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Preface

The concept of impulsive control and its mathematical foundation called im-
pulsive differential equations, or differential equations with impulse effects, or
differential equations with discontinuous righthand sides have a long history.
In fact, in mechanical systems impulsive phenomena had been studied for a
long time under different names such as: mechanical systems with impacts.
The study of impulsive control systems (control systems with impulse effects)
has also a long history that can be traced back to the beginning of modern
control theory. Many impulsive control methods were successfully developed
under the framework of optimal control and were occasionally called impulse
control. The so called impulse control is not exactly the impulsive control as
will be defined in this book. The reader should not mix up these two kinds of
control methods though in many papers they were treated as the same. Re-
cently, there is a tendency of integrating impulsive control into hybrid control
systems. However, this effort does not have much help to the development
of impulsive control theory because impulsive systems can only be studied
by the very mathematical tool based on impulsive differential equations. The
effort to invent a very general framework of hybrid control system for study-
ing impulsive control and other hybrid control problems will contribute no
essential knowledge to impulsive control.

On the other hand, the long history of impulsive differential equations
and impulsive control systems did not mean that we already had a good un-
derstanding of impulsive control systems. This is because for many years, the
study of impulsive control problems had been restricted to only a few kinds
of special problems such as mechanical systems with impacts and the optimal
control of spacecraft. Another fact contributed to the slow development of
impulsive control is that the early research activities were reported as Rus-
sian literature and therefore was not well-known to the English community.
Only within the last two decades impulsive differential equations had been
intensively studied in English literature and at least 7 English books had
been published on impulsive differential equations.

Even after the publication of many English books on impulsive differential
equations during the period of 1982 to 1995, the control community still
saw nothing exciting about these mathematical tools because the well-known
plants that can be studied by these mathematical tools seem to be too limited.
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For example, mechanical systems with impacts are not a main focus of control
community, predator-prey systems can not attract serious attention of control
engineers. Unfortunately, mathematicians only know the above few kinds
of real examples that fall into the scope of impulsive differential equations.
And to make things worse, the existing monographs on impulsive differential
equations target mainly mathematicians as potential readers.

Fortunately, this slow developing pace of impulsive control system had
been changed at the end of last century because of the following facts:

& the theory of impulsive differential equations had been gradually diffused
into control community;

& much more new plants, which can be modeled by impulsive differential
equations, were found such as nanoelectronic devices and chaotic spread-
spectrum communication systems . More important, these plants are of
great interests to electrical engineers because of their industrial applica-
tions.

This is the first one of two books that are dedicated to impulsive systems
and control. The second one entitled “Impulsive Systems and Control: Theory
and Applications” will be published by Nova Science Publishers, Inc. [44]. In
this book, the emphasis is put on the theoretical aspects of impulsive control
systems. Therefore, the existence and stability of impulsive control strategies
are studied in a very detailed manner. In the second book, the emphasis
will be put on the applications of impulsive control theory. Both books will
benefit three parties:

1. give mathematicians the real applications of impulsive differential equa-
tions and evoke new activities in pure and applied mathematical re-
searches on impulsive differential equations;

2. provide engineers with a tool box and a well organized mathematical
theory for impulsive control problems.

3. provide physicists and engineers with a new framework of modeling many
impulsive effects caused by quantum effects of nanodevices.

Special Styles of the Book

In this book some special styles are designed to help the reader understand
the text quickly and clearly. For theorems, lemmas, definitions and etc., the
symbols X are used to terminate statements. For remarks, examples and
proofs, the symbols ¢, % and B are used to show where are the ends of
statements. Since many kinds of impulsive control systems were studied in
this book, black boxes were used to highlight the control systems at the
beginnings of corresponding sections. For readers who do not bother to read
details of proofs, the highlighted control system models serve as an index for
quick check of conditions for impulsive controller design for different plants.
A special hypertext interface, called reasoning flow chart is used to represent
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the deriving processes of many proofs. A typical example is shown in (3.181).
The following table lists some special symbols used in reasoning flow charts.

symbols | meanings | symbols | meanings
A< B from B we have A; A= B | from A we have B;
A e B A e~ B is due to C; B from A we have B;
NS T A

B from A we have B.

A}:>C from A and B we have C, B
~—
A

where the symbol «~ denotes any of <, >, <, >, <, >, <, =, etc.

Organization of the Book

This book is organized in a highly self-contained and reader-friendly way.
Many important theorems are accompanied by detailed proofs because these
proofs can show the reader which assumption leads to which conclusion and
therefore make it easy to understand, to apply and to improve these results.
More important, the detailed proofs, which in many cases are constructive,
can guide the design of impulsive controllers. Although the reader can browser
papers and books to find many of these proofs, different symbols, jargons
and typos contributed by different authors and publishers will make it a
time-consuming and discouraging task.

In Chapter 1 the definitions of different kinds of impulsive control sys-
tems are presented. Some basic knowledge of impulsive differential equations
such as the existence and continuations of solutions are introduced briefly.
Explicit forms of solutions for different kinds of impulsive differential equa-
tions are presented. Some conditions for avoiding beating phenomena are
also presented. Some extensively used definitions and mathematical results
are summarized in this chapter.

In Chapter 2 we study time-invariant and time-varying linear impulsive
control systems. The stability and controllability are presented.

In Chapter 3 the stability of impulsive control systems are studied based
on comparison methods. We present the results based on single comparison
system and multicomparison systems which can also be called as vector com-
parison system. The applications to impulsive control of chaotic systems are
presented.

In Chapter 4 different methods for designing impulsive controllers with
fixed-time impulses are presented. In this chapter the plants are nonlinear and
in many cases we assume that they can be decomposed into linear parts and
nonlinear parts. We also use Lyapunov second method to study the stability
of impulsive control systems. The stability of sets and the stability in terms
of two measures are also studied.

In Chapter 5 the impulsive control systems with impulses at variable time
are studied by using linear decomposition methods and methods based on two



X Preface

measures. The stability of prescribed trajectories or control strategies is also
studied.

In Chapter 6 the practical stability of impulsive control systems are stud-
ied by using different methods based on single comparison system, multicom-
parison system and two measures. The controllability in practical sense is also
studied. We also study the practical stability of linear systems. Applications
to impulsive control of nonautonomous chaotic systems are presented.

