xT (t) =

∫ T

0

Υ (t, s)u(s)ds+

�∑
k=1

Υ (t, τ+
k )ck, (9.115)

where Υ (t, s) is the Green’s function defined in (9.50). Then we have the fol-
lowing theorem to provide sufficient conditions for the existence of T -periodic
solutions of system (9.111).
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Theorem 9.2.1. Assume that

1.

ρ0 = sup
t∈[0,T ]

∥∥∥∥∥
∫ T

0

Υ (t, s)u(s)ds+

�∑
k=1

Υ (t, τ+
k )ck

∥∥∥∥∥ < ρ; (9.116)

2. System (9.114) has no T -periodic solution;
3. Let 7 be a nonnegative function such that for k ∈ Z, x,y ∈ Sρ, and

ξ ∈ i,
lim
ξ→0

7(ξ) = 7(0) = 0

and

‖p(t,x, ξ)−p(t,y, ξ)‖ ≤ 7(ξ)‖x−y‖, ‖qk(x, ξ)−qk(y, ξ)‖ ≤ 7(ξ)‖x−y‖.

Then, there is a ξ0 ∈ (0, ξ̃) such that for |ξ| ≤ ξ0 system (9.111) has a unique

T -period solution xξT (t) satisfying

‖xξT (t)− xT (t)‖ < ρ− ρ0 (9.117)

and

lim
ξ→0

xξT (t) = xT (t) (9.118)

uniformly on t ∈ R. �

Proof. Let f be the Banach space of T -periodic solutions x ∈ PC[R,Rn ] with
norm

‖x‖f = sup
t∈[0,T ]

‖x(t)‖.

Let us define

ρ1 = ρ− ρ0,

f(xT , ρ1) , {x ∈ f | ‖x− xT ‖f ≤ ρ1},
L = sup

t,s∈[0,T ]

‖Υ (t, s)‖ (9.119)

and an operator O : f(xT , ρ1)→ f as

O(x) ,
∫ T

0

Υ (t, s)[u(s) + p(s,x(s), ξ)]ds

+

�∑
k=1

Υ (t, τ+
k )[ck + qk(x(τk), ξ)]. (9.120)

From (9.115), (9.116) and (9.119) we know that if x ∈ f(xT , ρ1) then
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‖x(t)‖ ≤ ‖x(t)− xT (t)‖+ ‖xT (t)‖
≤ ρ1 + sup

t∈[0,T ]

‖xT (t)‖ ⇐ (9.119)

= ρ1 + sup
t∈[0,T ]

∥∥∥∥∥
∫ T

0

Υ (t, s)u(s)ds+

�∑
k=1

Υ (t, τ+
k )ck

∥∥∥∥∥ ⇐ (9.115)

= ρ1 + ρ0 = ρ ⇐ (9.116). (9.121)

Given x,y ∈ f(xT , ρ1) then we have

‖O(x)−O(y)‖f = sup
t∈[0,T ]

∥∥∥∥∥
∫ T

0

Υ (t, s)[p(s,x(s), ξ)− p(s,y(s), ξ)]ds

+

�∑
k=1

Υ (t, τ+
k )[qk(x(τk), ξ)− qk(y(τk), ξ)]

∥∥∥∥∥
≤ L(T + �)7(ξ)‖x− y‖f, (9.122)

and

‖O(xT )− xT ‖f = sup
t∈[0,T ]

∥∥∥∥∥
∫ T

0

Υ (t, s)p(s,xT (s), ξ)ds

+

�∑
k=1

Υ (t, τ+
k )qk(xT (τk), ξ)

∥∥∥∥∥
≤ L(T + �)χ(ξ). (9.123)

Let us choose a ξ0 ∈ (0, ξ̃) such that

η = L(T + �) sup
|ξ|≤ξ0

7(ξ) < 1,

L(T + �) sup
|ξ|≤ξ0

χ(ξ) ≤ ρ1(1− η). (9.124)

Assume that |ξ| ≤ ξ0, then it follows from (9.122), (9.123) and (9.124) that

‖O(x)−O(y)‖f ≤ η‖x− y‖f,
‖O(x)− xT ‖f ≤ ρ1(1− η). (9.125)

Then from Banach’s fixed point theorem we know that the operator O has a
unique fixed point xξT ∈ f(xT , ρ1) satisfying

xξT (t) =

∫ T

0

Υ (t, s)[u(s) + p(s,xξT (s), ξ)]ds

+

�∑
k=1

Υ (t, τ+
k )[ck + qk(x

ξ
T (τk), ξ)]. (9.126)



260 9. Impulsive Control of Periodic Motions

It is clear that xξT (t) is a T -periodic solution of system (9.111) and satisfies
estimate (9.117) because

xξT (t) ∈ f(xT , ρ1)

⇒
∥∥∥xξT (t)− xT (t)∥∥∥

f

≤ ρ1

⇒ sup
t∈[0,T ]

∥∥∥xξT (t)− xT (t)∥∥∥ ≤ ρ1

⇒
∥∥∥xξT (t)− xT (t)∥∥∥ ≤ ρ1 = ρ− ρ0. (9.127)

xξT (t) is a limit of a uniformly convergent sequence of T -periodic functions
satisfying

xi(t) =

∫ T

0

Υ (t, s)[u(s) + p(s,xi−1(s), ξ)]ds

+

�∑
k=1

Υ (t, τ+
k )[ck + qk(xi−1(τk), ξ)], i ∈ N (9.128)

from which we know that xi(t) = O(xi−1(t)). And we also know that x
ξ
T (t) =

O(xξT (t)), then we have

sup
t∈R

∥∥∥xi+1(t)− xξT (t)
∥∥∥

=
∥∥∥xi+1(t)− xξT (t)

∥∥∥
f

=
∥∥∥O(xi(t)) −O(xξT (t))∥∥∥

f

≤ η
∥∥∥xi(t)− xξT (t)∥∥∥

f

⇐ [from the first inequality in (9.125)]

=
∥∥∥O(xi−1(t))−O(xξT (t))

∥∥∥
f

≤ · · ·
≤ ηi

∥∥∥x1(t)− xξT (t)
∥∥∥
f

≤ ηi
(
‖x1(t)− xT (t)‖f +

∥∥∥xξT (t)− xT (t)∥∥∥
f

)
≤ 2ηiρ1(1− η) provided |ξ| ≤ ξ0, i ∈ N.
⇑ [from the second inequality in (9.125)] (9.129)

Then we have the following estimate:
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‖xξT (t)− xT (t)‖ = sup
t∈R

∥∥∥∥∥
∫ T

0

Υ (t, s)p(s,xξT (s), ξ)ds

+

�∑
k=1

Υ (t, τ+
k )qk(x

ξ
T (τk), ξ)

∥∥∥∥∥
≤ L(T + �)χ(ξ) (9.130)

from which and (9.129) we have the conclusion (9.118). �

The following definition and lemma will be used in the proof of Theorem
9.2.2.

Definition 9.2.1. A set s ⊂ PC[[0, T ],Rn ] is quasiequicontinuous in [0, T ]
if for any δ > 0 there is a ε > 0 such that if x ∈ s, t1, t2 ∈ (τk−1, τk]∩ [0, T ],
k ∈ Z, and |t1 − t2| < ε, then ‖x(t1)− x(t2)‖ < δ. �

Lemma 9.2.1. A set s ⊂ PC[[0, T ],Rn ] is relatively compact if and only if

1. s is bounded for each x ∈ s;
2. s is quasiequicontinuous in [0, T ].

�

Theorem 9.2.2. Assume that

1.

ρ0 = sup
t∈[0,T ]

∥∥∥∥∥
∫ T

0

Υ (t, s)u(s)ds+

�∑
k=1

Υ (t, τ+
k )ck

∥∥∥∥∥ < ρ; (9.131)

2. System (9.114) has no T -periodic solution.

Then, there is a ξ0 ∈ (0, ξ̃) such that for |ξ| ≤ ξ0 system (9.111) has a unique

T -period solution xξT (t) satisfying

‖xξT (t)− xT (t)‖ < ρ− ρ0. (9.132)

�

Proof. Let f be the Banach space of T -periodic solutions x ∈ PC[R,Rn ] with
norm

‖x‖f = sup
t∈[0,T ]

‖x(t)‖.

Let us define

ρ1 = ρ− ρ0,

f(xT , ρ1) , {x ∈ f | ‖x− xT ‖f ≤ ρ1},
L = sup

t,s∈[0,T ]

‖Υ (t, s)‖ (9.133)
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and an operator O : f(xT , ρ1)→ f as

O(x) ,
∫ T

0

Υ (t, s)[u(s) + p(s,x(s), ξ)]ds

+

�∑
k=1

Υ (t, τ+
k )[ck + qk(x(τk), ξ)]. (9.134)

We know that f(xT , ρ1) is nonempty, bounded, closed and convex. It follows
from the condition in (9.121) that if x(t) ∈ f(xT , ρ1) then ‖x(t)‖ ≤ ρ for all
t ∈ R. Let us choose ξ0 ∈ (0, ξ̃) such that

L(T + �) sup
|ξ|≤ξ0

χ(ξ) ≤ ρ1 (9.135)

then we have

‖O(x)− xT ‖f = sup
t∈[0,T ]

∥∥∥∥∥
∫ T

0

Υ (t, s)p(s,x(s), ξ)ds

+

�∑
k=1

Υ (t, τ+
k )qk(x(τk), ξ)

∥∥∥∥∥
≤ L(T + �)χ(ξ) ≤ ρ1, provided |ξ| ≤ ξ0, (9.136)

from which we know thatO(x) ∈ f(xT , ρ1) and thereforeO(x) : f(xT , ρ1)→
f(xT , ρ1). It follows from (9.115), (9.131) and (9.136) that

‖O(x)‖f ≤ ‖O(x)− xT ‖f + ‖xT ‖f ≤ ρ1 + ρ0 = ρ (9.137)

from which we know that f(xT , ρ1) is uniformly bounded.
Let us set x ∈ f(xT , ρ1), t1, t2 ∈ (τm−1, τm]∩ [0, T ], m = 1, · · · , �+1 and

t1 < t2, then from the definition of Υ (t, s) in (9.50) we have
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‖O(x(t1))−O(x(t2))‖

≤
∥∥∥∥
∫ t1

0

[Υ (t1, s)− Υ (t2, s)][u(s) + p(s,x(s), ξ)]ds
∥∥∥∥

+

∥∥∥∥∥
∫ T

t2

[Υ (t1, s)− Υ (t2, s)][u(s) + p(s,x(s), ξ)]ds
∥∥∥∥∥

+

∫ t2

t1

(‖Υ (t1, s)‖+ ‖Υ (t2, s)‖) ‖[u(s) + p(s,x(s), ξ)]‖ds

+

∥∥∥∥∥
�∑

k=1

[Υ (t1, τ
+
k )− Υ (t2, τ+

k )][ck + qk(x(τk), ξ)]

∥∥∥∥∥
=

∥∥∥∥
∫ t1

0

[X(t1)−X(t2)][I −X(T )]−1X−1(s)[u(s) + p(s,x(s), ξ)]ds

∥∥∥∥
+
∥∥∥∫ T

t2

[X(t1 + T )−X(t2 + T )][I −X(T )]−1X−1(s)

×[u(s) + p(s,x(s), ξ)]ds
∥∥∥

+

∫ t2

t1

(‖Υ (t1, s)‖+ ‖Υ (t2, s)‖) ‖[u(s) + p(s,x(s), ξ)]‖ds

+
∥∥∥m−1∑
k=1

[X(t1)−X(t2)][I −X(T )]−1X−1(τ+
k )]

×[ck + qk(x(τk), ξ)]
∥∥∥

+
∥∥∥ �∑
k=m

[X(t1 + T )−X(t2 + T )][I −X(T )]−1X−1(τ+
k )]

×[ck + qk(x(τk), ξ)]
∥∥∥ (9.138)

from which we know that for any δ > 0, there is a ε > 0 such that if (t2−t1) <
ε, then ‖O(x(t1))−O(x(t2))‖ < δ. Thus, it follows from Definition 9.2.1 that
f(xT , ρ1) is quasiequicontinuous. Then from Lemma 9.2.1 we know that the
following set is relatively compact in f:

s = {y ∈ f | y = O(x),x ∈ f(xT , ρ1)}. (9.139)

Therefore, the operator O(x) has a fixed point xξT (t) ∈ f(xT , ρ1) that is
T -periodic and satisfies

xξT (t) =

∫ T

0

Υ (t, s)[u(s) + p(s,xξT (s), ξ)]ds

+

�∑
k=1

Υ (t, τ+
k )[ck + qk(x

ξ
T (τk), ξ)]. (9.140)
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It is clear that xξT (t) is a T -periodic solution of system (9.111). �

9.2.2 Nonlinear Control Systems

Let us study the following nonlinear impulsive periodic motion control system
with parameter perturbations:

{
ẋ = f(t,x) + u(t) + p(t,x, ξ) + v(t,x), t �= τk,
∆x = U(k,x) + ck + qk(x, ξ) + vk(t,x), t = τk, t ∈ R, k ∈ Z,

(9.141)

where x ∈ Sρ ⊂ Rn , ξ ∈ i , (−ξ̃, ξ̃) is a small parameter perturbation that
may be caused by some adaptive impulsive control algorithms or parameter
drift.
f ∈ C1[(τk, τk+1]× Sρ,Rn ] for all k ∈ Z and

lim
(t,y)→(τ+

k ,x)
f(t,y) <∞, lim

(t,y)→(τ+
k ,x)

∂f(t,y)

∂x
<∞,f(t+ T,x) = f(t,x)

for k ∈ Z, x ∈ Sρ and t ∈ R.
u ∈ PC[R,Rn ], u(t+T ) = u(t). p ∈ C[(τk, τk+1]×Sρ×i,Rn ], k ∈ Z, for

any k ∈ Z, x ∈ Sρ and ξ ∈ i, we have

lim
(t,y,ε)→(τ+

k ,x,ξ)
p(t,y, ε) <∞, and p(t+ T,x, ξ) = p(t,x, ξ).

v ∈ C[(τk, τk+1]× Sρ,Rn ] and

lim
(t,y)→(τ+

k
,x)
v(t,y) <∞, k ∈ Z, x ∈ Sρ.

v(t+ T,x) = v(t,x), t ∈ R,x ∈ Sρ
Uk ∈ C1[Z× Sρ,Rn ] and

U(k + �,x) = U(k,x) for k ∈ Z,x∈ Sρ.

ck ∈ Rn , τk < τk+1 for k ∈ Z. We assume that there is a � ∈ N such that
for k ∈ Z we have

ck+� = ck, τk+� = τk + T. (9.142)

qk : C[Sρ × i,Rn ] and

qk+�(x, ξ) = qk(x, ξ),
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for all k ∈ Z, x ∈ Sρ, and ξ ∈ i.
vk ∈ C[Sρ,Rn ] and

vk+�(x) = vk(x), k ∈ Z, x ∈ Sρ.

Let χ be a nonnegative function such that for t ∈ R, k ∈ Z, x ∈ Sρ, and
ξ ∈ i,

lim
ξ→0

χ(ξ) = χ(0) = 0

and
‖p(t,x, ξ)‖ ≤ χ(ξ), ‖qk(x, ξ)‖ ≤ χ(ξ).

Let 7 be a nonnegative function such that for k ∈ Z, x,y ∈ Sρ, and
ξ ∈ i,

lim
ξ→0

7(ξ) = 7(0) = 0

and

‖p(t,x, ξ)−p(t,y, ξ)‖ ≤ 7(ξ)‖x−y‖, ‖qk(x, ξ)− qk(y, ξ)‖ ≤ 7(ξ)‖x−y‖.

Assume that xT (t) is a T -periodic solution of the following reference sys-
tem: {

ẋ = f(t,x), t �= τk,
∆x = U(k,x), t = τk, t ∈ R, k ∈ Z, (9.143)

and
v(t,xT (t)) = 0, vk(xT (τk)) = 0, t ∈ R, k ∈ Z,

‖v(t,x)−v(t,y)‖ ≤ K1(ε)‖x−y‖, t ∈ R, ‖x−xT (t)‖ ≤ ε, ‖y−xT (t)‖ ≤ ε,

where K1(ε) > 0 and
lim
ε→0

K1(ε) = 0.

‖vk(x)−vk(y)‖ ≤ K2(ε)‖x−y‖, k ∈ Z, ‖x−xT (τk)‖ ≤ ε, ‖y−xT (τk)‖ ≤ ε,

where K2(ε) > 0 and
lim
ε→0

K2(ε) = 0.

Let Υ (t, s) be the Green’s function of the following T -periodic linear im-
pulsive system:

ẋ =
∂f(t,xT (t))

∂x
x, t �= τk,

∆x =
∂U(k,xT (t)))

∂x
x, t = τk. (9.144)

Theorem 9.2.3. Assume that

1. The T -periodic solution, xT (t), of the reference system (9.143) satisfies
‖xT (t)‖ ≤ ρ0 < ρ, t ∈ R;
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2. System (9.144) does not have nontrivial T -periodic solution;
3. Let ξ0 ∈ (0, ξ̃) and ε0 ∈ (0, ρ− ρ0), such that η < 1 with

η , L

[
TK1(ε0) + �K2(ε0) + TK3(ε0) + �K4(ε0) + (T + �) sup

|ξ|<ξ0
7(ξ)

]

where

L = sup
t,s∈[0,T ]

‖Υ (t, s)‖,

K3(ε) = sup
t∈[0,T ],‖y‖≤ε

∥∥∥∥∂f(t,xT (t) + y)∂x
− ∂f(t,xT (t))

∂x

∥∥∥∥ ,
K4(ε) = sup

k∈Z,‖y‖≤ε

∥∥∥∥∂U(k,xT (τk) + y)∂x
− ∂U(k,xT (τk))

∂x

∥∥∥∥ .
4.

sup
t∈[0,T ],|ξ|≤ξ0

∥∥∥∥∥
∫ T

0

Υ (t, s)[u(s) + p(s,xT (s), ξ)]ds

+
∑

0≤τk<T

Υ (t, τ+
k )[ck + qk(xT (τk), ξ)]

∥∥∥∥∥∥ < ε0(1− η).

Then for each ξ ∈ (−ξ0, ξ0) system (9.141) has a unique T -periodic solution

xξT (t) satisfying

‖xξT (t)− xT (t)‖ ≤ ε0 for t ∈ R, (9.145)

lim
ξ→0

xξT (t) = xT (t) uniformly on t ∈ R. (9.146)

�

Proof. Let x = xT (t) + y, then we can change system (9.141) into

ẏ =
∂f(t,xT (t))

∂x
y + o(t,y) + u(t) + p(t,xT (t) + y, ξ)

+v(t,xT (t) + y), t �= τk,

∆y =
∂U(k,xT (τk))

∂x
y + ok(y) + ck + qk(xT (τk) + y, ξ)

+vk(xT (τk) + y), t = τk, (9.147)

where

o(t,y) = f(t,xT (t) + y)− f (t,xT (t))−
∂f(t,xT (t))

∂x
y,

ok(y) = Uk(xT (τk) + y)− Uk(xT (τk))−
∂Uk(xT (τk))

∂x
y. (9.148)
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Let f be the Banach space of T -periodic solutions x ∈ PC[R,Rn ] with norm

‖x‖f = sup
t∈[0,T ]

‖x(t)‖.