In Chapter 7 the partial stability of impulsive control systems with im-
pulses at fixed-time and variable time is studied. We also study the stability of
integro-differential impulsive control systems based on comparison methods,
methods in terms of two measures and practical stability concept.

In Chapter 8 the principle of impulsive verb control are presented. Since
verb control is a brand mew control paradigm, some basic knowledge of verb
control is presented at the beginning of this chapter. Then the basic principles
of verb impulsive control are presented. This chapter may of great interest
to those readers who are familiar with fuzzy control because verb control is
a natural extension of fuzzy control.

In Chapter 9 we study the impulsive control of periodic motions in linear
periodic autonomous and nonautonomous systems. We also use parameter
perturbation methods to control periodic motions in impulsive control sys-
tems. Applications to stepping motor control and impulsive control of chaotic
systems to periodic motions are presented.

In Chapter 10 we present the impulsive control of almost periodic motions.
We study two kinds of plants; namely, almost periodic plants and periodic
plants driven by almost periodic control signals. The results can be used to
control chaotic systems and design nanoelectronic circuits.

In Chapter 11 we present the applications of impulsive control theory
to nanoelectronics which is an emerging discipline in electrical engineering.
Although nanoelectronics is an extension of classical microelectronics, many
device models in nanoelectronics are entirely different from those used in
microelectronics because of the quantum mechanical effects of nanodevices.
In this chapter we first present elementary impulsive device models that can
be used to model different kinds of devices used in nanoelectronics. Some
examples of nanodevices are then modeled by impulsive device models. Since
one promising method to implement Boolean logic in nanoelectronic circuits
is to encode two digit bits; namely, 0 or 1 by using different phase information
of a periodic solution, the existence and stability of periodic solutions are of
great interest to the design of nanoelectronic circuits. In this chapter, we will
study the stability of periodic solutions of different kinds of nanoelectronic
circuits.

Since the restriction to the volume of this book, it is impossible to include
all aspects of impulsive systems and control. Therefore, some theoretical as-
pects such as global stability, absolute stability, optimal impulsive control
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and some application aspects such as impulsive secure and spread spectrum
communications will be put in the second one of the two sister books [44].

Berkeley, California, June 2000 Tao Yang ( W )



Notation

2 defined as

N set of all positive integers

Y/ set of all integers

R set of all real numbers

Ry [0, +00)

C set of all complex numbers

R™ real n-dimensional Euclidean space

cr complex n-dimensional Euclidean space

Re(z) real part of the complex number z

z* complex conjugate of the complex number z

T col(x1, 22, - , T, ); namely, element of R* or C*

[l]] norm of the element x € R or z € C

|| ]| £

S,[S]° closure of the set S

I n X n identity matrix

Ly Ioxcm m x m identity matrix

A = A(aij) n X n matrix with entries a;;

A = A(a;j)mxm m X m matrix with entries a;;

At inverse of the matrix A

At pseudo-inverse of the matrix A

AT = A(a;;)  transposed matrix of the matrix A = (as;)

det A determinant of the matrix A

dlag(j‘l’)AQ’ block-diagonal matrix with blocks Ay, As, -+ A,
Ty 4dm

St the orthogonal complement of S

Ho the set of function h € C[Ry x R" Ry] satisfying

infgyern h(t,z) =0 for each t € Ry



XIV Notation

K02, Ry ]

K1

Ko

KR

cK

PC[D, F)

PCT[R4, Ry ]

I (to, o)

~7(t07 .’130)

[

WDl W

A

S (h)
Sa:,,,(t)

the set of function A Ry x R* — Ry satisfying
inf (¢ o)e®, rm) h(t,x) = 0, h is continuous in (;_1,7;) x R"
and for each € R", i = 1,2,---, lim, .+, h(t,y) =

h(r}, ) exists.

the set of functions k € C[R},R+] such that x(¢) is mono-
tone strictly increasing and x(0) = 0.

the set of functions k € C[£2,R}] such that x is monotone
strictly increasing and x(0) = 0.

the set of functions k € C[Ry, Ry ] such that & is increasing,
k(0) = 0 and limy, 00 k(w) = c0.

the set of functions « : Ry x Ry — Ry such that k(t,-) € Ky
for any fixed t € Ry.

the set of functions k € K satisfying limy_ 4« k(t) = 0.

the set of functions k € C[Ry xRy, Ry | satisfying (¢, s) € K
for each t € R, .

the set of functions ¢y : D — F which are continuous for
t € D,t # 7, have discontinuities of first kind at the points
T and are left continuous.

the set of functions ¢ : Ry — Ry which are continuous
for t € (ri_1,7) and lim,_,_+¢(t) = o(7;7) exists, where

O<m << <7<, limy, oo = 00.

the maximal interval of the form (¢, w) in which the solution
x(t,to, o) is defined.

the maximal interval of the form (c, ¢y) in which the solution
x(t,to, o) is defined.

5,2 {z € B |la]| < p}
S, 2 {z c R| |2 < p}
Sp(h) 2 {(t,x) € Ry x R*| h(t, ) < p, heH}
SprV 2w e R ||z — za(t)]| < p. @alt) € R}

6, = {(t,iL’(t)) e Ry XRnl Tifl(il,') <t< Ti(il:)},i =12,---,
where 7o(x) = 0 is assumed.
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(6] 6 =72, &
N(t,t+7T) the number of impulses in interval [¢,¢ + T').
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1. Preliminaries

The basic mathematical tool for designing impulsive control systems is the
theory of impulsive differential equations. There are many English books on
impulsive differential equations [13, 2, 1, 27, 3, 25, 7]. In this chapter, we
present some basic knowledge on impulsive control system and impulsive
differential equations. Since many basic knowledge of impulsive differential
equations are well-documented in these above-mentioned books, we will not
give detailed proofs for many conclusions. The reader can refer to these books
for the basic mathematical aspects of impulsive differential equations.

1.1 What is Impulsive Control 7

Impulsive control is a control paradigm based on impulsive differential equa-
tions. In an impulsive control system, a nonimpulsive plant should have at
least one “impulsively” changeable state variable. An impulsive plant should
have impulsive effects in at least one state variable. The boundary between
impulsive plants and nonimpulsive plants is fuzzy. There exists and will exist
no crisp standard to distinguish impulsive plants from conventional plants.
Therefore, if an impulsive control model can be well-fit into experimental
observations, then keep it. Or else, you may need to model the plant under
different control paradigms. However, if the control actions are taken in a
much shorter(see, this is again a fuzzy quantity) time period comparing with
the time constant, or natural period of the plant, then you may need to take
a look at the possibility of modeling your controller under impulsive control
paradigm.