Let us define f(ε0) , {y ∈ f | ‖y‖f ≤ ε0} and the operator O : f(ε0)→ f

as

O(x) ,
∫ T

0

Υ (t, s)[o(s,y(s)) + u(s) + p(s,xT (s) + y(s), ξ)

+v(s,xT (s)) + y(s))]ds

+
∑

0≤τk<T

Υ (t, τ+
k )[ok(y(τk)) + ck + qk(xT (τk) + y(τk), ξ)

+vk(xT (τk) + y(τk))]. (9.149)

It is easy to see that the operatorO(x) is a contraction and therefore has a
unique fixed point y1(t) ∈ f(ε0) which implies the estimate (9.145). From the
fact that y1(t) is a solution of system (9.147) we know x

ξ
T (t) = xT (t)+y1(t)

is a T -periodic solution of system (9.141). Using the similar process as that
used in the proof of Theorem 9.2.1 we can get the conclusion in (9.146). �

9.2.3 Control Impulses at Variable Time

In this section let us study impulsive control of periodic motions when con-
trol impulses are at variable time. Let us consider the following T -periodic
impulsive control system:

{
ẋ = f(t,x, ξ), t �= τk(x, ξ),
∆x = U(k,x, ξ), t = τk(x, ξ), t ∈ R, k ∈ Z, (9.150)

where x ∈ Rn is the state variable, ξ ∈ i , (−ξ̃, ξ̃) is a small parameter
perturbation that caused by parameter drift. We assume that there is a T > 0
and � such that

τk(x, ξ) < τk+1(x, ξ), τk+�(x, ξ) = τk(x, ξ) + T

for all k ∈ Z, x ∈ Rn and ξ ∈ i. f ∈ C1[(τk, τk+1]×Rn ×i,Rn ] for all k ∈ Z
and

lim
(t,y)→(τ+

k ,x)
f (t,y, ξ) <∞, lim

(t,y)→(τ+
k ,x)

∂f(t,y, ξ)

∂x
<∞,

f (t + T,x, ξ) = f (t,x, ξ) for k ∈ Z, x ∈ R
n , ξ ∈ i and t ∈ R. U ∈

C1[Z× Rn × i,Rn ] and
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U(k + �,x, ξ) = U(k,x, ξ) for k ∈ Z,x∈ Rn , ξ ∈ i.

Let us assume that control system (9.150) has a T -periodic solution
xT (t) with impulse moment at {τTk }

�
k=1 when ξ = 0 and for each k =

1, · · · , �, τk(x, ξ) is differentiable in some neighborhood of the point (x, ξ) =
(xT (τ

T
k ), 0) and

∂τk(xT (τ
T
k ), 0)

∂x
f(τTk ,xT (τ

T
k ), 0) �= 1. (9.151)

We then have the following reference system with respect to xT (t):

ẏ =
∂f(t,xT (t), 0)

∂x
y, t �= τTk ,

∆y =

[
∂U(k,xT (τ

T
k ), 0)

∂x

+

(
∂U(k,xT (τ

T
k ), 0)

∂x
f(τTk ,xT (τ

T
k ), 0) + f (τ

T
k ,xT (τ

T
k ), 0)

−f(τT+
k ,xT (τ

T+
k ), 0)

)
∂τk(xT (τT

k ),0)
∂x

1− ∂τk(xT (τT
k ),0)

∂x f (τTk ,xT (τ
T
k ), 0)

]
y,

t = τTk . (9.152)

Theorem 9.2.4. Let x(t,x0, ξ) be the solution of system (9.150) satisfying
x(0,x0, ξ) = x0 and assume that

1. The reference system (9.152) has no nontrivial T -periodic solution;
2. There is a ε > 0 such that for any ξ ∈ (−ε, ε) and x0 ∈ R

n , ‖x0 −
xT (0)‖ < ε, the solution x(t,x0, ξ) of (9.150) is defined on t ∈ [0, T ];

3. In some neighborhood of (t,x, ξ) = (T,xT (0), 0), x(t,x0, ξ) is continuous
with respect to (t,x0, ξ) and differentiable with respect to x0.

Then, there is a ξ0 ∈ (0, ξ̃) such that for ξ ∈ [−ξ0, ξ0] system (9.150) has a

unique T -periodic solution xξT (t). �

Proof. Without loss of generality let us assume that τT0 (xT (0), 0) < 0 <
τT1 (xT (0), 0), then since xT (t) is T -periodic, we have

τT� (xT (T ), 0) < T < τT�+1(xT (T ), 0).

It follows from assumption 3 that there is a ε1 ∈ (0, ε) such that for |x0 −
xT (0)| < ε1 and |ξ| < ε1 we have

τT0 (x0, ξ) < 0 < τT1 (x0, ξ), τT� (x(T,x0, ξ), ξ) < 0 < τT1 (x(T,x0, ξ), ξ).

Let us define the function

z(x0, ξ) , x0 − x(T,x0, ξ)
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on set
Ω , {(x0, ξ) ∈ Rn × i | ‖x0 − xT (0)‖ < ε1, |ξ| < ε1}.

x(t,x0, ξ) is T -periodic if and only if x(T,x0, ξ) = x0; namely,

z(x0, ξ) = 0. (9.153)

It is clear that z(xT (0), ξ) = 0 and it follows from assumption 3 that z(x0, ξ)
is continuous with respect to (x0, ξ) and differentiable with respect to x0 for
every (x0, ξ) ∈ Ω and

∂z(xT (0), 0)

∂x0
= I − ∂x(T,xT (0), 0)

∂x0
. (9.154)

Since y(t) = ∂x(t,xT (0),0)
∂x0

satisfies (9.152) with initial condition y(0) = I , we
know that

y(T ) =
∂x(T,xT (0), 0)

∂x0

is a monodromy matrix of system (9.152). From assumption 1 we know that
the following matrix is nonsingular:

I − ∂xT (xT (0), 0)

∂x0
= I − y(T ).

It then follows from implicit function theorem that there is a ξ0 ∈ (0, ξ̃) ∩
(0, ε1) such that for any ξ ∈ (−ξ0, ξ0), (9.153) has a unique solution
x0 = x0(ξ) satisfying x0(0) = xT (0). Thus, system (9.150) has a T -periodic
solution

xξT (t) = x
ξ
T (t,x0(ξ), ξ).

�

Remark 9.2.1. Let the impulse moments of xξT (t) be {τ
ξ
k}, then from the

conditions of continuity in Theorem 9.2.4 we know that as ξ → 0, xξT (t)

approaches xT (t) and τ
ξ
k approaches τ

T
k . �

Let us then consider the following impulsive control system:

{
ẋ = f(t,x, ξ), Σ(t,x, ξ) �= 0,
∆x = U(t,x, ξ), Σ(t,x, ξ) = 0, t ∈ R. (9.155)

where x ∈ Rn is the state variable, ξ ∈ i , (−ξ̃, ξ̃) is a small parameter
perturbation that caused by parameter drift and Σ(t,x, ξ) = 0 defines a
switching surface for each ξ ∈ i. We assume that there is a T > 0 such that
Σ(t+T,x, ξ) = Σ(t,x, ξ). f ∈ C1[R+×Rn×i,Rn ], f(t+T,x, ξ) = f(t,x, ξ)
for x ∈ Rn , ξ ∈ i and t ∈ R. U ∈ C1[R+ × Rn × i,Rn ] and
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U(t+ T,x, ξ) = U(t,x, ξ) for t ∈ R,x ∈ Rn , ξ ∈ i.

Let us assume that control system (9.155) has a T -periodic solution xT (t)
with impulse moment at {τTk }

�
k=1 when ξ = 0 and there is a � ∈ N such that

τTk+� = τTk + T, k ∈ N.

We also assume that for each k = 1, · · · , �, Σ(t,x, ξ) is differentiable in some
neighborhood of the point (τTk ,xT (τ

T
k ), 0) and

∂Σ(τTk ,xT (τ
T
k ), 0)

∂x
f(τTk ,xT (τ

T
k ), 0) +

∂Σ(τTk ,xT (τ
T
k ), 0)

∂t
�= 0.

We then have the following reference system with respect to xT (t):

ẏ =
∂f(t,xT (t), 0)

∂x
y, t �= τTk ,

∆y =

[
∂U(τTk ,xT (τ

T
k ), 0)

∂x

+

(
−∂U(τ

T
k ,xT (τ

T
k ), 0)

∂x
f(τTk ,xT (τ

T
k ), 0)− f(τTk ,xT (τTk ), 0)

−∂U(τ
T
k ,xT (τ

T
k ), 0)

∂t
+ f(τT+

k ,xT (τ
T+
k ), 0)

)

×
∂Σ(τT

k ,xT (τT
k ),0)

∂x
∂Σ(τT

k ,xT (τT
k ),0)

∂x f (τTk ,xT (τ
T
k ), 0) +

∂Σ(τT
k ,xT (τT

k ),0)

∂t

]
y,

t = τTk . (9.156)

Theorem 9.2.5. Let x(t,x0, ξ) be the solution of system (9.155) satisfying
x(0,x0, ξ) = x0 and assume that

1. The reference system (9.156) has no non-trivial T -periodic solution;
2. There is a ε > 0 such that for any ξ ∈ (−ε, ε) and x0 ∈ Rn , ‖x0 −
xT (0)‖ < ε, the solution x(t,x0, ξ) of (9.155) is defined on t ∈ [0, T ];

3. In some neighborhood of (t,x, ξ) = (T,xT (0), 0), x(t,x0, ξ) is continuous
with respect to (t,x0, ξ) and differentiable with respect to x0;

4. Σ(0,xT (0), 0) �= 0.
Then, there is a ξ0 ∈ (0, ξ̃) such that for ξ ∈ [−ξ0, ξ0] system (9.155) has a

unique T -periodic solution xξT (t). �

Remark 9.2.2. The proof of Theorem 9.2.5 is similar to that of Theorem
9.2.4. Let the impulse moments of xξT (t) be {τ

ξ
k}, then from the conditions of

continuity in Theorem 9.2.5 we know that as ξ → 0, xξT (t) approaches xT (t)

and τξk approaches τ
T
k . �

Let us then consider the following impulsive control system:
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{
ẋ = f(x, ξ), x /∈ Σ(ξ),
∆x = U(x, ξ), x ∈ Σ(ξ) (9.157)

where x ∈ R
n is the state variable, ξ ∈ i , (−ξ̃, ξ̃) is a small parameter

perturbation that caused by parameter drift and for each ξ ∈ i the switching
set Σ(ξ) defines a hypersurface in Rn . Let us assume that Σ(ξ) consists of �
non-intersecting smooth hypersurfaces given by

Σk(x, ξ) = 0, k = 1, · · · , �.

f ∈ C1[Rn × i,Rn ] and U ∈ C1[Rn × i,Rn ].
Let us assume that control system (9.157) has a T -periodic solution xT (t)

with impulse moment at {τTk }
�
k=1 when ξ = 0 and

τTk+� = τTk + T, k ∈ Z, ẋT (t) �= 0 for some t ∈ R

and
Σk(xT (t), 0) = 0, k = 1, · · · , �.

We also assume that for each k = 1, · · · , �, Σk(x, ξ) is differentiable in
some neighborhood of the point (xT (τ

T
k ), 0) and

∂Σ(xT (τ
T
k ), 0)

∂x
f(xT (τ

T
k ), 0) �= 0.

We then have the following reference system with respect to xT (t):

ẏ =
∂f(xT , 0)

∂x
y, t �= τTk ,

∆y =

[
∂U(xT (τ

T
k ), 0)

∂x

+

(
−∂U(xT (τ

T
k ), 0)

∂x
f(xT (τ

T
k ), 0)− f (xT (τTk ), 0)

+f(xT (τ
T+
k ), 0)

)
×

∂Σk(xT (τT
k ),0)

∂x
∂Σk(xT (τT

k ),0)

∂x f(xT (τTk ), 0)

]
y,

t = τTk . (9.158)

We then show that ẋT (t) is a solution of the reference system (9.158). For
t �= τTk we have

dẋT (t)

dt
=
f(xT (t), 0)

dt
=
∂f (xT , 0)

∂x
ẋT (t) (9.159)

which is the first equation of the reference system (9.158). For t = τk we have



272 9. Impulsive Control of Periodic Motions

∂Σk(xT (τk), 0)

∂x
ẋT (τk) =

∂Σk(xT (τk), 0)

∂x
f (xT (τk), 0), (9.160)

and

∆ẋT (τk) = ẋT (τ
+
k )− ẋT (τk) = f(xT (τ+

k ), 0)− f(xT (τk), 0) (9.161)

which leads to the second equation of the reference system (9.158).
Since ẋT (t) �= 0 for some t ∈ R, it is a nontrivial T -periodic solution of

system (9.158) and therefore system (9.158) has a multiplier equal to 1. We
also assume that system (9.158) has no nontrivial T -periodic solution other
than ẋT (t).

Theorem 9.2.6. Let x(t,x0, ξ) be the solution of system (9.157) satisfying
x(0,x0, ξ) = x0 and assume that

1. There is a ε > 0 such that for any ξ ∈ (−ε, ε) and x0 ∈ R
n , ‖x0 −

xT (0)‖ < ε, the solution x(t,x0, ξ) of (9.157) is defined on t ∈ [0, T + ξ];
2. In some neighborhood of (t,x, ξ) = (T,xT (0), 0), x(t,x0, ξ) is continuous

with respect to (t,x0, ξ) and differentiable with respect to x0.

Then, there is a ξ0 ∈ (0, ξ̃) such that for ξ ∈ [−ξ0, ξ0] system (9.157) has a

unique T ξ-periodic solution xξT (t). �

Proof. Without loss of generality let us suppose that ẋT (0) = e1 = (1, 0, · · · , 0)�
and xT (0) = 0

2. Let x(t,xa, ξ) be a solution of system (9.157) satisfying

t ∈ [0, T + ε], ξ ∈ (−ε, ε), xa = (xa,1, · · · , xa,n)�, ‖xa‖ < ε.

It follows from assumption 2 that

∂x(t, 0, 0)

∂xa,1

is a solution of the reference system (9.158) and

∂x(0, 0, 0)

∂xa,1
= e1.

Since ẋT (t) is a solution of the reference system (9.158) with the initial
condition ẋT (0) = e1, we then have

∂x(t, 0, 0)

∂xa,1
≡ ẋT (t) and

∂x(T, 0, 0)

∂xa,1
= ẋT (T ) = ẋT (0) = e1.

From the fact that

2 This can be achieved by using linear transformations satisfying x = Ξz+xT (0),
Ξ ∈ R

n×n, detΞ �= 0 and Ξ−1
ẋT (0) = e1.
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∂x(T, 0, 0)

∂xa

is a monodromy matrix of the reference system (9.158) we know that the
multipliers, µi, i = 1, · · · , n, of the reference system (9.158) are roots of

∂x(T, 0, 0)

∂xa
− µI = 0;

namely,

det



1− µ ∂x1

∂xa,2
· · · ∂x1

∂xa,n

0 ∂x2

∂xa,2
− µ · · · ∂x2

∂xa,n

...
...

. . .
...

0 ∂xn

∂xa,2
· · · ∂xn

∂xa,n
− µ




= (1− µ) det




∂x2

∂xa,2
− µ · · · ∂x2

∂xa,n

...
. . .

...
∂xn

∂xa,2
· · · ∂xn

∂xa,n
− µ




, (1− µ)D(µ) = 0 (9.162)

where

∂xi
∂xa,j

,
∂xi(T, 0, 0)

∂xa,j
. (9.163)

Since µ = 1 is a simple multiplier of the reference system (9.158) we know that
D(1) �= 0. Let us choose xa from the hyperplane xa,1 = 0, then x(t,xa, ξ) is
7-periodic if and only if

w(7,xa, ξ) , x(7,xa, ξ)− xa = 0. (9.164)

It is easy to see that w(T, 0, 0) = 0. Because

∂x(7,xa, ξ)

∂7

∣∣∣∣
�=T

= ẋT (T ) = e1,

the Jacobian matrix of w with respect to variable v = (7,xa,2, · · · , xa,n)�
at point (T, 0, 0)� is given by

∂w

∂v
=



1 ∂x1

∂xa,2
· · · ∂x1

∂xa,n

0 ∂x2

∂xa,2
− 1 · · · ∂x2

∂xa,n

...
...

. . .
...

0 ∂xn

∂xa,2
· · · ∂xn

∂xa,n
− 1




from which we have
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det
∂w

∂v
= D(1) ≤ 0.

Thus, it follows from implicit function theorem that there is a ξ0 ∈ (0, ξ̃) such
that (9.164) has the following unique solution

(7(ξ), xa,2(ξ), · · · , xa,n(ξ))�

for ξ ∈ [−ξ0, ξ0] and satisfying

7(0) = T, xa,2(0) = 0, · · · , xa,n(0) = 0.

Let us set T ξ = 7(ξ), then system (9.157) has a T ξ-periodic solution with
initial condition as (0, xa,2(ξ), · · · , xa,n(ξ))�. �

Remark 9.2.3. Tξ approaches T as ξ → 0. Let the impulse moments of xξT (t)

be {τξk}, we know that as ξ → 0, xξT (t) approaches xT (t) and τ
ξ
k approaches

τTk . It is also clear that if ξ = 0 and the multipliers of system (9.158) satisfy

µ1 = 1, |µi| < 1, i = 2, · · · , n

then the T -periodic solution of system (9.157) with ξ = 0 is orbitally asymp-
totically stable. �

Let us consider the following periodic impulsive control system:

ẋ = f(t,x), t �= τk

∆x = U(k,x), t = τk (9.165)

where x ∈ Ω ⊂ Rn , t ∈ R and k ∈ Z. f ∈ C[(τk, τk+1]×Ω,Rn ] for k ∈ Z and
for each x ∈ Ω we have

lim
(t,y)→(τ+

k ,x)
‖f(t,y)‖ <∞, k ∈ Z. (9.166)

There is a T > 0 such that

f(t+ T,x) = f(t,x). (9.167)

There is a � such that U ∈ C[Z×Ω,Rn ] satisfies

U(k + �,x) = U(k,x), k ∈ Z, x ∈ Ω.

And let us assume that

τk+� = τk + T, τ0 < 0 < τ1 < · · · < τ� < τ�+1.

For the sake of self-contained, we then present some useful theorems with-
out proofs which can be found in [3].
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Theorem 9.2.7. Let the following conditions hold:

1. f(t,x) is locally Lipschitzian with respect to x in domain R ×Ω;
2. Let S be a domain in Rn with boundary © and closure s = S ∪© ⊂ Ω.

S is a bounded and convex set and s is defined by a finite number of
inequalities

ai(x) ≤ 0, i = 1, · · · , r,
where ai : R

n → R, i = 1, · · · , r, are smooth. If for x ∈ © we have

ai(x) = 0, for some i = 1, · · · , r,

then
∂ai(x)

∂x
�= 0.

For any x ∈ © let us define the set

D(x) , {i ∈ {1, · · · , r} | ai(x) = 0};

3. For t ∈ R, x ∈ © and i ∈ D(x) we have

∂ai(x)

∂x
f (t,x) < 0;

4. ai(x+ U(k,x) ≤ 0 for x ∈ s, i = 1, · · · , r, and k = 1, · · · , �.
Then the control system (9.165) has a T -periodic solution xT (t) ∈ s. �

Theorem 9.2.8. Let the following conditions hold:

1. Let S be a domain in Rn with boundary © and closure s = S ∪© ⊂ Ω.
S is a bounded and convex set and s is defined by a finite number of
inequalities

ai(x) ≤ 0, i = 1, · · · , r,
where ai : R

n → R, i = 1, · · · , r, are smooth. If for x ∈ © we have

ai(x) = 0, for some i = 1, · · · , r,

then
∂ai(x)

∂x
�= 0.

For any x ∈ © let us define the set

D(x) , {i ∈ {1, · · · , r} | ai(x) = 0};

2. For t ∈ R, x ∈ © and i ∈ D(x) we have

∂ai(x)

∂x
f (t,x) ≤ 0;
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3. ai(x+ U(k,x) ≤ 0 for x ∈ s, i = 1, · · · , r, and k = 1, · · · , �.
Then the control system (9.165) has a T -periodic solution xT (t) ∈ s. �

Theorem 9.2.9. Let the following conditions hold:

1. Let S be a domain in Rn with boundary © and closure s = S ∪© ⊂ Ω.
S is a bounded and convex set and s is defined by a finite number of
inequalities

ai(x) ≤ 0, i = 1, · · · , r,
where ai : R

n → R, i = 1, · · · , r, are smooth. If for x ∈ © we have

ai(x) = 0, for some i = 1, · · · , r,

then
∂ai(x)

∂x
�= 0.