Definition 1.1.1. Impulsive control

Given a nonimpulsive plant P whose state variable is denoted by x € R*, a
set of control instants T = {1}, 7; € R, 74 < Tr41, k = 1,2, -+, and control
laws U(k,z) € R*, k = 1,2,---. At each 7, x is changed impulsively by
z(r") = x(m,) + U (k, ) such that the outputy = g(t,x), g : Ry xR* — R™,
y € R™, approaches a goal y* € R™ as k — oo. If the plant P is impulsive,
then the control law can be nonimpulsive. X

Remark 1.1.1.

T. Yang: Impulsive Control Theory, LNCIS 272, pp[T-15, 2001.
O Springer-Verlag Berlin Heidelberg 2001



2 1. Preliminaries

1. At least one state variable in a plant P can be changed “instantaneously”
to any value which is given by a control law. In this sense, not all physical
systems can be controlled by impulsive control schemes. The plant P may
also subject to nonimpulsive control in parallel.

2. We only need to change the changeable state variables at discrete instants
called control instants. Control instants are not necessary to be equidis-
tant. Control instants can also be chosen whenever some conditions are
satisfied. Control instants are generated by control instant generating
law.

3. The control law U(k, x) is something related to the concept of “control
input” in other control methods. However, in an impulsive control system,
U(k,x) gives a sudden change of = at instant 7.

4. The purpose of invention of impulsive control is not to compete with the
other control schemes, on the contrary, impulsive control provides a new
viewpoint when the plant has at least one changeable state variable or
when the plant has impulsive effects.

¢

We then give some examples of plants whose state variables can be
changed instantaneously.

FEzample 1.1.1. To control the population of a kind of insect by using its
natural enemies, we can cultivate the natural enemies in a laboratory and
then release them at some proper instants. In this sense, some state variables
of this system can be changed instantaneously. *

Example 1.1.2. To control a mechanical system with impacts, the impacts
can cause “impulsive” changes of velocities which are state variables. *

Example 1.1.3. In a financial system, we suppose that one state variable is
the amount of money in a market and the other state-variables are saving
rates of a central bank. As it always occurs, the former can be controlled to
a desired value by changing the latter instantaneously. *

Example 1.1.4. In a nanoscale electronic circuit consisting of single-electron
tunneling junctions(SETJ), the electron tunneling effects can cause impulsive
changes of charge in SETJ junction capacitors. Since the charge is the state
variable of a SETJ capacitor, the quantum mechanical effects can be modeled
by impulsive differential equations. *

In many cases impulsive control can give an efficient way to deal with
plants which cannot endure continuous control inputs. Or, in some applica-
tions it is impossible to provide continuous control inputs. Let us consider
the following examples.

1. In some cases, the plant can not be controlled by using continuous con-
trol. For example, a government can not change savings rates of its cen-
tral bank everyday. A deep-space spacecraft can not leave its engine on
continuously if it has only limited fuel supply.



1.2 Different Types of Impulsive Control Schemes 3

2. In some cases, impulsive control is more efficient. For example, suppose
that the population of a kind of bacterium and the density of a bacteri-
cide are two state variables of a system. We can control the population
by instantaneously changing the density of the bactericide without en-
hance the drug resistance of bacteria which may be caused by continuous
control.

3. For plants that are impulsive in nature, impulsive control is the best
choice if not the only one. Nanodevices are among this kind of plant.

1.2 Different Types of Impulsive Control Schemes

Impulsive control systems can be classified into the following three types
based on the characteristics of plants and control laws.
A type-I impulsive control system is given by

z=f(t,x), t#m(z),
Ax =Ul(k,y), t="(x),
Yy = g(tvw

~

(1.1)

where & and y are the state variable and the output, respectively. U(k,y)
is the impulsive control law. In this kind of system, the control input is
implemented by the “sudden jumps” of some state variables.

A type-1I impulsive control system is given by

izf(tvmvfl‘% t%Tk(w)a
Ax =Ul(k,y), t="m(x),
y=g(t z,u), u="(ty) (1.2)

where x and y are the state variable and the output, respectively. U(k, y) and
u are the impulsive control law and the continuous control law, respectively.
In this system, there are two kinds of control inputs. The first kind is the
continuous control input & and the second one is the impulsive control input
Uk,y).

A type-III impulsive control system is given by

¢:f(tvmvfl‘)7 t#Tk(w)a
Ax = ji(x), t="k(x),

y=g(tz,u), u="y) (1.3)

where  and y are the state variable and the output, respectively. u is the

continuous control law. In this kind of systems, the plant itself is impulsive
and the control is continuous.
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1.3 Mathematical Models of Systems with Impulsive
Effects

The mathematical model of an evolving process with impulsive effects is given
by

1. A differential equation

B _ ta), (1.4)

dt
where x € {2 and t € R.
2. A switching set Xy € 2 x R.
3. A jumping operator J; defined on the switching set X such that J,0X; C
2 xR

Following a tradition from classical mechanics , the set {2 is called the phase
space; namely, the set of all possible states of this evolving process. Phase
space is also called state space. A distance d between two states should be
defined, allowing for comparison between two states. Therefore, a phase space
is a metric space. In this book, the phase space is chosen as a real vector space
R™ of some finite dimension n € N, or a manifold in this space. We usually
use the Euclidean norm to measure two states x,y € R* as

d(m,y)z||w—y||:\/<:c—y,w—y>:

where < -, - > denotes the scalar product in R*. The state variable x(t) repre-
sents the state of the evolving process at time ¢ € T. In general T can be any
ordered set. In control literature, we usually consider two kinds of dynam-
ical systems; namely, continuous-time dynamical systems with T = R and
discrete-time dynamical systems with T = Z. If we need only n parameters
to describe x(t) at t and n is a finite number, then this evolving process is
finite dimensional. In this case, x(t) is an n-dimensional vector of the Eu-
clidean space R" and {2 is a subset of R”. We call {2 x R the extended phase
space.