For any x ∈ © let us define the set

D(x) , {i ∈ {1, · · · , r} | ai(x) = 0};

2. For t ∈ R, x ∈ © and i ∈ D(x) we have

∂ai(x)

∂x
f (t,x) ≥ 0;

3. Let Ψk(x) = I +U(k,x) and Ψk : s→ Rn , k = 1, · · · , �, are homeomor-
phisms and s ⊂ Ψk(s) for k = 1, · · · , �.

Then the control system (9.165) has a T -periodic solution xT (t) ∈ s. �

Let us consider the following periodic impulsive control system:

ẋ = f (t,x), t �= τk,

x(τ+
k ) = Ψk(x(τk)), t = τk (9.168)

where x ∈ Rn , t ∈ R and k ∈ Z. Let there be a T > 0 and a � ∈ N and
let us denote i0 , [0, τ1], ii , (τi, τi+1], i = 1, · · · , � − 1, and i� , (τ�, T ],
i , [0, T ], then we have the following theorem.

Theorem 9.2.10. Assume that

1. v(t) and w(t) are the lower and upper solutions of system (9.168), re-
spectively, such that v(t) � w(t) for t ∈ i;

2. f : i × Rn → Rn is quasimonotone nondecreasing in i × Rn , and is
continuous in ii × Rn for i = 0, · · · , �, and for each k = 1, · · · , � and
x ∈ Rn

lim
(t,y)→(τ+

k
),x
‖f(t,y)‖ <∞;
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3. There is a γ ∈ L1[i,R+ ] such that

sup
v(t)�x(t)�w(t)

|fi(t,x)| ≤ γ(t), i = 1, · · · , n

holds almost everywhere on i;
4. Ψk : R

n → Rn , k = 1, · · · , �, are continuous and nonincreasing with
respect to x.

Then system (9.168) has a T -periodic solution xT (t) for t ∈ i such that
v(t) � xT (t) � w(t). �

9.3 Applications

In this section we will present some applications of periodic impulsive control
system to the control of chaotic systems to periodic motions.

9.3.1 Control Rössler System to Periodic Motions

In this section, we present the theoretical result of impulsive control of the
Rössler system to periodic motions. A sufficient condition for existence of
periodic trajectory of impulsively controlled Rössler system is given. Based on
the theoretical results, we present a systematic method of designing impulsive
control laws. We present the proportional and additive impulsive control laws
as two examples to show how an impulsive control law can be designed.
The Rössler system[26] is given by


ẋ = −y − z
ẏ = x+ ay
ż = zx+ b− cz

(9.169)

where a, b, and c are three parameters.
The impulsively controlled Rössler system is given by


ẋ = −y − z
ẏ = x+ ay
ż = zx+ b− cz

, t �= τk, t ∈ J, (9.170)

and

x(τ+
k ) = Ψk(x(τk)), k = 1, · · · , q, (9.171)

where Ψk is a continuous and nondecreasing function. Then we use the follow-
ing theorem to guarantee that there exist periodic motions in the impulsively
controlled system.
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Theorem 9.3.1. Assume that a > 0, b > 0, c > 0 and the free Rössler
system in (9.169) is chaotic and z > 0, then the Rössler system can be
impulsively suppressed into periodic trajectories. �

Proof. Let (x, y, z)� denote the solution of the free Rössler system, since
z > 0, we choose the lower solution v as


v1 = x
v2 = y
v3 = 0

(9.172)

and choose the upper solution w as

w1 = x
w2 = y
w3 = 2z

(9.173)

then condition 1 of Theorem 9.2.10 is satisfied.
Let u� = (x1, y, z), v

� = (x2, y, z), x1 < x2, and f2(t,x) = x + ay,
f3(t,x) = b+ z(x− c) then

f2(t,u)− f2(t,v) = (x1 − x2) < 0,

f3(t,u)− f3(t,v) = [b+ z(x1 − c)]− [b+ z(x2 − c)]
= z(x1 − x2) < 0. (9.174)

The last inequality is because of z > 0. Thus condition 2 of Theorem 9.2.10
is satisfied.
Since the free Rössler system is chaotic, all its state variables are bounded,

condition 3 of Theorem 9.2.10 is satisfied.
Since the impulse generating law Ψk is a continuous and nondecreasing

function, condition 4 of Theorem 9.2.10 is satisfied.
Then from Theorem 9.2.10, we know that the existence of periodic tra-

jectories of the controlled Rössler system is guaranteed. �

Numerical Experiments

The numerical experiments are as follows. In these experiments, we choose
the parameters as a = 0.398, b = 2, and c = 4.0. The fourth-order Runge-
Kutta algorithm with step size of 0.005 is used. The initial condition is given
by (x(0), y(0), z(0)) = (−2.277838,−2.696438, 0.304911).

Figure 9.4 shows the results when the following proportional impulse gen-
erating law at a Poincaré section is used. The Poincaré section is chosen as
x = 0, and the proportional impulses are generated by


x(τ+

k ) = x(τk)
y(τ+

k ) = ψ2(x(τk)) = [1− λsgn(y(τk))]y(τk), |λ| < 1
z(τ+

k ) = z(τk)
(9.175)
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which is continuous and nondecreasing. Here sgn(·) denotes the signum func-
tion. Figure 9.4(a) shows the Rössler attractor of the free system. One can
see that z > 0 is satisfied. Figure 9.4(b) shows the bifurcation diagram with
respect to the control parameter λ, from which one can find the period 1,
2, and 4 windows very easily. Figure 9.4(c) shows the controlled period 1
trajectory when λ = 0.65. Figure 9.4(d) shows the controlled period 2 trajec-
tory when λ = 0.45. Figure 9.4(e) shows the controlled period 4 trajectory
when λ = 0.35. Figure 9.4(f) shows the controlled period 8 trajectory when
λ = 0.305. We also found that if λ is much greater than 0.77 then the con-
trolled Rössler system becomes unstable.
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y(t) z(t)
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Fig. 9.4. Impulsive control of the Rössler system to periodic trajectories using
proportional impulses at Poincaré section x = 0. (a) Attractor of the free Rössler
system. (b) The bifurcation diagram of the impulsively controlled Rössler system.
(c) The controlled period 1 trajectory. (d) The controlled period 2 trajectory. (e)
The controlled period 4 trajectory. (f) The controlled period 8 trajectory.

We can also choose some other continuous and nondecreasing impulse
generating laws. One of them is given by


x(τ+

k ) = x(τk),
y(τ+

k ) = λ+ y(τk),
z(τ+

k ) = z(τk),
(9.176)

which is called additive impulse generating law. Figure 9.5(a) shows the bi-
furcation diagram with respect to the control parameter λ. From Fig. 9.5(a)
one can find the period 3 and period 6 windows. Figure 9.5(b) shows the con-
trolled period 3 trajectory when λ = 0.303. Figure 9.5(c) shows the controlled
period 6 trajectory when λ = 0.45.
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Fig. 9.4 (Continued)

Remark 9.3.1. The results in this section are adopted from [51]. In [11] the
same method was used to control the following chaotic system[57] into peri-
odic motions: {

ẋ = −x+ εf(x)− ζf(y) + η sin(ωt)
ẏ = −y + εf(y) + ζf(x)

(9.177)

where f(·) is a piecewise linear function given by

f(x) =
1

2
(|x+ 1| − |x− 1|). (9.178)
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Fig. 9.4 (Continued)

We choose the parameters as: ε = 2, ζ = 1.2, ω = π/2, and η = 4.04. The
uncontrolled system is chaotic with a chaotic attractor shown in Fig.9.6.

Example 9.3.1. In this example, the impulsively controlled chaotic system is
given by

ẋ = −x+ εf(x)− ζf(y) + η sin(ωt)
ẏ = −y + εf(y) + ζf(x)

}
, t �= τi,

x(τ+
i ) = dx(τi)

y(τ+
i ) = dy(τi)

}
, d > 0, t = τi,

switching set Σi given by x(τi) = 0. (9.179)

This kind of impulsive control law is called proportional impulsive control
law. The simulation results with d = 0.2 are shown in Fig. 9.7. Observe that
the controlled system approaches a period-1 trajectory. F

Example 9.3.2. In this example, the impulsively controlled chaotic system is
given by

ẋ = −x+ εf(x)− ζf(y) + η sin(ωt)
ẏ = −y + εf(y) + ζf(x)

}
, t �= τi,

x(τ+
i ) = d+ x(τi)

y(τ+
i ) = d+ y(τi)

}
, d > 0, t = τi,

switching set Σi given by x(τi) = 0. (9.180)

This kind of impulsive control law is called additive impulsive control law.
The simulation results with d = 0.6 are shown in Fig. 9.8. Observe that the
controlled system approaches a period-1 trajectory. F �



282 9. Impulsive Control of Periodic Motions

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−0.5

0

0.5

1

1.5

2

2.5

3

3.5

y
(t

)

λ
(a)

−4 −2 0 2 4 6
−6

−5

−4

−3

−2

−1

0

1

2

3

x(t)

y
(t

)

−4 −2 0 2 4 6
−6

−5

−4

−3

−2

−1

0

1

2

3

x(t)

y
(t

)

(b) (c)

Fig. 9.5. Impulsive control of the Rössler system to periodic trajectories using
additive impulses at Poincaré section x = 0. (a) The bifurcation diagram of the
impulsively controlled Rössler system. (b) The controlled period 3 trajectory. (c)
The controlled period 6 trajectory.

9.3.2 Control of Stepping Motor

A stepping motor can be modeled as a periodic impulsive control system with
periodic control impulses. Let us consider the following model of a two-phase
hybrid stepping motor:

J
d2θ

dt2
+D

dθ

dt
+ TL =

√
2KIm sin(N(U(t)− θ)) (9.181)
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Fig. 9.6. The chaotic attractor of the uncontrolled chaotic system in (9.177).
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Fig. 9.7. Impulsive stabilization of period-1 trajectories with d = 0.2.

where

J [kg· cm· s2] the moment of inertia,
D [kg· cm/rad/s] viscous friction coefficient,
TL [kg· cm] load torque,
K [kg· cm/A] torque constant,
Im [A] maximum motor current,
N number of rotor teeth,
U [rad] mechanical angle,

and
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Fig. 9.8. Impulsive stabilization of period-1 trajectories with d = 0.6.

U(t) =
πh

2π

∞∑
k=0

ustep(t− kT ) (9.182)

where ustep(t) is the unit step function. With φ = Nθ we can rewrite (9.181)
as

d2φ

dt2
+
D

J

dφ

dt

N
√
2KIm
J

sin(φ−NU(t)) + NTL
J

= 0 (9.183)

Let

ω =

√
N
√
2KIm
J

and s = ωt, (9.183) can be rewritten as

d2φ

ds2
+ κ

dφ

dt
+ sin

(
φ−NU

( s
ω

))
+B0 = 0 (9.184)

where

κ =
D√

N
√
2KImJ

, B0 =
TL√
2KIm

. (9.185)

Let us choose variables in (9.184) as

t = s, x = φ−NU
( s
ω

)
, y =

dφ

ds
(9.186)

then (9.183) can be written as
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ẋ = y
ẏ = −κy − sin(x)−B0

}
, t �= kωT,

∆x = uk, t = kωT, k ∈ N,
x(0) = y(0) = 0 (9.187)

where x ∈ S1 , {x ∈ R mod 2π} and y ∈ R, uk = −π
2 is assumed. This step-

ping motor model can have very complex behaviors such as chaotic attractors
as shown in Fig. 9.9.
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Fig. 9.9. Chaotic attractor of the stepping motor model. Parameters are κ = 0.2,
uk = π, B0 = 0 and ωT = 4.5.

However, since a stepping motor should be operated along periodic solu-
tions, we need to control it into a periodic trajectory if it falls into chaotic
region. This problem is called stabilizing unstable periodic trajectories em-
bedded in a chaotic attractor. Since a periodic solution corresponding to a
fixed point of the Poincaré map of the stepping motor model, we need to
study the stability of fixed points of the following Poincaré map:

Π : x(kωT ) �→ x((k + 1)ωT ). (9.188)

Let us denote x(kωT ) as xk, then we can simplify (9.188) as

Π : xk �→ xk+1. (9.189)

Let

A =

(
0 1
0 −κ

)
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then from (9.187) we have

xk+1 = eAωT (xk + (uk, 0)
�)

+

∫ (k+1)ωT

kωT

eA((k+1)ωT−s)

(
0

− sin(x(s)) −B0

)
ds. (9.190)

Assume uk = u is a constant, then without loss of generality we have

xk+1 = eAωT (xk + (u, 0)
�)

+

∫ ωT

0

eA(ωT−s)

(
0

− sin(x(s)) −B0

)
ds. (9.191)

where x(0+) = xk + (u, 0)
� is the initial condition for the integration.

We then control a chaotic trajectory to a target periodic trajectory using
parameter perturbation method. For this purpose, let us rewrite the Pointcaré
map as

xk+1 = Π(xk,p)

where p ∈ Rm is the parameter vector. Let us suppose that there is a target
periodic trajectory as a fixed point (x∗,p∗) satisfying

x∗ = Π(x∗,p∗),

then the variational equation in the neighborhood of (x∗,p∗) is given by

xk = x
∗ + δk, p = p∗ + pk.

We then have

x∗ + δk+1 = Π(x∗ + δk,p
∗ + pk)

= Π(x∗,p∗) +AΠδk +BΠpk + · · · (9.192)

where

AΠ =
∂Π

∂x

∣∣∣∣
x=x∗,p=p∗

, BΠ =
∂Π

∂p

∣∣∣∣
x=x∗,p=p∗

. (9.193)

Therefore, we have the following linearized difference equation in the neigh-
borhood of the target periodic trajectory as

δk+1 = AΠδk +BΠpk. (9.194)

Assume that (AΠ , BΠ) is controllable, then we can design the following linear
control law

pk = Cδk (9.195)

such that (AΠ +BΠC) is stable. One design example based on this method
can be found in [29].
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Remark 9.3.2. In [10] the authors studied the stability of the trivial solution
of system (9.187) under assumption of B0 = 0 by using type-I impulsive
control law. Let us rewrite system (9.187) as

ẋ = y
ẏ = −κy − sin(x)

}
, t �= kωT,

∆x = uk, t = kωT, k ∈ N,
x0 = (x(0), y(0))

� (9.196)

where we use notation x = (x, y)� and let x(t, t0,x0) be any a solution of
impulsive control system (9.196).

Definition 9.3.1. The impulsive control system (9.196) is said to be even-
tually exponentially asymptotically stable, if for each ε > 0, there exist three
positive numbers, γ, δ = δ(ε) and T = T (ε), such that ‖x0‖ < δ implies

‖x(t, t0,x0)‖ < εe−γ(t−t0)

for t ≥ t0 ≥ T . �

We then have the following conclusions whose proof can be found in [10].

Theorem 9.3.2. If there exist two constants, µ and β, satisfying

0 < µ <
2b

3
+ b2 and 1 < β < eµωT ,

such that ∞∑
k=1

u2
ke

kµωT

βk
<∞

then

1.
lim
t→∞

‖x(t, t0,x0)‖ = 0;

2. the impulsive control system (9.196) is eventually exponentially asymp-
totically stable.

�

Corollary 9.3.1. If there exists a constant q > 0 such that∣∣∣∣uk+1

uk

∣∣∣∣ ≤ q < 1

for k ≥ N , k ∈ N, where N is a sufficiently large integer, then the conclusions
of Theorem 9.3.2 hold. �

One simulation result can be found in [10].
�



10. Impulsive Control of Almost Periodic
Motions

In this chapter we study impulsive control of almost periodic systems. The
results can be used to control chaotic systems and design nanoelectronic
circuits.

10.1 Almost Periodic Sequences and Functions

In this section we present some basic knowledge of almost periodic sequences
and functions. To save space, only the immediately useful results will be
presented.

Definition 10.1.1. Let ε > 0 and {xi}, i ∈ Z be a sequence in Rn , an integer
� is called an ε-almost period of the sequence {xi} if for each k ∈ Z we have

‖xk+� − xk‖ < ε. (10.1)

�

Definition 10.1.2. A sequence {xi} is almost periodic if for any ε > 0 there
is a relatively dense set of its ε-periods; namely, there is such a natural number
N = N(ε) that, for any i ∈ Z, there is at least one number � ∈ [i, i+N ], for
which (10.1) holds for all k ∈ Z. �

Definition 10.1.3. A function f (t) is almost periodic if

1. for any ε > 0 there is a δ = δ(ε) > 0 such that if t1 and t2 belong to the
same interval of continuity and |t1 − t2| < δ, then ‖f(t1)− f (t2)‖ < ε;

2. for any ε > 0 there is a relatively dense set S of ε-almost periods such that
if τ ∈ S, then ‖f(t+ τ)−f(t)‖ < ε for all t ∈ R that satisfy |t− τk| > ε,
k ∈ Z.

�

Let T be a countable set of real numbers. T includes positive and negative
numbers with arbitrarily large absolute values. For any ω > 0, the set {t ∈
T | |t| ≤ ω} is finite. We denote all such sets as B. On B we define a distance
db as

db(T1,T2) , inf
ϕ
sup
t∈T1

|ϕ(t) − t|

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 289−306, 2001.
 Springer-Verlag Berlin Heidelberg 2001
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where T1,T2 ∈ B, ϕ : T1 → T2 is a bijection. If T ∈ B then for any τ ∈ R,
the set T + τ is constructed as T + τ = {t + τ | every t ∈ T}. The space
(B, db) is complete.

Definition 10.1.4. T ∈ B is Bohr almost periodic if for any ε > 0 there is
such L(ε) > 0 that one can find in any interval of length L(ε) such a number
τ that db(T,T+ τ) < ε. �

For any i, j ∈ Z, let us denote τji , τi+j − τi.

Definition 10.1.5. The family of time sequences {τji }, i, j ∈ Z, is equipo-
tentially almost periodic if for any ε > 0 there is a relatively dense set of
ε-almost periods, that are common to all sequences {τji }, i, j ∈ Z. �

10.2 Bohr Almost Periodic Linear Systems

Let us consider the following impulsive control system with impulses at fixed
time:

{
ẋ = A(t)x+ u(t), t 	= τk,
∆x = Bkx+ ck, t = τk, k ∈ Z (10.2)

where A : C[R+ ,Rn×n ] is Bohr almost periodic, Bk ∈ Rn×n , u(t) and ck are
almost periodic. The sequence of time {τi} is such that {τji } is equipotentially
almost periodic. We set a reference system as{

ẋ = A(t)x, t 	= τk,
∆x = Bkx, t = τk, k ∈ Z.

(10.3)

From the above assumptions we have the following Lemmas whose proofs can
be found in [27].

Lemma 10.2.1. For any ε > 0 and any θ > 0 there is such a real number
ν ∈ (0, ε) and relatively dense sets of real numbers R, and integers Q that the
following relations hold for r ∈ R and q ∈ Q:

1. ‖u(t+ r)− u(t)‖ < ε for t ∈ R, |t− τi| > ε, i ∈ Z;
2. ‖Bk+q −Bk‖ < ε, ‖ck+q − ck‖ < ε, k ∈ Z;
3. |τqk − r| < ν, k ∈ Z.

�

Lemma 10.2.2. If the conditions in Lemma 10.2.1 hold and the sum

$(t) =

∫ t

0

u(s)ds+
∑

0≤τk<t
ck, t > 0,
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or

$(t) =

∫ t

0

u(s)ds+
∑

t≤τk<0

ck, t < 0

is bounded, then $(t) is almost periodic. �

Lemma 10.2.3. Let Ψ(t, s) be the Cauchy matrix of the reference system
(10.3) and assume that for a, b > 0

‖Ψ(t, s)‖ ≤ ae−b(t−s), t ≥ s

then for any ε > 0, t, s ∈ R, |t−τi| > ε, |s−τi| > ε, i ∈ Z, there is a relatively
dense set of almost periods, R, such that for r ∈ R we have

‖Ψ(t+ r, s+ r)− Ψ(t, s)‖ < εαe−b(t−s)/2

where α > 0 is a constant. �

Lemma 10.2.4. If {τ ji } is equipotentially almost periodic, then for any i > 0
there is such a � ∈ N that in any interval of the real axis of length L > 0,
there are no more than � terms of the sequence {τi}. �

Lemma 10.2.5. If {τ 1
k} is almost periodic then there exists the limit

lim
T→∞

N(t, t+ T )

T
= p

uniformly with respect to t ∈ R. �

Let µmax(t) be the largest eigenvalue of the matrix

1

2
[A(t) +A∗(t)]

and λmax
k be the largest eigenvalue of the matrix

(I +Bk)
∗(I +Bk)

and let us define

γ , sup
t

µmax(t), α2
, max

k
(λmax
k )2 .

Then it follows from the assumptions that for any ε > 0

‖Ψ(t, s)‖ ≤ Keβ(t−s) (10.4)

where K = K(ε) ≥ 1 and β = β(ε) = ε+ γ + p lnα.

Theorem 10.2.1. If γ + p lnα < 0 then system (10.2) has a unique almost
periodic solution which is asymptotically stable. �



292 10. Impulsive Control of Almost Periodic Motions

Proof. Let us choose x1(t
+
0 ) = 0 in (1.35), then we can construct the following

solution of system (10.2):

x1(t) =

∫ t

−∞
Ψ(t, s)u(s)ds+

∑
τi<t

Ψ(t, τi)ci. (10.5)

First, let us check whether x1(t) is bounded or not. Since {τji } is equipo-
tentially almost periodic, it follows from Lemma 10.2.4 that there is such a
constant ξ > 0 that

τ1
i > ξ for all i ∈ Z. (10.6)

Let us choose an ε ∈ (0,−γ − p lnα) such that β = β(ε) < 0 and let G ≥ 0
be

G = sup
t
‖u(t)‖+max

k
‖ck‖ (10.7)

then for t ∈ (τk, τk+1] we have

‖x1(t)‖ ≤
∫ t

−∞
‖Ψ(t, s)‖‖u(s)‖ds+

∑
τi<t

‖Ψ(t, τi)‖‖ci‖

≤
∫ t

−∞
KGeβ(t−s)ds+

∑
τi<t

KGeβ(t−τi) ⇐ (10.4)

< KG

(
− 1

β
+
∑
τi<t

eβ(t−τi)
)

= KG


− 1

β
+ eβ(t−τk)

∑
τi<t

exp


β

k−1∑
j=i

(τj+1 − τj)






< KG

(
− 1

β
+ eβ(t−τk)

k−1∑
i=−∞

eβξ(k−1−i)
)

⇐ (10.6)

= KG

(
− 1

β
+

eβ(t−τk)

1− eβξ

)

< KG

(
− 1

β
+

1

1− eβξ

)
<∞. (10.8)

Therefore x1(t) is bounded. We are then going to prove that x1(t) is almost
periodic. It follows form Lemmas 10.2.1 and 10.2.3 that

‖x1(t+ r)− x1(t)‖ ≤
∫ t

−∞
‖Ψ(t+ r, s+ r)u(s+ r)− Ψ(t, s)u(s)‖

+
∑
τi<t

‖Ψ(t+ r, τi+q)ci+q − Ψ(t, τi)ci‖ < L(ε)ε

(10.9)
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where L(ε) is a bounded positive function of ε. Therefore, x1(t) is almost
periodic. A solution x(t) = x(t,x0) with x(t0,x0) = x0 of system (10.2) can
be given by

x(t) = Ψ(t, t0)x0 +

∫ t

t0

Ψ(t, s)u(s)ds+
∑

t0≤τi<t
Ψ(t, τi)ci. (10.10)

Given two distinct solutions x(t) = x(t,x0) and y(t) = y(t,y0), it follows
from (10.4) that

‖x(t)− y(t)‖ ≤ Keβ(t−t0)‖x(t0)− y(t0)‖, (10.11)

from which and in view of β < 0 we know that the almost periodic solution
of system (10.2) is unique and asymptotically stable. �

Let us consider the following impulsive control system with impulses at
fixed time:

{
ẋ = A(t)x+ u(t,x), t 	= τk,
∆x = Bkx+ ck(x), t = τk, k ∈ Z (10.12)

where A : C[R+ ,Rn×n ] is Bohr almost periodic, Bk ∈ Rn×n is almost peri-
odic.
u(t,x), t ∈ R is almost periodic in t and {ck(x)}, k ∈ Z is almost periodic

in k and both properties are uniform in x ∈ Sρ. Let us assume that u(t,x)
and ck(x) satisfy the following Lipschitz condition

‖u(t,x)− u(t,y)‖+ ‖ck(x)− ck(y)‖ ≤ L1‖x− y‖ (10.13)

and

sup
t∈R,x∈Sρ

‖u(t,x)‖+ sup
t∈R,x∈Sρ

‖ck(x)‖ , L2 <∞. (10.14)

The sequence of time {τi} is such that {τji } is equipotentially almost
periodic and

inf
k

τ1
k = ξ > 0.

We set a reference system as{
ẋ = A(t)x, t 	= τk,
∆x = Bkx, t = τk, k ∈ Z (10.15)

whose Cauchy matrix is Ψ(t, s). From the above assumptions we have the
following Lemmas whose proofs can be found in [27].
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Lemma 10.2.6. Let f(t) be an almost periodic function and the sequence
{τi} is such that {τji } is equipotentially almost periodic and

inf
k

τ1
k = ξ > 0,

then {f(τk)} is an almost periodic sequence. �

Lemma 10.2.7. Let f : R → Ω, Ω ⊂ Rn , be an almost periodic function and
g : Ω → R

n be a uniformly continuous function, then the function g(f (t)), t ∈
R is almost periodic. �

Similarly, it follows from the assumptions that for any ε > 0

‖Ψ(t, s)‖ ≤ Keβ(t−s) (10.16)

where K = K(ε) ≥ 1.
Let Ξ be the space of all almost periodic functions with discontinuities

at the points of {τk}. For any f(t) ∈ Ξ we define its norm on Ξ as

‖f(t)‖Ξ , sup
t∈R
‖f(t)‖. (10.17)

Let Ω ⊂ Ξ such that for any x(t) ∈ Ω we have ‖x(t)‖Ξ < ρ. For x(t) ∈ Ξ
we defined an operator O as follows:

O(x(t)) ,
∫ t

−∞
Ψ(t, s)u(s,x(s))ds

+
∑
τk<t

Ψ(t, τk)ck(x(τk)). (10.18)

Let us assume that ‖x(t)‖Ξ < ρ. Since x(t) is almost periodic, it follows
from Lemma 10.2.6 that the sequence {x(τk)} is almost periodic. Therefore
the sequence {ck(x(τk))} is almost periodic. It follows from Lemma 10.2.7
that the function u(t,x(t)) is almost periodic. It follows from Lemmas 10.2.1
and 10.2.3 that if x(t) ∈ Ω, then there is a relatively dense set R of ε-almost
periods of x(t) such that, for r ∈ R, t ∈ R, |t− τk| > ε and k ∈ Z we have

‖O(x(t+ r)) −O(x(t))‖

≤
∫ t

−∞
‖Ψ(t+ r, s+ r)u(s+ r,x(s+ r)) − Ψ(t, s)u(s,x(s))‖ds

+
∑
τk<t

‖Ψ(t+ r, τk+q)ck+q(x(τk+q))− Ψ(t, τk)ck(x(τk))‖

≤ L3(ε)ε (10.19)

where L3(ε) is bounded with respect to ε. Therefore O(x(t)) ∈ Ξ. Further-
more, given ‖x(t)‖Ξ < ρ and t ∈ (τk, τk+1] we have
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‖O(x(t))‖Ξ ≤
∫ t

−∞
‖Ψ(t, s)‖ sup

t∈R
‖u(s,x(s))‖ds

+
∑
τk<t

‖Ψ(t, τk)‖ sup
t∈R
‖ck(x(τk))‖

≤
∫ t

−∞
Keβ(t−s)L2ds+

∑
τk<t

Keβ(t−τk)L2

< KL2

(
− 1

β
+
∑
τi<t

eβ(t−τi)
)

= KL2


− 1

β
+ eβ(t−τk)

∑
τi<t

exp


β

k−1∑
j=i

(τj+1 − τj)






< KL2

(
− 1

β
+ eβ(t−τk)

k−1∑
i=−∞

eβξ(k−1−i)
)

⇐ (10.6)

= KL2

(
− 1

β
+

eβ(t−τk)

1− eβξ

)

< KL2

(
− 1

β
+

1

1− eβξ

)
. (10.20)

If KL2

(
− 1
β +

1
1−eβξ

)
< ρ then we have O(Ω) ⊆ Ω. Let us define

L4 , −
1

β
+

1

1− eβξ
.

Given any two functions x,y ∈ Ω we have

‖O(x(t))−O(y(t))‖Ξ ≤ sup
t∈R

∫ t

−∞
‖Ψ(t, s)‖‖u(s,x(s)) − u(s,y(s))‖ds

+
∑
τk<t

‖Ψ(t, τk)‖‖ck(x(τk))− ck(y(τk))‖

≤ KL1L4‖x(t)− y(t)‖Ξ . (10.21)

If KL1L4 < 1 then O is a contraction. Then from fixed point theorem we
know that there is an almost periodic solution of system (10.12). A solution
x(t) = x(t,x0) with x(t0,x0) = x0 of system (10.12) can be given by

x(t) = Ψ(t, t0)x0 +

∫ t

t0

Ψ(t, s)u(s,x(s))ds

+
∑

t0≤τk<t
Ψ(t, τk)ck(x(τk)). (10.22)

Then for any two solutions of system (10.12) x(t) = x(t,x0) and y(t) =
y(t,y0) we have
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‖x(t)− y(t)‖ ≤ ‖Ψ(t, t0)‖‖x0 − y0‖

+

∫ t

t0

‖Ψ(t, s)‖‖u(s,x(s)) − u(s,y(s))‖ds

+
∑

t0≤τk<t
‖Ψ(t, τk)‖‖ck(x(τk)− ck(y(τk)‖

≤ Keβ(t−t0)‖x0 − y0‖+
∫ t

t0

Keβ(t−s)L1‖x(s)− y(s)‖ds

+
∑

t0≤τk<t
Keβ(t−τk)L1‖x(τk)− y(τk)‖ (10.23)

from which and using the transformation u(t) , ‖x(t)− y(t)‖e−βt we have

u(t) ≤ Ku(t0)︸ ︷︷ ︸
c

+

∫ t

t0

KL1︸︷︷︸
v(s)

u(s)ds+
∑

t0≤τk<t
KL1︸︷︷︸
bk

u(τk) (10.24)

which has the same form as (1.43). Then it follows from Lemma 1.7.1 we
have

u(t) ≤ Ku(t0)
∏

t0≤τk<t
(1 +KL1)e

KL1(t−t0); (10.25)

namely,

‖x(t)− y(t)‖ ≤ K‖x(t0)− y(t0)‖
∏

t0≤τk<t
(1 +KL1)e

(β+KL1)(t−t0)

= K‖x(t0)− y(t0)‖(1 +KL1)
N(t0,t)e(β+KL1)(t−t0).

(10.26)

Let us assume that N(t0, t) = 1(t0, t)(t− t0) then we have

‖x(t)− y(t)‖ ≤ K‖x(t0)− y(t0)‖

× exp
[(

β +KL1 +
ln(1 +KL1)

1(t0, t)

)
(t− t0)

]
(10.27)

from which we know that if β+KL1+
ln(1+KL1)
�(t0,t)

< 0 then solutions of system

(10.12) are asymptotically stable. Therefore its almost periodic solution is
unique and asymptotically stable. This finishes the proof of the following
theorem.

Theorem 10.2.2. Assume that

1. KL2

(
− 1
β +

1
1−eβξ

)
< ρ;

2. KL1L4 < 1;
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3. β+KL1+
ln(1+KL1)
�(t0,t)

< 0 for big enough t−t0, where N(t0, t) = 1(t0, t)(t−
t0).

Then system (10.12) has a unique almost periodic solution which is asymp-
totically stable. �

10.3 T -Periodic Linear System with Almost Periodic
Control

In this section we study T -periodic linear systems that controlled by almost
periodic control signals.

10.3.1 First-Order Case

Let us consider the following first-order impulsive control system with im-
pulses at fixed time:

{
ẋ = µx+ u(t), t 	= τk,
∆x = ck, t = τk, k ∈ Z (10.28)

where µ ∈ C , u(t) and {ck} are almost periodic and there is an integer � such
that τk+� = τk + T for k ∈ Z. Then we have the following Theorem.
Theorem 10.3.1. If system (10.28) has a bounded solution, then this solu-
tion is almost periodic. �

Proof. A solution x(t) = x(t, x0) with x(0, x0) = 0 of system (10.28) is given
by

x(t) = eµt


x0 +

∫ t

0

e−µsu(s)ds+
∑

0≤τk<t
e−µτkck


 , t > 0,

x(t) = eµt


x0 +

∫ t

0

e−µsu(s)ds−
∑

t≤τk<0

e−µτkck


 , t < 0. (10.29)

We then study the following three cases.

1. Re µ > 0. In this case we know that

lim
t→∞

|eµt| =∞.

Therefore, in order to have a bounded solution, the initial condition
should be chosen as
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x0 = −
∫ ∞

0

e−µsu(s)ds−
∑
τk≥0

e−µτkck (10.30)

which is converge. Let us substitute x0 into the first equation in (10.29)
and get

x(t) = −
∫ ∞

t

eµ(t−s)u(s)ds−
∑
τk≥t

eµ(t−τk)ck. (10.31)

It follows from Lemma 10.2.1 that there is such an almost ε-period r =
r(ε) that

|x(t+ r)− x(t)| ≤
∫ ∞

t

eµ(t−s)|u(s+ r)− u(s)|ds

+
∑
τk≥t

eµ(t−τk)|ck+� − ck|

< L(ε)ε (10.32)

where L(ε) is bounded. Therefore, we have proved that x(t) is an almost
periodic solution.

2. Re µ < 0. In this case we know that

lim
t→−∞

|eµt| =∞.

Therefore, in order to have a bounded solution, the initial condition
should be chosen as

x0 =

∫ 0

−∞
e−µsu(s)ds+

∑
τk<0

e−µτkck. (10.33)

which is converge. Let us substitute x0 into the second equation in (10.29)
and get

x(t) =

∫ t

−∞
eµ(t−s)u(s)ds+

∑
τk<t

eµ(t−τk)ck. (10.34)

It follows from Lemma 10.2.1 that there is such an almost ε-period r =
r(ε) that

|x(t+ r) − x(t)| ≤
∫ t

−∞
eµ(t−s)|u(s+ r) − u(s)|ds

+
∑
τk<t

eµ(t−τk)|ck+� − ck|

< L1(ε)ε (10.35)

where L1(ε) is bounded. Therefore, we have proved that x(t) is an almost
periodic solution.
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3. Re µ = 0. Let us denote µ = iω. Let us first study the case when t > 0.
From the first equation of (10.29) we know that a bounded solution is
given by

x(t) = e−iωt


x0 +

∫ t

0

e−iωsu(s)ds+
∑

0≤τk<t
e−iωτkck


 (10.36)

from which we know that the sum

$(t) ,

∫ t

0

e−iωsu(s)ds+
∑

0≤τk<t
e−iωτkck (10.37)

is bounded. It is also clear that e−iωsu(s) and {e−iωτkck} are almost peri-
odic. It follows from Lemma 10.2.2 that $(t) is almost periodic. Therefore,
any a solution of system (10.28) is almost periodic.

�

10.3.2 Multi-Dimensional Cases

Let us consider the following impulsive control system with impulses at fixed
time:

{
ẋ = A(t)x+ u(t), t 	= τk,
∆x = Bkx+ ck, t = τk, k ∈ Z (10.38)

where A : C[R+ ,Rn×n ] is T -periodic, Bk ∈ Rn×n is a constant matrix, u(t)
and ck are almost periodic and there is an integer � such that τk+� = τk +T
for k ∈ Z. We need the following reference system:{

ẋ = A(t)x, t 	= τk,
∆x = Bkx, t = τk, k ∈ Z.

(10.39)

Let M be a monodromy matrix of system (10.39) and let

Λ =
1

T
lnM (10.40)

then we have the following Theorems.

Theorem 10.3.2. Assume that Λ has no eigenvalues on the imaginary axis
of the s-plane, then the impulsive control system (10.38) has

1. a unique almost periodic solution ;
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2. a unique almost periodic solution that is asymptotically stable if all eigen-
values of Λ are in the left-half s-plane.

�

Proof. Let us first prove conclusion 1. Without loss of generality, let us as-
sume that Λ = diag(R,L) where R ∈ Rm×m and L ∈ R(n−m)×(n−m) such
that all eigenvalues of L and R are in the left-hand side and the right-hand
side of the s-plane, respectively. Let Υ̂ (t) be an n× n matrix defined as

Υ̂ (t) ,

{
−diag(eRt, 0), for t < 0,
diag(0, eLt), for t > 0

(10.41)

then we have the following properties:

Υ̂ (0+)− Υ̂ (0−) = I (10.42)

and for t 	= 0 we have

∂Υ̂ (t)

∂t
= ΛΥ̂ (t). (10.43)

Given a, b > 0, then we have

‖Υ̂ (t)‖ ≤ ae−b|t|. (10.44)

Let us apply a coordinate transform x = X(t)e−Λty , Θ(t)y to system
(10.38) then we have{

ẏ = Λy + v(t), t = τk,
∆y = Θ−1(τ+

k )BkΘ(τk)y +Θ−1(τ+
k )ck, t = τk, k ∈ Z (10.45)

where v(t) = Θ−1(t)u(t) and denote Vk as

Vk , Θ−1(τ+
k )ck (10.46)

we then have the following claim:
Claim 10.3.2:

y1(t) ,

∫ ∞

−∞
Υ̂ (t− s)v(s)ds+

∞∑
k=−∞

Υ̂ (t− τk)Vk (10.47)

is a solution of (10.45).
To prove that Claim 10.3.2 is true, we first show that y1(t) is bounded.
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‖y1(t)‖ ≤
∫ ∞

−∞
‖Υ̂ (t− s)‖‖v(s)‖ds+

∞∑
k=−∞

‖Υ̂ (t− τk)‖‖Vk‖

≤ a
∞
sup
t=−∞

‖v(t)‖
∫ ∞

−∞
e−b|t−s|ds

+a
∞
max
k=−∞

‖Vk‖
∞∑

k=−∞
e−b|t−τk| ⇐ (10.44)

≤ a
∞
sup
t=−∞

‖v(t)‖ sgn(t− s)

b
e−b|t−s|

∣∣∣∣∞
s=−∞

+a
∞
max
k=−∞

‖Vk‖
∞∑

k=−∞
e−b|k|�

≤ amax

(
2

b
,

2

1− e−b�

)
(

∞
sup
t=−∞

‖v(t)‖+ ∞
max
k=−∞

‖Vk‖)

<∞ (10.48)

where

1 = min
k∈Z

(τk+1 − τk). (10.49)

Then it follows (10.42) and (10.43) that

ẏ1 = [Υ̂ (0
+)− Υ̂ (0−)]v(t) +

∫ t

−∞
ΛΥ̂ (t− s)v(s)ds

+

∫ ∞

t

ΛΥ̂ (t− s)v(s)ds+ Λ
∞∑

k=−∞
Υ̂ (t− τk)Vk

= Λy1(t) + v(t), t 	= τk

∆y1 =
∞∑

i=−∞
Υ̂ (τk − τ+

i )Vi −
∞∑

i=−∞
Υ̂ (τk − τi)Vi

= Vk, , t = τk, (10.50)

which shows that y1 is a solution of system (10.45) and Claim 10.3.2 is true.
For an ε > 0, it follows Lemma 10.2.1 that there is such an ε-almost period

r that
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y1(t+ r) − y1(t) =

∫ ∞

−∞
Υ̂ (t+ r − s)v(s)ds+

∞∑
i=−∞

Υ̂ (t+ r − τi)Vi

−
∫ ∞

−∞
Υ̂ (t− s)v(s)ds−

∞∑
i=−∞

Υ̂ (t− τi)Vi

=

∫ ∞

−∞
Υ̂ (t− s)[v(s+ ρ)− v(s)]ds

+
∞∑

i=−∞
Υ̂ (t− τi)(Vi+� − Vi) (10.51)

and

‖y1(t+ r) − y1(t)‖ ≤
∫ ∞

−∞
ae−b|t−s|‖v(s+ r)− v(s)‖ds

+
∞∑

i=−∞
ae−b|t−τi|‖Vi+� − Vi‖ < K(ε)ε

(10.52)

where K(ε) is bounded. This proves that y1(t) is almost periodic. Let us
suppose that y2(t) is an almost periodic solution, which is different from
y1(t), of system (10.45). Then y2(t)−y1(t) is an almost periodic solution of
the following system:

ẏ = Λy. (10.53)

Since Λ has no eigenvalues on the imaginary axis of the s-plane , system
(10.53) has no non-trivial almost periodic solutions. This leads to a con-
tradiction. Therefore, y1(t) is the unique almost periodic solution of system
(10.45). The system (10.38) has the following unique almost periodic solution:

x1(t) =

∫ ∞

−∞
Θ(t)Υ̂ (t− s)Θ−1(s)u(s)ds

+
∞∑

i=−∞
Θ(t)Υ̂ (t− τi)Θ

−1(τi)ci. (10.54)

We then prove conclusion 2. Since the difference between two solutions
of system (10.45) is a solution of (10.53), we know that if all eigenvalues of
Λ are in the left half s-plane then every solution of (10.45) asymptotically
approaches the unique almost periodic solution. Therefore, the unique almost
periodic solution of system (10.45) is asymptotically stable. Furthermore,
we know that the unique almost periodic solution of system (10.38) is also
asymptotically stable. �

Theorem 10.3.3. If system (10.38) has a bounded solution, then this solu-
tion is almost periodic. �
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Proof. Let us first consider a bounded solution of system (10.45). We can
always use a transformation to make system (10.45) into the following form:

ẏ1 = λ1y1 + b12y2 + · · ·+ b1nyn + v1(t)

ẏ2 = λ2y2 + b23y3 + · · ·+ b2nyn + v2(t)

...