With an initial state, z(t]) = zo', (1.4) defines a dynamical system which
is the mathematical formalization of deterministic processes. The solution to
(1.4) is often written as ¢(xo), or x(t) = x(t,to, o). The map ¢; : 2 — 2
is called the evolution operator of the dynamical system. The one-parameter
family of mappings {¢:}ier satisfies

Ditrs = P 0 Ps

! Note that in a conventional dynamical system, the initial state is defined as
xz(to) = xo-
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and
do(z) =z,

and is called the flow. The set of points {¢:(x¢)| t € T} is called a trajectory,
or an orbit of (1.4) through xg. If an impulsive event happens at ¢t = 7;, then
the trajectory hits the switching set X} at t = 7;; namely, x(7;) € X}. As soon
as x(t) hits the switching set X at ¢t = 7;, it “jumps” immediately to a point
defined by the jumping operator J;; namely, €(77) = J; o (7). Thus, the
solution of the impulsive system ¢ (), satisfies (1.4) outside the switching
set X; and has discontinuities of the first kind at the points where it hits the
switching set X, with the jumps

Az(t) = ¢+ (T0) — Pe(w0) = Tt 0 dr(0) — Pt (o). (1.5)
We then have a concise form of impulsive differential equation as
dx
E :f(tvw)v (tam) ¢Eta
Arx = Jiox—x, (t,x)e€ Xy (1.6)

Equation (1.6) can have the following three kinds of solutions:

1. ¢¢(xo) does not hit Xy or the hitting points are fixed points of ;. In this
case, there is no impulsive event.

2. ¢i(xg) hits Xy at a finite number of points that are not fixed points of
Ji. In this case, there are finite number of impulsive events.

3. ¢¢(xp) hits X} in a countable number of points that are not fixed points
of J;. In this case, there are countable number of impulsive events.

Based on different characteristics of impulsive events, we usually en-
counter three primary types of impulsive systems

1. in which impulses occur at fixed time;

2. in which impulses occur when the trajectory hits a hypersurface in the
extended phase space;

3. which are discontinuous dynamical systems.

1.3.1 Impulsive Events at Fixed Time

If the impulsive events occur in a finite or infinite sequence of time {7}, then
system (1.6) can be written as

d
d_:: = (tam)a t?éTk,
Ax = Jk(ili), t="Tg. (17)

The solution of (1.7) is a piecewise continuous function & = ¢(t) that has
discontinuities of the first kind at ¢ = 7. d‘fl(tt) = f(t,¢(t)) is satisfied for all
t # 1. At t = 7, ¢(t) satisfies the following jumping condition:

Adli—r, = O(17) — d(1k) = Ji(d(7))- (1.8)
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Remark 1.3.1. In some references (1.8) is written as
Adli=r, = ¢(7) — &7, ) = Tu(d(7)) (1.9)

where ¢(7, ) = ¢(1) is assumed. ¢

1.3.2 Impulsive Events at Variable Time

In this kind of system, the impulsive events occurs when trajectories hit a
hypersurface X(¢, ) = 0. This kind of impulsive differential equation can be
written as

dx
i (t,z), N, z)#£0,
Ax = J(t,x), N(t,z)=0. (1.10)

In this case, the switching set is given by
2y =A{(t,z)| X(t,z) =0}, (1.11)

and the jumping operator J; is given by
T (t,x) = (t, x4+ J(t, x)). (1.12)

If the equation X(¢,z) = 0 has a countable number of solutions with
respect to ¢, we denote these solutions by ¢ = 7 (x) and index then by the
set of integers (or a subset of integers) such that 7,(x) — oo as k — oo and
Tr(x) — —o0 as k — —oco. In this case, the jumping operator is given by

jrk(w) ::13—>CC—|—J(Tk(CC),CB)7 (113)
which can be simplified as
Trn(@) 1 T — x + Jp(x). (1.14)

Then (1.10) can be rewritten as

dx
% :_f(t,il:% t#Tk(w)v
Az = Ji(x), t=7k(x). (1.15)

System (1.10) is more difficult to study than system (1.7). The solutions
of system (1.10) starting at different initial conditions have different points
of discontinuity. A solution of system (1.10) may hit the same hypersurface
R(t,2) = 0 many times and cause so called “beating phenomenon” or “pulse
phenomenon”. Different solutions of system (1.10) may coincide after some
time and behave like a single solution thereafter and thus cause “confluence”.
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1.3.3 Discontinuous Dynamical Systems

When the differential equation (1.4) does not explicitly depend on ¢ and the
jumping operator J; = J forallt € R, let J : X — X be a mapping between
the switching set ' and a target set Xy, then a discontinuous dynamical
system is given by

dx
E: (), =x=¢X,
Ar=Jzr—x=J(x), zecl. (1.16)

Many electrical circuit models containing switching capacitors belong to
this kind of impulsive system. To get interesting phenomena from this kind
of impulsive system, we usually assume that the switching set X' is a compact
or locally compact manifold in the phase space with dimension (n — 1). Or
else, there is a good chance that a large part of the motions will not have
impulsive effects.

1.4 Existence and Continuation of Solutions

Consider the initial value problem for the following impulsive differential
equation:

=), t#n@),
Az = Jp(x), t=1(x),

z(ty) =xo, to>0 (1.17)

where f : D — R® and Ji : 2 — R"*. Here we let {2 C R* be an open set
and D = Ry x 2. We assume that 7, € C[2,R;], m(x) < Tpt+1(x) and
limg oo () =00 for k=1,2,---, ¢ € (2.

Definition 1.4.1. A function @ : (to,to +¢) — R*, to € Ry, e > 0, is a
solution of (1.17) if

1. z(t§) = xo and (t,z(t)) € D fort € [to, to +€),

2. x(t) is continuously differentiable and satisfies (t) = f(t,x(t)) fort €
[to, to + &) and t # 7,(x (1)),

3. if t € [to,to +¢) and t = 7 (x(t)), then z(tt) = x(t) + Jp(x), and at
such t’s we always assume that x(t) is left continuous and o # 7(x(a))
foranyi=1,2,--- t<a<¥, for some 6 > 0.