ẏn−1 = λn−1yn−1 + bn−1,nyn + vn−1(t)

ẏn = λnyn + vn(t), t 	= τk,

∆y1 = Vk,1,

...

∆yn = Vk,n, t = τk, k ∈ Z. (10.55)

We then solve (10.55) from bottom to up and it follows from Theorem 10.3.1
that the bounded solution of system (10.45) is almost periodic. It follows that
the bounded solution of system (10.38) is also almost periodic. �

Let us study the following almost-periodic impulsive control system:

{
ẋ = A(t)x+ u(t,x), t 	= τk,
∆x = Bkx+ ck(x), t = τk, k ∈ Z (10.56)

where A : C[R+ ,Rn×n ] is T -periodic,Bk ∈ Rn×n is a constant matrix, u(t,x)
is almost periodic in t and ck(x) is almost periodic in k uniformly with respect
to x. There is an integer � such that τk+� = τk + T for k ∈ Z.
Let Ξ be the space of all almost periodic functions with discontinuities

at the points {τk}. For any f(t) ∈ Ξ we define its norm on Ξ as

‖f(t)‖Ξ , sup
t∈R
‖f(t)‖. (10.57)

Let Ω ⊂ Ξ such that for any x(t) ∈ Ω we have ‖x(t)‖Ξ < ρ. For x(t) ∈ Ξ
we define an operator O as follows:

O(x(t)) ,
∫ t

−∞
Θ(t)Υ̃ (t− s)Θ−1(s)u(s,x(s))ds

+
∑
τk<t

Θ(t)Υ̃ (t− τk)Θ
−1(τk)ck(x(τk)). (10.58)

Let us assume that ‖x(t)‖Ξ < ρ. Since x(t) is almost periodic, it follows
from Lemma 10.2.6 that the sequence {x(τk)} is almost periodic. Therefore
the sequence {ck(x(τk))} is almost periodic. It follows from Lemma 10.2.7
that the function u(t,x(t)) is almost periodic. It follows from Lemmas 10.2.1
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and 10.2.3 that if x(t) ∈ Ω, then there is a relatively dense set R of ε-almost
periods of x(t) such that, for r ∈ R, t ∈ R, |t− τk| > ε and k ∈ Z we have

‖O(x(t+ r)) −O(x(t))‖

≤
∫ t

−∞
‖Θ(t+ r)Υ̃ (t− s)Θ−1(s+ r)u(s+ r,x(s+ r))

−Θ(t)Υ̃ (t− s)Θ−1(s)u(s,x(s))‖ds
+
∑
τk<t

‖Θ(t+ r)Υ̃ (t+ r − τk+�)Θ
−1(τk+�)ck+�(x(τk+�))

−Θ(t)Υ̃ (t− τk)Θ
−1(τk)ck(x(τk))‖

≤ L3(ε)ε (10.59)

where L3(ε) is bounded with respect to ε. Therefore O(x(t)) ∈ Ξ. Further-
more, given ‖x(t)‖Ξ < ρ and t ∈ (τk, τk+1] we have

‖O(x(t))‖Ξ ≤
∫ t

−∞
‖Θ(t)Υ̃ (t− s)Θ−1(s)‖ sup

t∈R
‖u(s,x(s))‖ds

+
∑
τk<t

‖Θ(t)Υ̃ (t− τk)Θ
−1(τk)‖ sup

t∈R
‖ck(x(τk))‖

≤
∫ t

−∞
Keβ(t−s)L2ds+

∑
τk<t

Keβ(t−τk)L2

< KL2

(
− 1

β
+
∑
τi<t

eβ(t−τi)
)

= KL2


− 1

β
+ eβ(t−τk)

∑
τi<t

exp


β

k−1∑
j=i

(τj+1 − τj)






< KL2

(
− 1

β
+ eβ(t−τk)

k−1∑
i=−∞

eβξ(k−1−i)
)

⇐ (10.6)

= KL2

(
− 1

β
+

eβ(t−τk)

1− eβξ

)

< KL2

(
− 1

β
+

1

1− eβξ

)
. (10.60)

If KL2

(
− 1
β +

1
1−eβξ

)
< ρ then we have O(Ω) ⊆ Ω. Let us define L4 ,

− 1
β +

1
1−eβξ .

Given any two functions x,y ∈ Ω we have
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‖O(x(t))−O(y(t))‖Ξ

≤ sup
t∈R

∫ t

−∞
‖Θ(t)Υ̃ (t− s)Θ−1(s)‖‖u(s,x(s))− u(s,y(s))‖ds

+
∑
τk<t

‖Θ(t)Υ̃ (t− τk)Θ
−1(τk)‖‖ck(x(τk))− ck(y(τk))‖

≤ KL1L4‖x(t)− y(t)‖Ξ . (10.61)

If KL1L4 < 1 then O is a contraction. Then from fixed point theorem we
know that there is a almost periodic solution of system (10.56). A solution
x(t) = x(t,x0) with x(t0,x0) = x0 of system (10.56) can be given by

x(t) = Θ(t)Υ̃ (t− t0)Θ
−1(t0)x0 +

∫ t

t0

Θ(t)Υ̃ (t− s)Θ−1(s)u(s,x(s))ds

+
∑

t0≤τk<t
Θ(t)Υ̃ (t− τk)Θ

−1(τk)ck(x(τk)). (10.62)

Then for any two solutions of system (10.56) x(t) = x(t,x0) and y(t) =
y(t,y0) we have

‖x(t)− y(t)‖ ≤ ‖Θ(t)Υ̃ (t− t0)Θ
−1(t0)‖‖x0 − y0‖

+

∫ t

t0

‖Θ(t)Υ̃ (t− s)Θ−1(s)‖‖u(s,x(s))− u(s,y(s))‖ds

+
∑

t0≤τk<t
‖Θ(t)Υ̃ (t− τk)Θ

−1(τk)‖‖ck(x(τk)− ck(y(τk)‖

≤ Keβ(t−t0)‖x0 − y0‖+
∫ t

t0

Keβ(t−s)L1‖x(s)− y(s)‖ds

+
∑

t0≤τk<t
Keβ(t−τk)L1‖x(τk)− y(τk)‖ (10.63)

from which and using the transformation u(t) , ‖x(t)− y(t)‖e−βt we have

u(t) ≤ Ku(t0)︸ ︷︷ ︸
c

+

∫ t

t0

KL1︸︷︷︸
v(s)

u(s)ds+
∑

t0≤τk<t
KL1︸︷︷︸
bk

u(τk) (10.64)

which has the same form as (1.43). Then it follows from Lemma 1.7.1 that

u(t) ≤ Ku(t0)
∏

t0≤τk<t
(1 +KL1)e

KL1(t−t0); (10.65)

namely,

‖x(t)− y(t)‖ ≤ K‖x(t0)− y(t0)‖
∏

t0≤τk<t
(1 +KL1)e

(β+KL1)(t−t0)

= K‖x(t0)− y(t0)‖(1 +KL1)
N(t0,t)e(β+KL1)(t−t0).

(10.66)
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Let us assume that N(t0, t) = 1(t0, t)(t− t0) then we have

‖x(t)− y(t)‖ ≤ K‖x(t0)− y(t0)‖

× exp
[(

β +KL1 +
ln(1 +KL1)

1(t0, t)

)
(t− t0)

]
(10.67)

from which we know that if β+KL1+
ln(1+KL1)
�(t0,t)

< 0 then solutions of system

(10.56) are asymptotically stable. Therefore its almost periodic solution is
unique and asymptotically stable. This finishes the proof of the following
theorem.

Theorem 10.3.4. Assume that

1. Λ has no eigenvalues on the imaginary axis of the s-plane;
2. The following Lipschitz condition holds uniformly with respect to t ∈ R

and k ∈ Z:

‖f(t,x1)− f(t,x2)‖+ ‖ck(x1)− ck(x2)‖ ≤ K‖x1 − x2‖. (10.68)

Then for a sufficiently small K the impulsive control system (10.56) has

1. a unique almost periodic solution ;
2. a unique almost periodic solution that is asymptotically stable if all eigen-

values of Λ are in the left half s-plane.

�

Note 10.3.1. The main results of this chapter are adopted from [3, 27]. Many
proofs of theorems had been rewritten to either avoid typos or provide more
detailed proofs. If A(t) ∈ PC[(τk, τk+1],R

n×n ], k ∈ Z, all results in this chap-
ter still hold. �



11. Applications to Nanoelectronics

In this chapter we study applications of impulsive control theory to nano-
electronics. First, we present models of impulsive electronic devices that are
ideal models of nanoelectronic devices. Then, we study some examples of na-
noelectronic circuits consisting of driven single-electron tunneling junctions
(SETJ) and other nanoelectronic devices.

11.1 Models of Impulsive Electronic Devices

In conventional electronics, there are four basic variables: voltage v, current
i, charge q and flux φ. There are four kinds of basic electronic devices to
model the relations between them[6].

1. A resistor is defined by the relationship between current i, voltage v and
time t as

fR(v, i, t) = 0;

2. An inductor is defined by the relationship between flux φ, currenti and
time t as

fL(φ, i, t) = 0;

3. A capacitor is defined by the relationship between charge q, voltage v
and time t as

fC(q, v, t) = 0;

4. A memristor is defined by the relationship between charge q, flux φ and
time t as

fM (q, φ, t) = 0.

So far, there is no systematic research on developing a general framework to
handle nanoelectronic devices that containing impulse effects such as electron
tunneling. In this section, some ideal models of different kinds of nanoelec-
tronic devices with tunneling effects are present.

Let us introduce the following set of nanoelectronic devices with impulse
effects (impulsive devices for short). Since only the charge q and the flux φ can
be results of some integral curves, the impulsive effects can only happen to q
and φ. In contrast of four elementary device models in classical circuit theory,

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 307−333, 2001.
 Springer-Verlag Berlin Heidelberg 2001
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there are only three kinds of elementary impulsive devices in impulsive circuit
theory.

Definition 11.1.1. Given charge q, flux φ, time t and moments of tunneling
events, then

1. An impulsive inductor is defined by{
fL(φ, i, t) = 0, t �= τk,
∆φ = φk, t = τk;

(11.1)

2. An impulsive capacitor is defined by{
fC(q, i, t) = 0, t �= τk,
∆q = qk, t = τk;

(11.2)

3. An impulsive memristor is defined by

fM (q, φ, t) = 0, t �= τk,
∆q = qk
∆φ = φk

}
, t = τk.

(11.3)

�

There are two kinds of impulsive independent sources as defined below.

Definition 11.1.2.

1. An impulsive current source is given by qδ(τk) such that a charge q is
applied impulsively at moment τk to any electronic device to which this
impulsive current source is connected in series.

2. An impulsive voltage source is given by φδ(τk) such that a flux φ is applies
impulsively at moment τk to any electronic device to which this impulsive
current source is connected in parallel.

�

The symbols for impulsive current source and impulsive voltage source
are shown in Table 11.1.

We then define four kinds of impulsive dependent sources; namely, impul-
sive controlled voltage and current sources.

Definition 11.1.3. Let v = v(t), t ∈ R+ be a voltage and i = i(t), t ∈ R+ be
a current, then

1. an impulsive voltage-controlled current source(IVCCS) is given by q(v)δ(τk)
such that a charge q(v) is applied impulsively at moment τk to any elec-
tronic device to which this IVCCS is connected in series.

2. an impulsive current-controlled current source(ICCCS) is given by q(i)δ(τk)
such that a charge q(i) is applied impulsively at moment τk to any elec-
tronic device to which this ICCCS is connected in series.
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Table 11.1. Symbols of impulsive independent sources.

Type of sources symbols characterization

impulsive current source

+

v

i

qδ(τk)

∆q(τk) = q

impulsive voltage source

+

v

i

φδ(τk)
+

∆φ(τk) = φ

3. an impulsive current-controlled voltage source(ICCVS) is given by φ(i)δ(τk)
such that a flux φ(i) is applied impulsively at moment τk to any electronic
device to which this ICCVS is connected in parallel.

4. an impulsive voltage-controlled voltage source(IVCVS) is given by φ(v)δ(τk)
such that a flux φ(v) is applied impulsively at moment τk to any electronic
device to which this IVCVS is connected in parallel.

�

Table 11.2 shows the symbols for four elementary impulsive controlled
sources.

Remark 11.1.1. In fact, to model impulsive electronic circuits , it is enough to
add two impulsive independent sources and four impulsive dependent sources
into classical electronic circuits. This is because an impulsive inductor can
be modeled by a classical inductor connected in parallel with an impulsive
voltage source, an impulsive capacitor can be modeled by a classical capac-
itor connected in series with an impulsive current source, and an impulsive
memristor can be modeled by a classical memristor connected in series with
with an impulsive current source and in parallel with an impulsive voltage
source. However, in many cases, it may be convenient to keep the models of
these three kinds of elementary impulsive electronic devices because they can
keep the physical integration of electronic devices. �

Example 11.1.1. We then present an example of a kind of impulsive capacitor
called single electron tunneling junction(SETJ) where an electron can tunnel
through the barrier in a time period of the order of 10−15s and causes the
voltage of the junction capacitor a jump in the order of 10−3V. Since the
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Table 11.2. Symbols of impulsive controlled sources.

Type of sources symbols characterization

IVCCS

+

v

i

q(v*)δ(τk)

∆q(τk) = q(v∗)

ICCCS

+

v

i

q(i*)δ(τk)

∆q(τk) = q(i∗)

ICCVS

+

v

i

φ(i*)δ(τk)
+

∆φ(τk) = φ(i∗)

IVCVS

+

v

i

φ(v*)δ(τk)
+

∆φ(τk) = φ(v∗)

junction capacitor voltage is a state variable of the SETJ model, it is practical
to model SETJ using impulsive differential equations. Since SETJ had been
used in many nanoelectronic circuit models, the impulsive control theory
becomes a very important tool for designing and programming nanodevices
which will be the building block for the next generation of computers.

The symbol of a SETJ is shown in Fig. 11.1(a). Observe that a SETJ is
modeled by one explicit parameter; namely, the junction capacitance C. The
charge, q, in the junction capacitor is the essential variable of the SETJ. If
we choose the charge q as the state variable, then the SETJ is modeled by
the following impulsive differential equation:
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dq

dt
= i, if |v(t)| < VT ,

∆q(τk) =

{
−e, v(τk) ≥ VT ,
e, vc(τk) ≤ −VT (11.4)

where e is the electron charge and

VT =
e

2C

is the quantum-mechanical tunneling voltage.
If we choose the junction voltage v as the state variable, then the SETJ

is modeled by the following impulsive differential equation:

dv(t)

dt
=

1

C
i, if |v(t)| < VT ,

∆v(τk) , v(τ+
k )− v(τk)

=

{
−2VT , v(τk) ≥ VT ,
2VT , v(τk) ≤ −VT . (11.5)

It is easy to see that the SETJ is equivalent to the impulsive electronic
circuit shown in Fig. 11.1(b) where the junction capacitance of the SETJ
is assigned to a linear capacitor and the tunneling effects of the SETJ is
modeled by an IVCCS.

+

v

i

qC

⇔

+

v

i

qC

q(v (τk))δ(τk)

(a) (b)

Fig. 11.1. (a) The symbol of the SETJ. (b) The equivalent impulsive electronic
circuit of the SETJ.

F

11.2 Driven SETJ Electronic Circuit

The block diagram of an isolated SETJ circuit biased by a DC voltage source
Vb and driven by a sinusoidal pump vp(t) is shown in Fig. 11.2. In this section
we call this impulsive electronic circuit as a driven SETJ electronic circuit.
This impulsive electronic circuit has been investigated for implementing logic
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operations via “tunnel phase logic”(TPL) in [23, 18, 12, 47, 45]. This TPL
operation has many potential applications in digital technology[23, 18, 12]. In
a TPL operation, the phase of periodic solutions are used to encode digital
operations, therefore, the periodic solutions of driven SETJ circuits are of
great interest.

+

R

C

+

-
vC

p

+

-

Vb

v  (t) = V cos    tp ωp

Fig. 11.2. A driven single-electron tunneling junction circuit.

The driven SETJ circuit in Fig. 11.2 can be modeled by a nonautonomous
impulsive differential equation. Let us choose the state variable as the voltage,
vC , across the SETJ. The sinusoidal voltage source (pump) is defined by

vp(t) = Vp cos(ωpt).

The DC voltage source Vb is in series with a resistor R.

Remark 11.2.1. Observe that in a driven SETJ circuit, the plant itself is
impulsive and we can use the AC pump signal and the DC bias as continuous
control inputs. Therefore, the problem of control a driven SETJ circuit to a
T -periodic solution is a type-III impulsive control problem . �

11.2.1 Circuit Model and its Dimensionless Form

The dynamics of the SETJ circuit in Fig. 11.2 is governed by the following
nonautonomous impulsive differential equation:

dvC(t)

dt
=

1

RC
(Vb − vC(t)− Vp cos(ωpt)), if |vC(t)| < VT ,

∆vC(ti) , vc(t
+
i )− vc(ti)

=

{
−2VT , vc(ti) ≥ VT ,
2VT , vc(ti) ≤ −VT , (11.6)
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where {t1, t2, · · · , ti, · · · } are moments when vC(ti) = ±VT . Here vC(t) is the
junction voltage, and

VT =
e

2C
.

By simple algebra we can normalize (11.6) into the following dimensionless
form:

dθ

dτ
= γ

(
a− b cos τ − θ

π

)
, if |θ(t)| < π,

∆θ(τi) , θ(τ+
i )− θ(τi)

=

{
−2π, θ(τi) ≥ π,
2π, θ(τi) ≤ −π, (11.7)

where

a =
Vb
VT

, b =
Vp
VT

, θ =
2πCvC

e
, τ = ωpt, γ =

π

RCωp
.

Without loss of generality (11.7) can be simplified as:

dθ

dτ
= γ

(
a− b cos τ − θ

π

)
, if θ(t) < π,

∆θ(τi) = −2π, if θ(τi) = π,

|θ(0)| < π (11.8)

where

{τi} , {τi| θ(τi) = π}. (11.9)

For convenience, we use t to denote the normalized time τ in (11.8) and
rewrite (11.8) into the following more compact form of nonautonomous im-
pulsive differential equations:

dθ

dt
= −γ

π
θ + γ(a− b cos t), t �= τi,

∆θ(τi) = −2π, t = τi,

|θ(0)| < π. (11.10)

where {τ1, τ2, · · · , τi, · · · } are moments when θ(t) = π.