X

Remark 1.4.1. Observe that instead of the initial condition, x(#) = xo, used
in ordinary differential equations, the limiting condition m(ta' ) = o is used.
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This is because (o, o) may be such that tg = 7 (o) for some k. Whenever
to # Ti(xo) for any k, then x(tJ) = xo is the same as x(ty) = xo. Unlike
ordinary differential equations, (1.17) may have no solution event if f is
continuous or continuously differentiable since its only solution of the initial
value problem may entirely lie on a surface Xy : t = 7,(x). Thus we need
some extra condition on 7, and/or f besides continuity in order to establish
existence theory for (1.17). ¢

Theorem 1.4.1. Assume that

1. f: D — R" is continuous at t # 7(x), k =1,2,---, and for each (t,x) €
D there is an | € L} such that for any (a,y) in a small neighborhood
of (t,x) we have

1f (. y)ll < l(a); (1.18)
2. for any k, t1 = 1(x1) implies the existence of a & > 0 such that
t # T (x) (1.19)

for any t —t, € (0,0) and ||z — x| < 6.

Then, for each (ty,xo) € D, there exists a solution x : [ty,to + ) — R™ of
the initial value problem (1.17) for some v > 0. X

Proof. If ty # 1 (xo) for any k then the conclusion is true. If ¢y = 7 (xg) for
some k, from (1.18) and since f is continuous, we know that there exists a
local solution x(t) of & = f(t, ) and x(tJ) = =o. Since 7;(z) < 7;(x) for
i < j and to = Tk (x0), we know t # 7;(x) for j # k and ¢ sufficiently close to
to. Condition (1.19) does not permit ¢t = 7(2(t)) in a sufficient small right
neighborhood of ty. Hence x(t) is a local solution of system (1.17). ]

Theorem 1.4.2. Assume that

1. f: D — R" is continuous;

2. 7, 1 2 — (0,00) are differentiable;

3. if t1 = 1i(x1) for some (t1,x1) € D and k > 1, then there is a 6 > 0
such that

8Tk (.’L’)
oz

for (t,x) € D with t —t; € (0,6) and |z — x1| < 6.

flt,z) £1 (1.20)

Then, for each (to, o) € D, there exists a solution x : [ty,to + o) — R* of
the initial value problem (1.17) for some «a > 0. X

Proof. For the cases of ty # 7i(xo) for any k the proof is straightforward.
If tg = 7i(xo) for some k& > 1 and x(t) is a solution of € = f(¢,x) and
x(t$) = o, set y(t) =t — 1 (x(t)). Then ~(to) = 0 and
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() 1 ) a2

From (1.20) it follows that 4(t) # 0 in a small right neighborhood of .
Hence v(t) is either strictly increasing or decreasing in that neighborhood
and we have ¢ # 75, (x(t)) for t — ¢y € (0,06) for some 6 > 0. The rest of proof
is similar to that of Theorem 1.4.1. |
We then consider the continuation of solutions of (1.17) to the right.
Given a solution @(t) of (1.17) defined on [tg, to + ) with a > 0, we say that
a solution x*(¢) of (1.17) is a proper continuation to the right of a(t) if «*(t)
is defined on [to, to + B) for some 3 > «a and x(t) = x*(t) for t € [to, to + @).
The interval [tg, to+a) is called the maximal interval of existence of a solution
x(t) of (1.17), if x(t) is well defined on [ty,to + «) and it does not have any
proper continuation to the right. We then have the following theorem.

i) =1-

Theorem 1.4.3. Assume that {2 = R" and

1. f: D — R" is continuous;
2. J, € C[02,R"], 7, € C[02,Ry] for all k> 1.

Then, for any solution x(t) of (1.17) with a finite [, ) as its mazimal
interval of existence, we have

lim [l(t)] = oo, (1.22)
t—p

if one of the following three conditions is satisfied:

1. for any k > 1, t1 = 1(x1) implies the existence of a 6 > 0 such that
t # () for all (t,x) witht —t € (0,6) and || — 1] < 6;

2. forallk > 1, ty = mp(x1) implies that t1 # 7j(x1+ Ji(x1)) for all j > 1;

3. 1, € CU,Ry] for all k > 1 and t; = 1 (1) implies that t; = 7;(x1 +
Ji(x1)) for some j > 1 and

%?f(tl,mf) #1, (1.23)
where a:f =z + Jx(x1).
X
Proof. See pages 17 to 20 of [13]. |

Some other results on the continuation of solutions can be found in Chap-
ter 3 of [2]. We do not repeat them here.

1.5 Beating Phenomena

The solutions of an impulsive differential equation may hit the same switching
surface finite or infinite number of times causing beating phenomena. Consider
the following impulsive differential equation:
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dx
E :.f(t7m)7 t#Tk(w%
Az = Ji(x), t=m(x),
z(ty) = xo, to>0 (1.24)

where f € C[Ry x £2,R"] and 2 C R” is an open set.

Theorem 1.5.1. Assume that
1. f € C[Ry x 2,R"], 7. € CHO,R.], mi(x) < mip1(x) for every k,
limy— 0o 7% () = 00 uniformly in x € 2 and J;, € [2,R"];
2. a) a%c—f)f(t,a:) <0 for (t,xz) € Ry x {2, and
b) x+ Ji(x) € 2 forx € 2 and

(W) Jr(x) <0,

e € [0,1], for every k.
Then, each solution of (1.24) hits any given switching surface % : t = 7;(x)
X

at most once.
Proof. See pages 22 and 23 of [13].

Theorem 1.5.2. Assume that
1. f € C[Ry x 2,R"], 7. € CH,R.], mi(x) < mip1(z) for every k,
limg 00 Ti(x) = 00 uniformly in x € 2 and J;, € [2,R"];
2. a) a%—g”)f(t,w) <6,0<6<1, for (t,x) € Ry x {2;
b) x+ Ji(x) € 2 forx € 2 and

(aTk(w'g;Jk(m))> (@) <0,

€ € [0,1], for every k.
Then, each solution of (1.24) hits any given switching surface % : t = 7;(x)

at most once. X

Proof. Similar to that of Theorem 1.5.1. |

Theorem 1.5.3. Assume that
1. f € C[Ry x 2,R?], Jp € C[2,R*], 7. € CH2,Ry], 7(x) is bounded

and () < Try1(x) for every k;
2. a) 2@ p 2) <1, for (@) € Ry x 2;

b)
(—37’“(“' g;‘]k(“"))) Ji(@) < 0;
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(8Tk(iL' +(;;}7k1($))) Jo_r(@) > 0

where x + Ji(x) € 2 for x € 2 and € € [0,1], for every k.

Then, each solution x(t,ty, o) of (1.24) with 0 < ty < 71(xo) hits each
switching surface Xy : t = 1;(x) exactly once. X

Proof. See pages 24 and 25 of [13]. [ ]

1.6 Solutions of Impulsive Differential Equations

Let us consider the solution of the following linear impulsive differential equa-
tion:

O (125
Theorem 1.6.1. Assume that
1.
O=mo<m1 <"+, kILH;QTk:OO; (1.26)
2.
A€ PCR,C""], B,eC™", k=1,2,---. (1.27)

Then for any (to, o) € Ry X R™ there exists a unique solution ¢(t) of system
(1.25) which is defined for t > ty with ¢(t3) = xo. Furthermore, if det(I +
By) # 0 for every k, then this solution is defined for allt € Ry . X

Proof. See the proof of Theorem 3.6 of [2]. |
Assume that det(/+ By) # 0 for all k € Z and let the following n functions
z1(t), -, xn(t) (1.28)

be solutions of system (1.25) defined in R. Let us set
D(t) = (x1(t), -+, xn(t)) (1.29)

as a matrix function with columns as the solutions in (1.28). If @1 (¢), - - - , z,,(¢)
are linearly independent, then we call &(t) a fundamental matriz of sys-
tem (1.25). x1(t), -+ ,x,(t) are linearly independent in R if and only if
det D(t) # 0 for some to € R.

The following facts about fundamental matrices are useful.

Theorem 1.6.2. Assume that
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1. 7, < Tk+1, k €Z and

lim 7 = —o00, lim 7% = o0;
k=—o0 k=00

2. A€ PC[R,C" "] and By, € C"*" for all k € Z;
3. det(I + Bg) # 0 for all k € Z and P(t) is a fundamental matriz of
system (1.25).
Then we have the following two conclusions:
1. for any constant matriz A € C**™, $(t)A is a solution of system (1.25);
2. If &1 : R — C" ™ is a solution of system (1.25), then there is a unique
matriz S € C**™ such that $1(t) = D(t)S. Furthermore, if $1(t) is also
a fundamental matriz of system (1.25), then det S # 0.
X
Let the state transition matriz (or, fundamental matrix) of the linear
system
z=Alt)x, te (th-1,7% (1.30)
be &y (t,s) (t,s € (7,—1,7x]) and conditions (1.26) and (1.27) hold, then the
solution of system (1.25) is given by
iv(t;to,.’lfo) = W(t,tg)wm (131)
where W(t,s) is called state transition matriz (or, fundamental matrix,
Cauchy matrix) of system (1.25) and given by
@k (ta 5)7
for t,s € (Ti—1, 71|,

By (t, 73 ) (I + By) Py (13, 5),
for o1 < s <7 <t < Ty,

@k(t,Tk)(I + Bk)_lqsk_;,_l(T,:_,S),
for 1 <t <71 < 8 < Tgy1,
t5) = Dt (ML + B, (7 7)
(I+Bi)¢i(7—178)7
for i1 <s <7 <7k <t < Ty,
P;(t, i) (Hf;il(“-B) D (75 TJ+1))

(I + By) ' ®ppa(ry s s),
for 1 <t <7 <7k <5< Thtt-

(1.32)

¥ (t,s) has the following properties:
Ut t) =1,
\Th) = (Tk’Tk ) =1,
U(ry ) = (I + Bo)¥ (7, s),
(s, 7)) = (I +By) "W(s, 1), s#T,

wbs) AQP(t,s), t# T (1.33)

w(r,
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We then consider the solution of the following linear impulsive nonau-
tonomous system:

x=A(t)x+g(t), t #m,
{Am:Bkm+jk, t=m,, k=1,2,---, (134)

where g € PC[R,,C"], j, € C*. Then the solution of system (1.34), x(t) £
x(t,to, o), is given by

Ut tHx(td) + f:o W(t,s)g(s)ds

+Zt g/(thlj)jk7 t >t07
z(t) = oSTR<t (1.35)
w(t, g )a(td) + [ (L, 5)g(s)ds
- ZtSTkSto W(t, T]j_)jlm t < tO-

We then consider the solution of the following impulsive differential equa-
tions:

{:b = A)x +g(t, ), t # T, (1.36)

Ax =Brx +j,(x), t=71, k=1,2,---,

where A € PC[R,R**"], B, e R"™*", g€ Ry x 2 > R", and j, € 2 - R
where 2 C R™. Then the solution of system (1.36), x(t) = x(t,t, o), is
given by

Ut t)z(td) +ft ,8)g(s, x(s))ds

5)g(s, @(

x(t) = + Zto<rk<tw(t Tk )J (z(7)
Wt tg)2(ts) +ft 5)g(s,@(

)

1.7 Definitions and Basics
Definition 1.7.1. Let V : Ry X R* — Ry, then V is said to belong to class
Vo if

1. V is continuous in (74—1,7x] X R" and for each x e R*, k=1,2,---,

lim  V(t,y)=V(r, z) (1.38)

(ty)= (7 @)

exists;
2. V is locally Lipschitzian in © and V (t,0) =0 for all t € R;.

X

Definition 1.7.2. Let V : Ry xR* — Ry, then V is said to belong to class
V1 if V€ Vy and it is continuously differentiable on &. X
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Definition 1.7.3. A function V : Ry x R" — Ry is a member of class WV
if V(t,x) is continuous on &; and for (to,xo) € X;, where X; : t = 7;(x) is
a switching surface, the following limits exist

llm Vt,(E :Vt_’w’
(t,®)—(to,®0),(t,®)€B; ( ) ( 0 )

lim Vit,z) =Vl x), 1.39

(t.2)— (to,@0),(£:2) €S 141 (t.2) (g @) (1.39)

and V(ty ,x) = V(t{, ) holds. X

Definition 1.7.4. For two n-vectors ©' = (x1,22,---,2,) and y' =
(y1,Y2, - ,yn) we define the following componentwise inequalities:

1L x<yifx;<y; foralli=1,2,---,n;
2. x=yif x>y foralli=1,2,--- ,n;

3. x <Xy ifx; =y; for at least one i € {1,2,--- ;n} and x; < y; for the rest
i€{1,2,---,n};

4. =y if x; =y; for at least one i € {1,2,--- ,n} and x; > y; for the rest
ie{1,2,-- ,n}.