11.2.2 T -periodic Solutions

In this section we give the conditions under which a driven SETJ circuit
has T -periodic solutions, where T is a positive real number. Since the pump
source b cos(t) is 2π-periodic and the tunneling events for a T -periodic solu-
tion should also be T -periodic, we have
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T = 2nπ, τi+p = τi + T, (11.11)

where n and p are positive integers. The following theorem gives the analytical
form of the T -periodic solutions of the driven SETJ circuit.

Theorem 11.2.1. There exists a T = 2nπ (n is some positive integer) such
that the dimensionless SETJ equation (11.10) has n distinct T -periodic solu-
tions given by

θ∗(t) = e−
γ
π t

1

1− e−
γ
πT

[∫ T

0

e−
γ
π (T−τ)γ(a− b cos(τ + 2qπ))dτ

−
p∑
i=1

2πe−
γ
π (T−τi)

]

+

∫ t

0

e−
γ
π (t−τ)γ(a− b cos(τ + 2qπ))dτ −

∑
0<τi<t

2πe−
γ
π (t−τi),

q = 0, 1, · · · , n− 1. (11.12)

where τi+p = τi + T . �

Proof. Let the initial condition be θ(0, θ0) = θ0. Any solution θ(t, θ0) of
(11.10) is given by

θ(t, θ0) = e−
γ
π tθ0 +

∫ t

0

e−
γ
π (t−τ)γ(a− b cos τ)dτ

−
∑

0<τi<t

2πe−
γ
π (t−τi). (11.13)

Since γ(a − b cos τ) is a 2π-periodic function, a 2π phase shift will result in
a new solution sharing the same initial condition θ0. Thus, (11.13) can be
rewritten as

θ(t, θ0) = e−
γ
π tθ0 +

∫ t

0

e−
γ
π (t−τ)γ(a− b cos(τ + 2qπ))dτ

−
∑

0<τi<t

2πe−
γ
π (t−τi), q = 0, 1, 2, · · · . (11.14)

For T -periodic solutions that has θ0 as its initial state, we have the following
condition:

(1− e−
γ
πT )θ0 =

∫ T

0

e−
γ
π (T−τ)γ(a− b cos(τ + 2qπ))dτ

−
p∑
i=1

2πe−
γ
π (T−τi), q = 0, 1, 2, · · · , n− 1. (11.15)
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Since (1− e−
γ
πT ) �= 0, it follows that

θ0 =
1

1− e−
γ
πT

[∫ T

0

e−
γ
π (T−τ)γ(a− b cos(τ + 2qπ))dτ

−
p∑
i=1

2πe−
γ
π (T−τi)

]
, q = 0, 1, 2, · · · , n− 1. (11.16)

Substituting (11.16) into (11.13) we obtain the following n distinct T -periodic
solutions:

θ∗(t) = e−
γ
π t

1

1− e−
γ
πT

[∫ T

0

e−
γ
π (T−τ)γ(a− b cos(τ + 2qπ))dτ

−
p∑
i=1

2πe−
γ
π (T−τi)

]
+

∫ t

0

e−
γ
π (t−τ)γ(a− b cos(τ + 2qπ))dτ

−
∑

0<τi<t

2πe−
γ
π (t−τi), q = 0, 1, 2, · · · , n− 1. (11.17)

�

Remark 11.2.2. Observe that Theorem 11.2.1 asserts that the SETJ circuit
in Fig. 11.2 has at least one T -periodic solution. So far, a T = 4nπ solution
has been found in [23]. This theorem shows that for the same periodic orbit
(limit cycle) associated with a driven SETJ, the phases of the tunneling
events (i.e., the moments of impulse effects) can be shifted by 2π without
changing the initial condition which gives rise to a T -periodic solution. It
also shows that a driven SETJ can have n distinct 2nπ-periodic solutions.
Thus, we immediately have the following corollary. �

Corollary 11.2.1. If the SETJ equation (11.10) has a 2nπ-periodic solu-
tion, then there are (n−1) additional distinct 2nπ-periodic solutions with 2π
phase shifts between consecutive solution pairs. �

Remark 11.2.3. The existence of n distinct 2nπ-periodic solutions in a driven
SETJ circuit can be used to build robust digital memories as suggested in [23].
This is because the different phase shifts can be used to represent different
memory states. For example, to build a binary digital memory, we must
choose SETJs that have 4π-periodic solutions. The coexistence of two 4π-
periodic solutions has been reported in [23]. �

11.3 Return Maps of Driven SETJ Circuits

Since the driven SETJ circuit in (11.10) is driven by a periodic signal, it
is convenient to construct return maps based on the period of the pump
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signal. The pth-time return map can be defined by Πp : θn �→ θn+p, where
θn = θ(2nπ). In [23], the authors presented some numerical results on Π2.
In this section, we will present both theoretical and numerical results on Πp,
p = 1, 2, · · · . In this section, we will use extensively the following formula:∫

eax cos(bx)dx =
1

a2 + b2
eax[a cos(bx) + b sin(bx)] + c (11.18)

where c is a constant.
To study the return map Π1 : θn �→ θn+1, we can choose θn ∈ [−π, π) as

initial conditions at t = 0 and calculate θn+1 at time t = 2π. Using (11.13)
with initial condition θ0 = θn, Π1 is given by the solution of the following
two equations:

θn+1 = e−
γ
π (2π)θn +

∫ 2π

0

e−
γ
π (2π−τ)γ(a− b cos τ)dτ

−
∑

0<τi<2π

2πe−
γ
π (2π−τi)

= e−2γθn + aπ − aπe−2γ − bγe−2γ

∫ 2π

0

e
γ
π τ cos τdτ

−
∑

0<τi(θn)<2π

2πe−
γ
π (2π−τi(θn))

= e−2γθn + (1− e−2γ)

(
aπ − bγ2π

π2 + γ2

)
−

∑
0<τi(θn)<2π

2πe−
γ
π (2π−τi(θn)),

θ(τi(θn), θn) = π, τi(θn) ∈ (0, 2π). (11.19)

Observe that the only uncertainty comes from impulsive events. Let us con-
sider first the case when there is no impulsive event for a given θn:

θ(t, θn) = e−
γ
π tθn +

∫ t

0

e−
γ
π (t−τ)γ(a− b cos τ)dτ

= e−
γ
π tθn + aπ(1− e−

γ
π t)

− bγπ2

γ2 + π2

(
sin(t) +

γ

π
cos(t)− γ

π
e−

γ
π
t
)

< π, for a given θn ∈ [−π, π) and t ∈ (0, 2π]. (11.20)

By combining the results in (11.19) and (11.20) we can derive a closed
form expression for Π1 when there is no impulsive event as follows:
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θn+1 = e−2γθn + (1− e−2γ)

(
aπ − bγ2π

π2 + γ2

)
,

θ(t, θn) = e−
γ
π tθn + aπ(1− e−

γ
π t)

− bγπ2

γ2 + π2

(
sin(t) +

γ

π
cos(t)− γ

π
e−

γ
π t
)

< π, for a given θn ∈ [−π, π) and t ∈ (0, 2π]. (11.21)

This result shows that if there is no impulsive event in a driven SETJ circuit,
then Π1 is a straight line with a slope e−2γ and a shift given by

α , (1− e−2γ)

(
aπ − bγ2π

π2 + γ2

)
along the θn+1-axis. Observe that the slope e−2γ < 1 is always satisfied
because of physical settings. Hence, if α ∈ [−π, π), we can guarantee that the
2π-periodic solutions are asymptotically stable.

Let us consider next the situation when there is an impulsive event within
any 2π time period. The interest is to find the initial condition θ∗ for a 2π-
periodic solution which has only one impulsive event within each period. In
this case, θn = θn+1 , θ∗ should hold and if τ∗1 ∈ (0, 2π] is the moment of
the impulsive event, we can write

θ∗ = e−2γθ∗ +

(
aπ − bγ2π

π2 + γ2

)
(1− e−2γ)− 2πe−

γ
π (2π−τ∗

1 ). (11.22)

In this equation, there are two unknown parameters θ∗ and τ∗1 . We need to
construct one more equation in order to find both unknown parameters. One
condition we know is that θ(τ∗1 , θ

∗) = π which leads to the following equation:

π = e−
γ
π τ

∗
1 θ∗ + aπ(1− e−

γ
π τ

∗
1 )

− bγπ2

γ2 + π2

(
sin(τ∗1 ) +

γ

π
cos(τ∗1 )−

γ

π
e−

γ
π τ

∗
1

)
. (11.23)

Since 1− e−2γ �= 0 is guaranteed by physical settings, from (11.22) we have

θ∗ =
1

1− e−2γ

[(
aπ − bγ2π

π2 + γ2

)
(1− e−2γ)− 2πe−

γ
π (2π−τ∗

1 )

]

= aπ − bγ2π

π2 + γ2
− 2πe−

γ
π (2π−τ∗

1 )

1− e−2γ
. (11.24)

Substituting (11.24) into (11.23) we have

π = e−
γ
π τ

∗
1

(
aπ − bγ2π

π2 + γ2
− 2πe−

γ
π (2π−τ∗

1 )

1− e−2γ

)
+ aπ(1− e−

γ
π τ

∗
1 )

− bγπ2

γ2 + π2

(
sin(τ∗1 ) +

γ

π
cos(τ∗1 )−

γ

π
e−

γ
π τ

∗
1

)
. (11.25)
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The solutions of this equation gives τ∗1 . We can solve this equation by nu-
merical methods. The reasonable solution of τ∗1 should be in interval (0, 2π].
If there is no solution in interval (0, 2π], then it means that there is not
2π-periodic solution with this set of parameters.

As for other initial condition θn �= θ∗, the moment of the impulsive event
satisfies τ1 �= τ∗1 . The return map is then given by the solution of the following
equations:

θn+1 = e−2γθn + (1− e−2γ)

(
aπ − bγ2π

π2 + γ2

)
−2πe− γ

π (2π−τ1(θn)),

θ(τ1(θn), θn) = e−
γ
π τ1(θn)θn + aπ(1− e−

γ
π τ1(θn))

− bγπ2

γ2 + π2

(
sin(τ1(θn)) +

γ

π
cos(τ1(θn))−

γ

π
e−

γ
π τ1(θn)

)
= π, τ1(θn) ∈ (0, 2π). (11.26)

Remark 11.3.1. Using the same method presented in this section we can de-
rive many other return maps. Observe that whenever an impulsive event
occurs in a return map, there will be an exponential effect on the straight
line segments in the return map. Πp is the solution of the following equations:

θn+p = e−
γ
π (2pπ)θn +

∫ 2pπ

0

e−
γ
π (2pπ−τ)γ(a− b cos τ)dτ

−
∑

0<τi<2pπ

2πe−
γ
π (2pπ−τi)

= e−2pγθn + aπ − aπe−2pγ − bγe−2pγ

∫ 2pπ

0

e
γ
π τ cos τdτ

−
∑

0<τi(θn)<2pπ

2πe−
γ
π (2pπ−τi(θn))

= e−2pγθn + (1− e−2pγ)

(
aπ − bγ2π

π2 + γ2

)
−

∑
0<τi(θn)<2pπ

2πe−
γ
π (2pπ−τi(θn)),

θ(τi(θn), θn) = π, τi(θn) ∈ (0, 2pπ). (11.27)

The behaviors and theoretical analysis of two-coupled driven SETJ cir-
cuits can be found in [44]. �
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11.4 T -Periodic Solutions of a Second-order SETJ
Circuit

Let us study the existence of T -periodic solutions of the second-order SETJ
circuit shown in Fig. 11.3. In this circuit C1 is a linear capacitor,C2 represents
the junction capacitance of the SETJ. The state variables are v1 and v2 that
are voltages across C1 and C2, respectively.

+

v1

C1

-β2C2v1

C2i(t)C2

+

v2

2αC2

1

C1v2

Fig. 11.3. The circuit block diagram of a second-order SETJ circuit.

Let {τk(v2)}, k ∈ N, be the set of time moments when tunneling events
happen in the SETJ. When t �= τk(v2) we have

C1
dv1
dt

= C1v2,

C2
dv2
dt

= −β2C2v1 − 2αC2v2 + C2i(t). (11.28)

Let q1(t) and q2(t) be the charges in C1 and C2, respectively, when t = τk(v2)
we have

∆q1 = 0, ⇒ ∆v1 = 0,

∆q2 =

{
−e, if v2(τk) ≥ ṼT ,

e if v2(τk) ≤ −ṼT ,
⇒

∆v2 = e/C2 = ck ,

{
−2ṼT , if v2(τk) ≥ ṼT ,

2ṼT if v2(τk) ≤ −ṼT ,
(11.29)

where e is the electron charge and

ṼT =
e

2C2
.

The state equation of this circuit is then given by
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v̇1
v̇2

)
︸ ︷︷ ︸

v̇

=

(
0 1
−β2 −2α

)
︸ ︷︷ ︸

A

(
v1

v2

)
︸ ︷︷ ︸

v

+

(
0
i(t)

)
︸ ︷︷ ︸
u(t)

, t �= τk(v2)

∆

(
v1

v2

)
=

(
0
ck

)
︸ ︷︷ ︸
ck

, t = τk(v2). (11.30)

The eigenvalue λ1,2 of A are the roots of

λ2 + 2αλ+ β2 = 0. (11.31)

Let Φ(t) = eAt, which satisfies

Φ̇(t) = AΦ(t), (11.32)

be the normalized fundamental matrix of system (11.30) at t = 0, then we
have

1. If α2 − β2 > 0, then λ1,2 are distinct and real and

Φ(t) =
1

λ1 − λ2

(
λ1e

λ2t − λ2e
λ1t eλ1t − eλ2t

−λ1λ2(e
λ1t − eλ2t) λ1e

λ1t − λ2e
λ2t

)
; (11.33)

2. If α2 − β2 = 0, then λ1,2 = −α and

Φ(t) =

(
(1 + αt)e−αt te−αt

−α2te−αt (1− αt)e−αt

)
; (11.34)

3. If ω2 , β2 − α2 > 0, then λ1,2 = −α± iω and

Φ(t) =

1

ω

(
e−αt[ω cos(ωt) + α sin(ωt)] e−αt sin(ωt)
−(ω2 + α2)e−αt sin(ωt) e−αt[ω cos(ωt)− α sin(ωt)]

)
.

(11.35)

Let us denote the initial voltage of capacitor C1 and that of the SETJ
junction capacitor C2 as v(t+0 ) = v0 , (v1(0), v2(0))

�, then for t > τ0 the
solutions of system (11.30) are given by

v(t) = Φ(t− τ0)v0 +

∫ t

τ0

Φ(t− s)u(s)ds

+
∑

τ0<τk<t

Φ(t− τk)ck. (11.36)

Let us assume that there is a T > 0 and a ' ∈ N such that

τk+�(v2) = τk(v2), u(t+ T ) = u(t), ck+� = ck, t ∈ R, k ∈ Z (11.37)
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then the system (11.30) is T -periodic. Let us study the existence of T -periodic
solutions of system (11.30). Let v(τ+

0 ) be the initial condition of a T -periodic
solution, then we have

[I − Φ(T )]v(τ+
0 ) =

∫ τ�

τ0

Φ(τ� − s)u(s)ds+

�∑
k=1

Φ(τ� − τk)ck (11.38)

Then we have the following possible situations.

1. If λ1 �= i2pπ/T and λ2 �= i2qπ/T for all p, q ∈ Z, then the multipliers
µ1,2 = eλ1,2T of (11.32) are not equal to 1. In this case, system (11.30) has
a unique T -periodic solution whose initial value v0 is given by (11.38).

2. λ1 �= 0 and λ2 = 0. In this case, (11.32) has one linearly independent
T -periodic solution

Φ1(t) =

(
1
0

)
.

Therefore the adjoint equation to (11.32),

Ψ̇(t) = −A∗Ψ(t) (11.39)

also has one linearly independent T -periodic solution

Ψ1(t) =

(
1

−1/λ1

)
.

Then from (9.68) we have

−
∫ τ�

τ0

i(s)

λ1
ds−

�∑
k=1

ck
λ1

= 0. (11.40)

If the condition in (11.40) holds, it follows from (11.38) that we can find
v(τ+

0 ) , (v1(τ
+
0 ), v2(τ

+
0 ))� by using the following equation

v1(τ
+
0 ) can be arbitrary,

(1− eλ1T )v2(τ
+
0 ) =

∫ τ�

τ0

eλ1(τ�−s)i(s)ds

+

�∑
k=1

eλ1(τ�−τk)ck. (11.41)

Thus, system (11.30) has a family of T -periodic solutions.
3. λ1 = λ2 = 0. In this case, (11.32) and the adjoint equation (11.39) each

has, respectively, one linearly independent T -periodic solution

Φ1(t) =

(
1
0

)
, and Ψ1(t) =

(
0
1

)
.
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Then from (9.68) we have∫ τ�

τ0

i(s)ds+

�∑
k=1

ck = 0. (11.42)

If the condition in (11.42) holds, it follows from (11.38) that we can find
v(τ+

0 ) = (v1(τ
+
0 ), v2(τ

+
0 ))� by using the following equation

v1(τ
+
0 ) can be arbitrary,

v2(τ
+
0 )T =

∫ τ�

τ0

i(s)sds+

�∑
k=1

τkck. (11.43)

Thus, system (11.30) has a family of T -periodic solutions.
4. λ1,2 = ±iω , i2pπ/T for some p ∈ Z. In this case, (11.32) and the

adjoint equation (11.39) each has, respectively, two linearly independent
T -periodic solutions

Φ(t) =

(
cos(ωt) 1

ω sin(ωt)
−ω sin(ωt) cos(ωt)

)
and

Ψ(t) =

(
cos(ωt) ω sin(ωt)
− 1
ω sin(ωt) cos(ωt)

)
.

Then from (9.68) we have∫ τ�

τ0

cos(ωs)i(s)ds+

�∑
k=1

cos(ωτk)ck = 0,

∫ τ�

τ0

sin(ωs)i(s)ds+

�∑
k=1

sin(ωτk)ck = 0. (11.44)

If the condition in (11.44) holds, then any v(τ+
0 ) = (v1(τ

+
0 ), v2(τ

+
0 ))�

satisfies (11.38). Therefore, all solutions of system (11.30) are T -periodic.

Example 11.4.1. In this example let us choose parameters as

α = 2, β = 1, T = 1, and ck =

{
−2, k is odd,
2, k is even.

We have λ1,2 = −2±
√
3 < 0, therefore the T -periodic solutions are stable.

In the simulations shown in Fig. 11.4 we choose the AC pump current source
as

i(t) = 10 sin(2πt).

From Fig. 11.4(a) we can see that the system approaches a limit cycle asymp-
totically. From Fig. 11.4(b) we can see that the solution, which the system
approaches, is a T -period solution. However, within each period, there are
two tunneling events.

F
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Fig. 11.4. The simulation results of controlling nanoelectronic systems to T -
periodic solutions. (a) v1(t) versus v2(t) plot. (b) Waveforms of v1(t)(thin-solid),
v2(t)(thick-solid) and i(t)(dotted).

11.5 T -Periodic Solutions of a Nanoelectronic Circuit
Consisting of IVCCS

Let us study the existence of T -periodic solutions of the second-order SETJ
circuit shown in Fig. 11.5. In this circuit, there is an impulsive voltage control
current source (IVCCS) connected in series with the SETJ. C1 is a linear
capacitor and C2 is the junction capacitor of the SETJ. Observe that the
IVCCS is triggered by the tunneling events of the SETJ.
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+

v1

C1

-G1C2v1

C2i(t)

C2

+

v2

C1v2

G2C2v2(τk)

C2G3

1

Fig. 11.5. The circuit block diagram of a second-order SETJ circuit with impulsive
voltage control current source controlled by tunneling events of the SETJ. τk, k ∈ N

are time moments of tunneling events in the SETJ.