X

Definition 1.7.5. A function f : R* — R” is quasimonotone nondecreasing
if x <y and x; = y; for some i € {1,2,--- ,n}, then fi(x) < fi(y) for all
ie{1,2,-- n}. X

Definition 1.7.6. A function g : R* — R" is said to be nondecreasing in
R™ if for u,v € R*, u < v implies g(u) < g(v). X
Let a general impulsive system be

% =f(t,x), t£m, teJ,
X(le_) = !pk,(X(Tk)), k= 17 4,
x(0) = x(T) (1.40)

where J € [0,T], 7 € (0,T)(k=1,--- ,q) and ¥, : R* - R*", k=1,--- ,q

Definition 1.7.7. The function v € PC'[J,R"] is said to be a lower solution
of system (1.40) if

U(t) = f(t7v(t))7 t# T, €,
U(le_) j wk(v(Tk))’ k - 17 7Qa
(0) < v(T) (1.41)

and v is not a solution of system (1.40). X
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Definition 1.7.8. The function v € PC'[J,R"] is said to be an upper solu-
tion of system (1.40) if

v ftv), t#m, tel
U(le_)twk( ( ))? k:177q
v(0) = v(T) (1.42)
and v is not a solution of system (1.40). X

Remark 1.7.1. In Definitions 1.7.7 and 1.7.8, that v is not a solution of system
(1.40) means that at least one inequality should be satisfied. ¢

Let & = f(¢, ) then we have the following two generalized derivatives
of a Lyapunov function V (¢, ) as follows:

V(t+6,x+6f(t,x)) —V(t,x)

DTV(t,x) £ i
(t,x) = lim sup

5 ;
D_V(t,x) = i inf Viitom+ 6f§(t’ z)) —V(t.z)
—0-

Note that if V € C'[R; x R, R, ], then we have

oV (t,x) n oV (t,x)
ot ox

Definition 1.7.9. Let A : Ry — Ry be measurable. Then A(t) is integrally
positive if

DYV(t,x) = D_V(t,x) = ft, x).

/ A(s)ds = 0o whenever = LJ[ai7 bi],
)

1=1
ai<bi<ai+1, and bi—ai26>0.

X
The following lemma gives one important impulsive integral inequality:

Lemma 1.7.1. Fort > ty let a nonnegative piecewise continuous function
u(t) satisfy

u(t) §c+/t v(s)u(s)ds + Z biu(r;) (1.43)

where ¢ > 0, b; > 0, v(s) > 0. u(t) has discontinuous points of the first kind
at ;. Then we have

u(t) <ec H (14 b;)exp {/t: v(s)ds} . (1.44)

to<T;i<t

X



2. Linear Impulsive Control

In a linear impulsive control system, the plant and the impulsive control laws
are both linear.

2.1 Linear Impulsive Control System with Constant
Parameters

If parameters in the plant are constant, then a linear impulsive control system
with fixed-time impulses is given by

T = Az, t # 1,
y =Cu, (2.1)
Ax =Py=PCx,t=1;, k€N

where © € R” is the state variable, A € R**™, y € R™ is the output,
C € R™™ and P € R*™™. Observe that the impulsive feedback law is
linear. We assume that

o= <1 <T2 < -+, lim 73, = oo.
k—oo

Let x(t) = =(t,x9) = x(t,to,xo) be any a solution of (2.1) with initial
condition x(tg) = xg, then we have

k
z(t, z9) = zoet(77) H(I + PC)eAli—Ti-1),
i=1
70 =to, t € (Th, Th1]- (2.2)

Since the impulsive control effects at moments {7}, the system (2.1) is a
nonautonomous system. And the solutions of (2.1) is no longer invariant with
respect to shifts. Given arbitrary matrices A and PC, it is difficult to say
something on the property of the solutions of (2.1). Therefore even a linear
impulsive control system is more difficult to study than the corresponding

T. Yang: Impulsive Control Theory, LNCIS 272, pp. [7-33, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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continuous control systems. However, if the matrices A and PC are commute
then we can get a simpler form of the solution in (2.2) as

x(t,xp) = eA(t_t‘))(I + PC)m(tO’t)wo (2.3)

where 91(#o,t) denotes the number of impulses in time interval [t,t). From
(2.3) it follows that the property of solutions depends on the eigenvalues
of the matrices A and PC and the {7} sequence. If we use an equidistant
impulse moment generating law, i.e., 7, = 71 + (k — 1)6, where § > 0 is the
impulse interval, and assume that (I + PC) is nonsingular, then the solutions
in (2.3) can be further simplified as

x(t, p) = A 71)(I + PC) exp{—aln(I + PC)}

xexp{[A—i— %ln([—i—PC)](t—ﬁ)}mo (2.4)

a_t—Tl_ t—Tl
6 o

and |z| denotes the integer part of > 0. Then we have the following theo-
rem.

where

Theorem 2.1.1. Assume A and PC are commute, {7} is equidistant with
interval 6, 0 < § < 0o, then the trivial solution of the impulsive control system

(2.1) is

1. asymptotically stable if all eigenvalues of the matriz [A —|—% In(I + PC)]
are in the left half s-plane;

2. unstable if at least one eigenvalue of the matriz [A ++In(I + PC)] is in
the right half s-plane.