Let τk(v2), k ∈ N be time moments of tunneling events in the SETJ, when
t �= τk(v2) we have

C1
dv1
dt

= C1v2,

C2
dv2
dt

= −C2G1v1 − C2G3v2 + C2i(t), (11.45)

where G1 > 0, G3 > 0, τk = kT, k ∈ Z. i(t) is a T -periodic current source
and we assume that G2

3 �= 4G1.
Let q1(t) and q2(t) be charges in C1 and C2, respectively. When t = τk(v2)

we have

∆q1 = 0, ⇒ ∆v1 = 0,

∆q2 = C2∆v2

= Qk +

∫ ∞

−∞
C2G2v2(τk)δ(τk)dt = Qk + C2G2v2(τk), ⇒

∆v2 = G2v2 + ck, (11.46)

where

Qk =

{
−e, if v2(τk) ≥ ṼT ,

e, if v2(τk) ≤ −ṼT ,
(11.47)

ck =

{
−2ṼT , if v2(τk) ≥ ṼT ,

2ṼT , if v2(τk) ≤ −ṼT ,
(11.48)

and
ṼT =

e

2C2
.

The state equation of this circuit is given by
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v̇1
v̇2

)
︸ ︷︷ ︸

v̇

=

(
0 1
−G1 −G3

)
︸ ︷︷ ︸

A

(
v1

v2

)
︸ ︷︷ ︸

v

+

(
0
i(t)

)
︸ ︷︷ ︸
u(t)

, t �= τk(v2)

∆

(
v1

v2

)
=

(
0 0
0 G2

)
︸ ︷︷ ︸

B

(
v1

v2

)
+

(
0
ck

)
︸ ︷︷ ︸
ck

, t = τk(v2), (11.49)

The companying homogeneous system of (11.49) is given by(
v̇1
v̇2

)
︸ ︷︷ ︸

v̇

=

(
0 1
−G1 −G3

)
︸ ︷︷ ︸

A

(
v1

v2

)
︸ ︷︷ ︸

v

, t �= τk(v2)

∆

(
v1

v2

)
=

(
0 0
0 G2

)
︸ ︷︷ ︸

B

(
v1

v2

)
, t = τk(v2), (11.50)

Let the λ1,2 be the eigenvalues of A, then we have

λ1,2 =
−G3 ±

√
G2

3 − 4G1

2
(11.51)

and

eAt =
1

λ1 − λ2

(
λ1e

λ2t − λ2e
λ1t eλ1t − eλ2t

−λ1λ2(e
λ1t − eλ2t) λ1e

λ1t − λ2e
λ2t

)
. (11.52)

The monodromy matrix for (11.50) is given by

M = (I +B)eAT =
1

λ1 − λ2

×
(

λ1e
λ2T − λ2e

λ1T eλ1T − eλ2T

−(1 +G2)λ1λ2(e
λ1T − eλ2T ) (1 +G2)(λ1e

λ1T − λ2e
λ2T )

)
,

(11.53)

whose eigenvalues are the multipliers, µ1,2, given by the roots of the following
equation:

µ2 − 1

λ1 − λ2

{
λ1e

λ2T − λ2e
λ1T + (1 +G2)

[
λ1e

λ1T − λ2e
λ2T
]}

µ

+(1 +G2)e
(λ1+λ2)T = 0. (11.54)

System (11.49) has a non-trivial T -periodic solution if and only if at least
one multiplier is equal to 1, then substitute µ in (11.54) by 1, we have

1 +G2 =
λ1 − λ2 + λ2e

λ1T − λ1e
λ2T

λ1eλ1T − λ2eλ2T − (λ1 − λ2)e(λ1+λ2)T
. (11.55)

Then we have the following two cases.
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1. (11.55) holds. In this case rank(M − I) = 1 and the system (11.50) has
one linearly independent T -periodic solution. It follows from the first
condition of Theorem 9.1.6 we know that the following adjoint system of
(11.50) {

ẋ = −A∗x, t = τk,
∆x = −(I +B∗)−1B∗x, t = τk,

(11.56)

also has one linear independent T -periodic solution xT (t) whose initial
condition xT (0

+) , (x1(0), x2(0))
� is given by

xT (0
+) = (I +B∗)−1e−A

∗TxT (0
+)

=
1

ν1 − ν2

×
(
ν1e

ν2T − ν2e
ν1T eν1T − eν2T

− ν1ν2(e
ν1T−eν2T )
1+G2

ν1e
ν1T−ν2eν2T

1+G2

)
xT (0

+),

(11.57)

where

ν1,2 =
G3 ±

√
G2

3 − 4G1

2
(11.58)

are two eigenvalues of −A∗.
Assume that (11.57) has the following nonzero solution:

xT (0
+) , (x1(0), x2(0))

� (11.59)

then we can construct a non-trivial T -periodic solution of (11.56) as

xT (t) ,

(
x1(t)
x2(t)

)
= e−A

∗txT (0
+)

=
1

ν1 − ν2

×
(

x1(0)(ν1e
ν2t − ν2e

ν1t) + x2(0)(e
ν1t − eν2t)

−x1(0)(ν1ν2(e
ν1t − eν2t)) + x2(0)(ν1e

ν1t − ν2e
ν2t)

)
,

t ∈ (0, T ]. (11.60)

Therefore, it follows from condition 2 of Theorem 9.1.6 that system
(11.49) has a T -periodic solution if and only if ck and i(t) satisfy (9.68);
namely, ∫ T

0

x2(t)i(t)dt+
∑

0≤τk<T
x2(τ

+
k )ck = 0.
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2. (11.55) does not hold. In this case, from Theorem 9.1.5 we know that
(11.49) has a unique T -periodic solution. Furthermore, in view of (11.54),
if the condition

µ2
1 + µ2

2 = (µ1 + µ2)
2 − 2µ1µ2 < 1; (11.61)

namely,[
1

λ1 − λ2

{
λ1e

λ2T − λ2e
λ1T + (1 +G2)

[
λ1e

λ1T − λ2e
λ2T
]}]2

−2(1 +G2)e
−(λ1+λ2)T < 1 (11.62)

is satisfied, then multipliers of (11.50) satisfy |µ1,2| < 1. Thus, system
(11.49) is asymptotically stable.

11.6 T -Periodic Solutions of First-order Nanoelectronic
Circuits

11.6.1 Circuit Consisting of Linear IVCCS

Let us study the existence of T -periodic solutions of the first-order SETJ
circuit shown in Fig. 11.6. In this circuit, there is an impulsive voltage control
current source (IVCCS) connected in series with the a linear capacitor C.

-CG(t)v2/r(t)

+

v
CGkv(τk) CG(t)v

C

Fig. 11.6. The circuit block diagram of a first-order nanoelectronic circuit with
impulsive voltage control current source controlled by a clock signal τk, k ∈ N.

Let τk, k ∈ N be the clock signal that control the IVCCS, when t �= τk we
have

C
dv

dt
= CG(t)v − CG(t)v2/r(t), (11.63)

where r ∈ PC[R,R],
inf

t∈[0,T ]
r(t) > 0,
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and G ∈ PC[R,R] and G(t) > 0 for t ≥ 0.
Let q(t) be charge in C. When t = τk we have

∆q = C∆v

=

∫ ∞

−∞
CGkv(τk)δ(τk)dt = CGkv(τk), ⇒

∆v = Gkv(τk). (11.64)

Let us assume that 1 +Gk > 0, k ∈ N.
The state equation of this circuit is given by

v̇ = G(t)v(t) −G(t)v2(t)/r(t), t �= τk,

∆v = Gkv(τk), t = τk, k ∈ N. (11.65)

Let us assume that there are T > 0 and ' ∈ N such that for t ∈ R+ and
k ∈ N

G(t+ T ) = G(t), r(t + T ) = r(t), τk+� = τk + T, Gk+� = Gk. (11.66)

For the purpose of logic operations, we may need to find conditions under
which the T -periodic solution of circuit (11.65) either positive(logic 1) or
negative(logic 0). Under this condition we assume that v(t) �= 0 for all t ∈ R+ .
Let x(t) = 1/v(t) then from (11.65) it follows that

ẋ = −G(t)x(t) +G(t)/r(t), t �= τk,

x(τ+
k ) =

1

1 +Gk
x(τk), t = τk, k ∈ N. (11.67)

The reference system is given by

ẋ = −G(t)x(t), t �= τk,

x(τ+
k ) =

1

1 +Gk
x(τk), t = τk, k ∈ N (11.68)

whose Cauchy matrix is given by

Ψ(t, s) = exp

(
−
∫ t

s

G(τ)dτ

) ∏
s≤t<t

1

1 +Gk
. (11.69)

Then we have the following solution of system (11.67):

x(t) = Ψ(t, 0)x(0) +

∫ t

0

Ψ(t, s)G(s)/r(s)ds (11.70)

which is a T -periodic solution if

[1− Ψ(t, 0)]x(0) =

∫ T

0

Ψ(T, s)G(s)/r(s)ds. (11.71)
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Let us assume that the multiplier µ of the reference system satisfy

µ = Ψ(T, 0) = exp

(
−
∫ T

0

G(τ)dτ

)
�∏
k=1

1

1 +Gk
< 1 (11.72)

and ∫ T

0

Ψ(T, s)G(s)/r(s)ds > 0 (11.73)

then (11.71) has a unique solution x(0) = x0 > 0. Furthermore, from (11.70)
and the definition of Ψ(t, s) we know that x(t, 0, x0) is positive. Therefore
vT (t) = 1/x(t, 0, x0) is a positive T -periodic solution of circuit (11.65).

11.6.2 Circuit Consisting of Nonlinear IVCCS

Let us study the existence of T -periodic solutions of the first-order SETJ
circuit shown in Fig. 11.7. In this circuit, there is a nonlinear impulsive voltage
control current source (IVCCS) connected in series with the a linear capacitor
C. Also observe that if G0 > 0 then there is a negative resistor in this circuit.

-CG0v2/r

+

v
CG(v(kT))

-CG0

C

Fig. 11.7. The circuit block diagram of a first-order nanoelectronic circuit with
impulsive voltage control current source controlled by a clock signal kT, k ∈ N.

Let kT, k ∈ N be the clock signal that control the IVCCS, when t �= kT
we have

C
dv

dt
= CG0v − CG0v

2/r. (11.74)

Let us assume that r > 0 and G0 > 0. Let q(t) be charge in C. When t = kT
we have

∆q = C∆v

=

∫ ∞

−∞
CG(v(kT ))δ(kT )dt = CG(v(kT )), ⇒

∆v = G(v(kT )) (11.75)
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where G ∈ C1[R+ ,R] and G(v(kT )) > −v(kT ) for v(kT ) ∈ R+ . The state
equation of this circuit is given by

v̇ = G0v −G0v
2/r, , t �= kT,

∆v = G(v(kT )), t = kT, k ∈ N. (11.76)

Let us assume that there are T > 0 and ' ∈ N such that for t ∈ R+ and
k ∈ N

G(t+ T ) = G(t), r(t + T ) = r(t), τk+� = τk + T, Gk+� = Gk. (11.77)

If we use the nanoelectronic circuit (11.76) to represent the state of logic 1,
then we need to find a positive T -periodic solution vT (t) = vT (t, 0, v0) of
(11.76) with vT (0) = v0 > 0. When t ∈ (0, T ] we have

vT (t) =
v0

e−G0t + (1− e−G0t)v0/r
. (11.78)

Since vT (t) is a T -periodic solution, we have the following conditions:

vT (T ) =
v0

e−G0T + (1− e−G0T )v0/r
, v0 = vT (T ) +G(vT (T )) (11.79)

from which we can find a positive vT (T ) by

vT (T ) =
rvT (T ) + rG(vT (T ))

re−G0T + (1− e−G0T )[vT (T ) +G(vT (T ))]
. (11.80)

Then we have the following variational equation with respect to vT (t) and
circuit (11.76):

ẋ = G0x− 2G0vT (t)x/r, , t �= kT,

∆x =
∂G(vT (kT ))

∂x
, t = kT, k ∈ N (11.81)

whose multiplier is given by

µ = exp

{∫ T

0

(G0 − 2G0vT (t)/r) dt

}(
1 +

∂G(vT (kT ))

∂x

)
. (11.82)

Then the existence of a positive T -periodic solution is given by 0 < µ < 1.

11.7 Nanoelectronic Circuit Consisting of Nonlinear
IVCCS

Let us study the existence of T -periodic solutions of the second-order SETJ
circuit shown in Fig. 11.8. In this circuit, there is a nonlinear impulsive voltage
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+

v1

C1

-C2(1+G)v2(τk)

-C2i1

C2

+

v2

C1v2

C2i2cos(ωt+φ)

Fig. 11.8. The circuit block diagram of a second-order nanoelectronic circuit with
impulsive voltage control current source.

control current source (IVCCS) connected in series with the a linear capacitor
C2.

The IVCCS is controlled by impulse moments {τk} satisfying

v1(τk) = 0, k ∈ N.

When t �= τk we have

C1
dv1
dt

= C1v2(t),

C2
dv2
dt

= −C2i1 + C2i2 cos(ωt+ φ). (11.83)

Let us assume that i1 > 0, i2 > 0, ω > 0 and φ ∈ R is a constant phase. Let
q1(t) and q2(t) be charges in C1 and C2, respectively. When t = τk; namely,
v1(t) = 0, we have

∆q1 = C1∆v1 = 0,

∆q2 = C2∆v2

=

∫ ∞

−∞
−C2(1 +G)v2(τk)δ(τk)dt = −C2(1 +G)v2(τk), ⇒

∆v1 = 0, ∆v2 = −(1 +G)v2. (11.84)

Let us assume that G ∈ (0, 1). The state equation of this circuit is given by{
v̇1 = v2

v̇2 = −i1 + i2 cos(ωt+ φ)
, v1(t) �= 0,{

∆v1 = 0
∆v2 = −(1 +G)v2

, v1(t) = 0. (11.85)

To represent logic 1, let us find a nonnegative T -periodic solution, vT (t) =
(vT1 (t), v

T
2 (t))

�, of circuit (11.85). Let us assume that there is only one im-
pulsive in one period and we have the following initial condition
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v1(0
+) = 0, v2(0

+) = v20 > 0, (11.86)

then for t ∈ (0, T ] we have

vT1 (t) = −i1t2/2 +
(
v20 −

i2
ω
sin(φ)

)
t+

i2
ω2

cos(φ)− i2
ω2

cos(ωt+ φ),

vT2 (t) = −i1t+ v20 −
i2
ω
sin(φ) +

i2
ω
sin(ωt+ φ). (11.87)

Since the AC current source is of period 2π/ω, then T will have the values of

T = m
2π

ω
, m ∈ N. (11.88)

Then from (11.86) and (11.87) we have the following conditions for vT (T ) =
vT (0

+):

i1T
2/2 =

(
v20 −

i2
ω
sin(φ)

)
T,

vT2 (T ) = −i1T + v20. (11.89)

From the behavior of the IVCCS we know that

v20 = vT2 (T
+) = [1− (1 +G)]vT2 (T ) = −GvT2 (T ). (11.90)

Thus from (11.89) and (11.90) we have the following conditions:

vT2 (T ) = −
i1T

1 +G
, (11.91)

v20 =
i1TG

1 +G
, (11.92)

i2 sin(φ) = −i1
ωT (1−G)

2(1 +G)
, −i1R. (11.93)

To study the stability of vT , we use the following variation system of
circuit (11.85) with respect to vT :

ẋ =

(
0 1
0 0

)
︸ ︷︷ ︸

A

x, t �= mT,

∆x =

(
−1−G 0

(1 +G)(−i1 + i2 cos(φ))/v
T
2 (T ) −1−G

)
︸ ︷︷ ︸

B

x,

t = mT, m ∈ N. (11.94)

The monodromy matrix, M , is given by



References 333

M = (I +B)eAT =

(
−G −GT
p pT −G

)
(11.95)

where

p =
(1 +G)2(i1 − i2 cos(φ))

i1T
. (11.96)

Then the multipliers, µ1,2, are given by

µ2 + (2G− pT )µ+G2 = 0. (11.97)

vT (t) is asymptotically stable if and only if |µ1,2| < 1. If |µ1,2| < 1, then from
(11.97) we have

0 = µ2 + (2G− pT )µ+G2

≤ µ2 + |(2G− pT )µ|+G2

< 1 + |2G− pT |+G2 (11.98)

from which we have

0 < i2 cos(φ) < i1

[
1 +

(
1−G

1 +G

)2
]
. (11.99)

In view (11.93) and (11.99) we have

|µ1,2| < 1 ⇐⇒ i2√
R2 +

[
1 +

(
1−G
1+G

)2
]2 < i1 < i2/R (11.100)

which gives the conditions for the asymptotic stability of the T -periodic so-
lution.
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– η-globally equi-, 111
– η-uniformly , 101
– η-uniformly globally, 112
– η-uniformly globally equi-, 109
– t-uniformly, 101, 106
– t-uniformly globally, 112
– globally equi-, 108, 109
– uniformly, 105
– uniformly , 101
– uniformly globally, 111
attractive, 38, 39, 56, 59, 74, 214
– (h0, h)-, 59, 64
– (h0, h1)-, 56
– η-uniformly globally, 107
– t-uniformly globally, 107
– globally equi-, 107
– partially, 204
– uniformly globally, 107
– uniformly partially, 202
attractive set, 100, 104
– η-uniformly, 100
– η-uniformly globally, 110
– t-uniformly, 100
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– globally equi-, 108
– uniformly, 101, 106
autonomous, 255

bactericide, 3
bacterium, 3
Banach space, 258, 261, 267
barrier, 309
basin of attraction
– with respect to part variables, 201,
203, 204

basin of stability, 232, 233, 235
beating phenomenon, IX, 6, 9–11, 68,

71, 76, 99
bijection, 290
block diagram
– circuit, 319
– of a first-order nanoelectronic circuit,
327, 329

– of a second-order nanoelectronic
circuit, 331

– of a second-order SETJ circuit, 324
– of a typical verb control system, 220
– of a typical verb controller, 221
– of an isolated SETJ, 311
Bohr almost periodic, 290–297
Boolean logic, X
boundary, 275, 276
– upper, 49
bounded, 10, 23, 104, 119, 140, 253,

254, 261, 262, 275, 276, 278, 291,
292, 294, 297–300, 302–304

– $-equi-, 107, 109
– η-uniformly $-, 107, 111
– t-uniformly $-, 107
– from above, 73, 117, 134, 203
– from below, 73, 77, 117, 134, 138,
203, 204

– uniformly, 23, 262
– uniformly $-, 107

capacitor, 307, 320
– classical, 309
– impulsive, 308, 309
– junction, 309, 310, 323
– linear, 224, 311, 319, 323, 327, 329,
331

– of SETJ junction, 2, 320
– switching, 7
Cauchy matrix, 12, 154, 250, 253, 255,

291, 293, 328
Cayley-Hamilton theorem, 30
center of gravity, 224

central bank, 2
chaos generator, 18
chaotic attractor, 98, 190, 191, 194,

195, 281, 283, 285
chaotic system, IX, X, 48–52, 190, 193,

225–227, 277, 278, 280, 281, 283, 289
– impulsively controlled, 189–194, 281
– nonautonomous, X, 187–197
– uncontrolled, 191, 194, 195, 225
– verb-controlled, 225
characteristic exponent, 239
charge, 2, 307, 308, 310, 319, 324, 328,

329, 331
circuit, 319
– chaotic, 224–226, 228
– Chua’s, 224
– classical electronic, 309
– driven SETJ, 312–315, 317
– driven SETJ electronic, 311
– first-order nanoelectronic, 327–330
– first-order SETJ, 327, 329
– impulsive electronic, 309, 311
– isolated SETJ, 311
– nanoelectronic, X, 289, 307
– – model of, 310
– nanoscale electronic, 2
– of SETJ junction, 312, 315
– second-order SETJ, 319–323, 327,
330–333

– two-coupled driven SETJ, 318
circuit theory
– classical, 307
– impulsive, 308
clock signal, 71, 327, 329
closed form, 316
closed loop system, 229
closed set, 262
closure, XIII, 275, 276
column space, 29
communication system
– chaotic spread-spectrum, VIII
– secure, 48
– spread spectrum, 48
commute matrix, 18, 20, 22
comparison method, IX, 35–70, 155
comparison system, 35–47, 49, 52, 65,

69, 70, 126, 130, 150–153, 156, 157,
160, 161, 164, 165, 168–170, 178–181,
183, 184, 188, 194, 196, 205–209,
213–217

– multi-, IX, X
– single, IX, X
– vector, IX
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comparison theorem, 69, 163, 217
– classical, 36, 66, 67, 127, 161, 206
complete space, 290
completely stable, 150
– uniformly, 150
componentwise inequality
– ≺, 14
– �, 14
– 	, 14
– 
, 14
computational verb, 219–235
– center, 221
– collapse map of, 224, 229
– collapse of, 235
– compound, 224
– evolving system of, 229
– firing level of, 223
– focus, 221
– inner system of, 229
– lifetime of, 222
– node, 221
– outer system of, 222, 225
– similarity between, 224
computational verb control system, 219
computational verb system, 219–235
computer, 226, 310
– digital, 222
confluence, 6
continuous control, 2, 3
continuous control system, 18
continuous matrix, 186
contraction, 267, 295, 305
control error, 220–223
– change of, 223
– normalized, 223
control function, 166
control impulse, 20–23, 26, 113, 119,

126, 233, 245, 267
– equidistant, 192, 196
– periodic, 282
control input, 2, 3, 28, 159, 220, 229
– continuous, 2, 3, 126, 139, 312
– continuous additive, 199, 205
– impulsive, 3, 126, 139, 199, 205
control instant, 1, 2, 40
– equidistant, 2
control law, 1–3, 119, 227
– continuous, 3, 27, 29, 86
– – linear, 27
– impulse
– – verb, 235
– impulsive, 3, 93, 216, 217, 242, 277
– – additive, 277, 281

– – equidistant, 48
– – linear, 17, 27, 42, 237, 286
– – proportional, 277, 278, 281
– nonimpulsive, 1
control method, VII, 2
– impulsive, VII
control signal, 27, 219, 222, 224, 225,

232, 235
– almost periodic, X, 297
– impulsive, 237
– periodic, 237
control system, 219
– first-order impulsive, 297
– impulsive
– – first-order linear T -periodic, 255
– – type-I, 287
– – type-III, 312
– linear periodic impulsive, 241
– verb, 219–235
– with impulse effect, VII
control with computational verb, 219
controllability, 168
controllable, 27, 28, 167, 169, 185–187,

286
controlling verb, 219, 222, 224, 228,

229, 233
– adverb modified, 231
conventional electronics, 307
converge, 97, 139, 140, 145, 298
convergence, 81, 85
convex set, 262, 275, 276
countable set, 289
current, 307

DC bias, 312
decreasing, 80, 81, 84
– mono, 176
– mono-, 175
– strictly, 9
derivative, 15, 71, 104, 230
deterministic process, 4
deverbification, 219, 220, 222
device model
– elementary, 307
– impulsive, X
– nanoelectronic, X
difference equation
– linear, 229, 286
differentiable, 268–272
– continuously, 7, 8, 13, 42, 211
differential equation, 4, 7, 210
– with discontinuous righthand sides,
VII



Index 343

– impulsive, VII, VIII, 1, 2, 4–13, 66,
71, 189, 310, 311

– – T -periodic, 237
– – nth-order, 189
– – first-order, 189
– – linear, 11
– – nonautonomous, 312, 313
– – scalar, 39
– – solution, 7
– impulsive integro-, 208–217
– ordinary, 7, 94
– – linear, 229
– – scalar, 161
– with impulse effect, VII
digit bit, X
digital controller, 71
digital memory, 315
– binary, 315
digital operation, 312
digital technology, 312
dimensionless form, 313
discontinuity, 6, 114, 127, 131, 294, 303
– of first kind, XIV
– of the first kind, 5
distance, 4, 99, 160, 289
drug resistance, 3
Duffing’s oscillator, 195–197
– mpulsively controlled, 195
dynamical system, 4
– chaotic, 48
– continuou-time, 4
– conventional, 4
– discontinuous, 5, 7
– discrete-time, 4

eigenvalue, 18, 19, 22, 48, 89, 125, 238,
239, 241, 242, 245, 299, 300, 302,
306, 320, 325, 326

– largest, 23, 41–43, 48, 50, 87, 88, 90,
121, 122, 291

– smallest, 90
electrical engineer, VIII
electron, 309
electron charge, 311, 319
electron tunneling, 307
electronic device, 308, 309
elementary impulsive device, 308, 309
equi-asymptotically stable, 149
equi-stable, 149
equilibrium point, 112, 219
equipotentially almost periodic,

290–294
error signal, 220

Euclidean norm, 4
eventually practically stable, 150
eventually strongly practically stable,

150
eventually uniformly strongly practi-

cally stable, 150
evolution operator, 4
evolving process, 4
experts’ knowledge, 219
exponentially stable, 24, 75, 248, 255
external force, 187

financial system, 2
finer, 53, 55, 57, 61, 62, 113, 113, 114,

117, 130, 131, 134, 136, 137
– uniformly, 136, 213
finite, 4, 5, 9, 23, 41, 43, 49, 149, 167,

185, 193, 289
first-order approximation, 153
fixed point, 5, 227, 228, 259, 263, 267,

285, 286
fixed point theorem, 295, 305
– Banach’s, 259
fixed-time impulse, IX, 17, 71–118
flow, 5
flux, 307
focus verb, 221
friction coefficient, 283
fundamental matrix, 11, 12, 27, 30, 94,

97, 154, 186, 237, 238, 241, 248, 249
fuzzy, 234
fuzzy control, X
fuzzy system, 219
fuzzy value, 221

global stability, X, 106–112
goal, 1
Grammian matrix, 27
Green’s function, 247, 257, 265
– generalized, 251
Gronwell-Bellman inequality, 91

hit, 6, 9–11, 126, 128, 130, 138–140,
145, 200

homeomorphism, 276
human expert, 219, 225
– verb knowledge of, 232
human natural language, 219
hybrid control system, VII
hyperplane, 273
hypersurface, 5, 6, 271

ICCCS, see impulsive current-controlled
current source
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ICCVS, see impulsive current-
controlled voltage source

ideal model, 307
IF-THEN, 219
IF-THEN rule, 222
– ELSE-rule, 231
– THEN-rule, 231
implicit function theorem, 269, 274
impulse control, VII
impulse effect, 233, 240, 315
impulse generating law
– additive, 279
– equidistant, 18
– nondecreasing, 278, 279
– proportional, 278
impulse interval, 18, 19
impulsive control, 1
impulsive control algorithm
– adaptive, 257, 264
impulsive control system, VII, 1, 68
– linear, 186
– – type-I, 26
– – type-II, 26
– nonlinear, 153
– time-varying, 42
– type-I, 3
– type-II, 3, 186
– type-III, 3
impulsive controllability, 29
– partial, 29
impulsive controlled currents source,

308
impulsive controlled source, 309, 310
impulsive controlled voltage source, 308
impulsive controller, VIII, IX, 98, 162,

215, 242
impulsive current source, 308, 309
impulsive current-controlled current

source, 308
impulsive current-controlled voltage

source, 309
impulsive dependent source, 308, 309
impulsive devices, 307
impulsive differential equation, 5–7
impulsive effect, VIII, 1, 2, 4, 7, 307
impulsive event, 6, 316–318
impulsive feedback law, 17
impulsive independent source, 308, 309
impulsive integral inequality, 15
impulsive phenomenon, VII
impulsive system
– nonautonomous, 13
impulsive verb control, X

impulsive verb controller, 233
impulsive voltage control current

source, 323, 324, 327, 329, 331
– nonlinear, 329
impulsive voltage source, 308, 309
impulsive voltage-controlled current

source, 308
impulsive voltage-controlled voltage

source, 309
impulsively, 233
impulsively controllable, 27, 32
in parallel, 308, 309
in series, 308, 309, 312, 323, 327, 329,

331
increasing
– monotone, 206, 208
– monotone strictly, XIV
– quasimonotone, 206, 208
– strictly, 9
inductor, 307
– classical, 309
– impulsive, 308, 309
– linear, 224
inequality, 275, 276
infinite, 5, 9, 242
information processing, 18
initial condition, 315–318, 321
initial state, 4, 28
initial value problem, 7
initial voltage, 320
insect, 2
integral curve, 307
integrally positive, 15, 61, 111, 112,

117, 131, 134
interior, 103
interval of continuity, 289
IVCCS, see impulsive voltage-controlled

current source, see impulsive voltage
control current source

IVCVS, see impulsive voltage-controlled
voltage source

Jacobian matrix, 90, 273
jumping condition, 5
jumping operator, 4–7
junction capacitance, 310, 311, 319
junction voltage, 311

Lebesque measure, 145
left-continuous, 36, 66
limit, 14, 21, 22, 26, 53, 66, 68, 77, 87,

89, 94, 97, 99, 121, 123, 124, 135,
138, 154, 156, 178, 210, 260, 291

limit cycle, 243, 245, 315
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linear approximation, 94–98
linear control system, 18
– conventional, 27
linear impulsive control, 17–33
linear impulsive control system, 151
linear impulsive system, 169–170
– nonautonomous, 169
linear system, 228
linear verb control system, 228
linearly dependent, 28
linearly independent, 11, 27, 28, 31, 32,

251, 321, 322, 326
linearly independent function, 32
linearly independent solution, 250, 251
– T -periodic, 250
linguistic member, 221
Lipschitz condition, 121, 123–125, 199,

205, 293, 306
locally Lipschitz continuous, 97, 99
locally Lipschitzian, 13, 37, 67, 68, 113,

114, 117, 128–131, 134, 173, 175, 184,
188, 206, 208–210, 213, 275

logarithmic norm, 151, 216, 217
logic 0, 328
logic 1, 328, 330, 331
logic operation, 312, 328
look-up table, 232
Lorenz system, 48–51
– impulsively controlled, 48
lower bound, 33
lower solution, 14, 276, 278
Lyapunov function, 15, 41, 43, 65, 85,

92, 191, 194, 196, 216, 217, 230
– vector, 65
Lyapunov second method, 71–85, 118
Lyapunov’s Theorem, 230

machine intelligence, 219
manifold, 4, 7
market, 2
mathematical induction, 32, 45, 59, 63,

64, 80, 83, 127, 153
mathematical model, 4
matrix
– negative definite, 90
– positive definite, 41, 42
– self adjoint, 42
– symmetric, 41
matrix function, 11, 27
– continuous, 23
maximal interval of existence, 9
maximal solution, 36, 36, 38, 66, 67,

69, 127, 128, 130, 151, 157, 161–163,

165, 167, 171–173, 177, 179, 184, 185,
188, 206, 207, 210, 211

– left, 209
– right, 209
measurable, 15, 57, 145
measuring accuracy, 149
mechanical angle, 283
mechanical system, VII
– with impact, VII, VIII, 2
mechanics
– classical, 4
membership function, 221
membership value, 223
memory state, 315
memristor, 307
– classical, 309
– impulsive, 308, 309
metric space, 4
microelectronics, X
minimal solution, 36
minimum shock, 235
modern control theory, VII
moment of inertia, 283
money, 2
monodromy matrix, 238, 241, 248, 253,

269, 273, 299, 332
monotone strictly increasing, XIV
motor current, 283
multicomparison system, 66, 65–70,

170–187
multiplier, 239, 239, 240–243, 248, 255,

272–274, 321, 325, 327, 329, 330, 333
– simple, 240, 273

nanodevice, VIII, X, 3, 310
nanoelectronic device, VIII, 307
– with impulse effect, 307
– with impulse effects, 307
nanoelectronics, X, 237, 307–333
natural enemy, 2
neighborhood, 9, 74, 99, 104, 121, 122,

286
neuron, 18
node verb, 221
non-singular, 237–239, 247, 248
non-trivial, 239, 242, 245, 247, 248, 270,

302, 325, 326
nonautonomous system, X, 17
nondecreasing, 14, 35, 36, 40, 53, 66,

68, 127, 130, 150, 152, 156, 160–163,
166, 170, 171, 176, 178, 184, 188,
210, 215, 277–279

– quasimonotone, 14, 66, 170, 171, 175,
176, 184, 276
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nonincreasing, 37, 45, 46, 58, 72, 77,
114, 118, 127, 128, 130, 131, 135,
137–139, 145, 201, 202, 210, 211, 213,
277

nonlinear impulsive voltage control
current source, 331

nonlinearity, 86
nonnegative function, 257, 258, 265
nonsingular, 18, 22, 28, 96, 249–252,

269
norm, 258, 261, 267, 294, 303
normalized fundamental matrix, 246,

320

observing verb, 219, 219, 223, 224, 228,
229

ODE, see ordinary differential equation
open set, 7, 10
open subset, 205
operator, 258, 259, 262, 267, 294, 303
optimal control, VII
– impulsive, X
orbit, 5, 160
– periodic, 315
ordered set, 4
outer system, 219, 224
output, 1, 3, 17, 40, 219, 220, 222–225,

229

parameter drift, 256, 257, 264, 267, 269,
271

parameter perturbation, 257, 264, 267,
269, 271

– method, 286
partial stability, X, 199–208
partially stable, 200, 201, 204, 207
– uniformly, 200, 201, 208
– uniformly asymptotically, 208
periodic motion, 280
periodic signal, 315
periodic solution, X, 237–287, 312
– pT -, 239
– nontrivial, 266
periodic trajectory
– target, 286
– unstable, 285
phase, 315, 331
phase shift, 314, 315
phase space, 4, 7
phase state, 112
physical system, 2
piecewise continuous, 5, 15, 114, 119,

169
piecewise linear function, 190, 193, 280

plant, VIII, 2, 3, 17, 18, 40, 86, 98, 113,
119, 219, 220, 222, 229, 231–233, 235

– chaotic, 98
– conventional, 1
– example of, 2
– impulsive, 1, 312
– linear, 237
– natural period of, 1
– nonimpulsive, 1
– periodic, X
– time constant of, 1
– uncontrolled, 126, 139, 199, 205
Poincaré map, 285
Poincaré section, 278, 282
polynomial
– nth-order, 30
– characteristic, 30
population, 2
positive definite function, 76, 78, 81
positive definite matrix, 230
– symmetric, 90
positive function
– bounded, 293
positive solution, 329
power, 239
– minimum, 235
power system, 232
practical stability, 156
practical quasi-stability, 155
practical stability, X, 149–197, 217
– of a prescribed solution, 160
– of an invariant set, 160
– of conditionally invariant set, 160
– orbital, 160
– partial, 160
– property of, 151, 164, 174, 217
– standard, 160
practical stability in terms of two

measures, 159
practically asymptotically stable, 150
practically quasi-stable, 157
practically quasistable, 150, 165
practically stable, 150, 152–159, 168,

169, 174, 175, 177, 179, 180, 184,
185, 187, 189, 191–193

– contracting uniformly, 181
– strongly, 154, 157, 175
practically unstable, 150
predator-prey system, VIII
proper continuation, 9
pseudoimpulsive, 232
pulse phenomenon, 6
pump, 312
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pump signal, 316
pump source, 313

quantum effect, VIII
quantum mechanical effect, X
quantum mechanics, 311
quasiequicontinuous, 261, 263
quasimonotonically increasing, 68, 178
quasipractically stable, 175
qusi-equi asymptotically stable, 149
– in the large, 149
qusi-uniformly asymptotically stable,

149
– in the large, 150

Rössler system, 277–279
– impulsively controlled, 277
rank, 32
– full, 33
Rayleigh principle, 230
real canonical form, 25, 26, 89
reasoning flow chart, VIII, 69
reference signal, 219, 220
reference system, 24, 86, 119, 154, 257,

265, 268, 270, 271, 290, 293, 328
relatively compact, 261
relatively dense, 289–291
relatively dense set, 294, 304
resistor, 307, 312
– linear, 224
– negative, 224, 329
return map, 315, 316, 318
root, 320
rotor teeth, 283

sampling interval, 222
saving rate, 2
scalar product, 4
secure communication, XI
sensor, 149
sequence, 80, 81, 84, 85, 103, 289
set
– compact, 99
SETJ, 307, 319
signum function, 279
similar, 238
similarity criteria, 222
single electron tunneling junction, 309
single-electron tunneling junction
– driven, see SETJ
sinusoidal pump, 311
sinusoidal voltage source, 312
slope, 317
smooth, 275, 276

spacecraft, VII, 2
spectral radius, 19
spread spectrum communication, XI
stability, 44, 46, 69, 79, 82, 85, 123
– contracting practical, 180
stability in terms of two measures,

112–118, 213–216
– practical, 159–169
stability of integro-differential impulsive

control systems, X, 199
stability of set, 98–112
stability property, 213
stable, 38–40, 45, 69, 70, 72, 74, 76, 78,

80, 82, 83, 85, 95, 96, 108, 213, 216,
240, 242, 256, 286

– contracting practically, 179–181
stable initial condition line, 242,

243–245
stable region, 231
stable set, 100, 101, 103
state equation, 319, 331
state space, 4
state transition matrix, 12, 20, 24, 86,

96, 120
state variable, 1, 2, 4, 17, 187, 233, 267,

269, 271, 310–312, 319
– change of, 187
– changeable, 2
stepping motor, 112, 282–286
– control of, X
– two-phase hybrid, 282
straight line, 317, 318
strongly practical stability, 157, 175
strongly practically stable, 150, 157,

184
strongly uniformly practically stable,

150
subsequence, 103
switching set, 4–7, 271
switching surface, 9, 10, 14, 76, 77, 79,

80, 83, 85, 126, 128, 130, 138–140,
145, 200, 269

symmetric matrix, 230
system fault, 232, 233

target point, 98
target set, 7, 98
term-set, 221
terminal condition, 29
terminal state, 28
threshold, 225
time-invariant, 123
torque, 283
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TPL, 312
trajectory, 5, 6
– chaotic, 286
transformation, 186, 239, 240, 296, 303,

305
– linear, 32, 272
trivial solution, 19, 20, 37–40, 44, 46,

47, 49, 53, 56, 59, 64, 68–70, 72–80,
82, 85, 130–132, 134, 135, 149,
179–181, 202–204, 207, 208, 213–217,
287

tunnel, 309
tunnel phase logic, see TPL
tunneling effect, 307, 311
tunneling event, 308, 313, 315, 319,

322–324
tunneling voltage, 311

unbounded, 254
uniform, 22, 26, 87, 121, 123, 124, 291,

293
uniform property, 75
uniform stability, 47, 70
uniformly, 75, 258
uniformly asymptotically stable, 149
uniformly continuous, 61, 114, 132, 294
uniformly convergent sequence, 260
uniformly globally asymptotically

stable, 107
uniformly practically asymptotically

stable, 150
uniformly practically quasistable, 150
uniformly practically stable, 150, 158,

181
uniformly stable, 38, 46, 47, 70, 72, 95,

139, 144, 145, 149, 202, 208, 214
uniformly stable set, 100, 102, 105
unit step function, 284
universe of discourse, 220, 221, 223
unstable, 18, 150, 241, 255
upper solution, 15, 276

Van-der-Pol oscillator, 233–234
variation system, 332
variational equation, 286, 330
verb
– center, 221
– simple, 221
verb collapse, 219, 222
verb control, 219
verb control rule, 219, 229, 231, 232
verb control system
– linear, 230
verb controller, 220, 222, 224, 225
verb inference engine, 219, 220, 222
verb inference rule, 222
verb logic, 229
verb reasoning, 222
verb recognition, 219
verb rule, 221, 222, 224
verb rule base, 219
verb similarity test, 222
verb singleton, 222
verb statement, 229
verbification, 219, 220, 223
verbification rule, 223
– symmetric, 223
verbify, 219, 221
verification
– block of, 223
voltage, 307, 309, 319
– of junction capacitor, 310
voltage source
– DC, 311, 312

weakly h0-decrescent, 57, 61, 113, 113,
114, 117, 130, 131, 134

weighting operator, 224

zero matrix, 32
zero solution, 71, 86–89, 120–125
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