X
Remark 2.1.1. For the corresponding conventional linear control system
T=Ax+u
y=Cx (2.5)
u = Py

the property of solutions are determined solely by matrix (A + PC). From
Theorem 2.1.1 it follows that for a linear impulsive system the property of
solutions is determined by A, PC and 6. On the one hand, if the plant is
unstable, by choosing proper PC' and ¢, we can stabilize it “impulsively”.
On the other hand, we can also distabilize a stable plant “impulsively”. To
make some stable plants unstable by impulsive control can find applications
to chaos generator design and this mechanism maybe used by real neurons
to generate complex behaviors for the purpose of information processing. ¢
If A and PC' are not commute then we have the following theorem:
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Theorem 2.1.2. Assume that {1} is equidistant with impulse interval 6,
0 < 6 < o0, then the trivial solution of the impulsive control system (2.1) is
asymptotically stable if and only if all eigenvalues of the matriz (I + PC)e*,
Ai, 1=1,2,--+  n, satisfy | N;| < 1. X

Proof. From the assumptions it follows that the spectral radius of (I +
PC)e??, p((I + PC)e??), satisfies p((I + PC)eA®) < 1. From Theorem 5.3.4
on page 198 of [24] it follows that

lim [(I 4+ PC)e®]* = 0.

k—o0

From (2.2) if follows that

k
x(t, ) = woet =) H (I + PC)eAmi—mi-1),
J:

= x0e T [(T 4+ PC)eAdF,

T0 =19, tE (Tk,Tk_H], (2.6)

from which we know
thm x(t,zo) =0 (2.7)
for any |lag|| < oo. [ |

If {7} is not equidistant, then we have the following theorem.

Theorem 2.1.3. If

0<a= mf (’Tk+1 —7k) <sup(Tp41 — k) = 0 < 00
kEN

then the trivial solution of the impulsive control system (2.1) is asymptotically
stable if ||eAT =1 )(I + PC)|| < 1, k € N X

Proof. From (2.2) it follows that

x(t, ) = woe =) H (I + PC)eAlmi—mim1),

to<t; <t
T0 =19, tE (Tk,Tk_;,_l] (2.8)

from which we have

l(t, zo) || < @olle* ™| [ 1T+ PC)eAta—m-1))

t0<Tj<t
70 =1y, tE (Tk77k+1]~ (2.9)

Since



20 2. Linear Impulsive Control

0<a=inf(rp41 — 1) < sup(th41 — 7%) = B < 00
keN keEN

we know that ||eA=™)|| < oo, therefore we know if ||eA(T=7=1) (T + PC)|| <
1, k£ € N then
Jim [[a(t.@0)] = lin [[a(t.z0)] = 0

for any xy € R™. |
Theorem 2.1.4. If A and PC are commute and

0< 6 = %I&}g(ﬁﬁ_l —7k) < sup(Tp41 — k) =02 <00, k€N,

keN
let
o= m?if{ Re);(A)
J:
and
O — 91, ifoz Z 0
"7 by, ifa<0
and if

1 n
a+ —Inmax |1+ X;(PC)| <0 (2.10)
90 J=1

then the trivial solution of the impulsive control system (2.1) is asymptotically
stable. X

Proof. Since A and PC' are commute, the state transition matrix of system
(2.1) is given by

U (t, 1) = et ([ 4 pC)™ito:t) (2.11)
where M(tg, ) is the number of control impulses in [ty, ). Let

g = m35< |1+ Rej(PC)|
j:

then for ¢t > ty there exist a constant K; > 1 and an arbitrary small ¢ > 0
such that
HeA(t—to)H < Kle(o‘+€)(t‘t0),
and there exists Ko = Ka(€) > 1 such that
(I + PC)T 0D < Ky (B + )T 0D),
We then have from (2.11) that

1@ (t, to)|| < K1 Koel*HI010) (g 4 )Mo
< K1K2e(a+e)90 [e(a-i-e)eo (ﬁ'i‘ 6)]m(t0,t) (212)
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from which we know that if
er3 <1 < (2.10)

then
1@ (t,t0)|| — 0 as t — co.

It is because we can choose € > 0 small enough such that

e <1=  eFI(B L) <1

Theorem 2.1.5. Assume that

1. A is in real canonical form and

v = m%f{ Re); (A);
j=

2. let N(t,t+T) be the number of control impulses in interval [t,t+T) and

the limit
. N, t+T) B
T T P

exists and is uniform with respect to t > ty;

3. let
a? = max \;[(I + PC)" (I + PC)]

Jj=1
with « >0 and v+ plna < 0.
Then the impulsive control system (2.1) is asymptotically stable. X

Proof. For any two solutions of system (2.1) x(¢, zo) and z(¢,y,), we have

a(t,wo) — x(t,yo) = [ (1+ PC)e 771 (g — y,).(2.13)

to<m; <t
Since A is in real canonical form, we have
leta]2 < O+l
with € > 0. Then from (2.13) it follows
l2(t, 20) — @(t,yo)||2 < T g —yqla,  t > to. (2.14)

From assumption 2 it follows that for any £ > 0 there exists K = K (&) such

that
o (tost) < Ke(pnaté)(i—to)

and therefore we have
[a(t, o) — @(t, yo) |2 < KeOTPImetetralt=to)|gg — gl ¢ > t.

Since € and £ can be chosen arbitrarily small, then from assumption 3 we
finish the proof. |
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Theorem 2.1.6. Assume that

1. A and PC are commute and I + PC' is nonsingular;
2. let N(t,t+T) be the number of control impulses in interval [t,t+T) and

the limit
lim N(t,t+T) _
g = p,

exists and is uniform with respect to t > ty;
3. all eigenvalues of A+ pln(I + PC) are in the left half s-plane.

Then the impulsive control system (2.1) is asymptotically stable. X

Proof. Since A and PC are commute, for any two solutions of system (2.1)
xz(t, xo) and z(t,y,), we have

(t, wo) — @t yo) = XTI + PC)T0D) (5 — yp), (2.15)
or
— AP I(I+PO)](t—t0)

X (I 4 PC)P o) =(t=to)pl (g ). (2.16)

@(t, 20) — x(t, yo)

From assumption 2 it follows that there are a constant K; > 0 and any a
small constant € > 0 such that

H([+po)[‘ﬁ(to,t)—(t—to)p]n < Kqettto) ¢ > 4. (2.17)

From assumption 3 it follows that there are constants K5 > 0 and v > 0 such
that

He[A—i—pln(I+PC)]tH < ng_wt, t > to. (218)
Therefore, from (2.16) it follows that
l2(t, o) — @(t, yo)ll < KiKae™ O™ lzg —yo|| =10, (2.19)

Since € can be chosen arbitrarily small such that v — e < 0, we finish the
proof. |

2.2 Impulsive Control of Time-varying Linear Systems

Let us consider the following time-varying linear impulsive control system:

w(t) = AQt)z, t # 7%
{A.’L':Bk:l}, t=1,, k=1,2,---, (220)
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where A(t) € R™*" is continuous matrix bounded for ¢ > ¢y, By, € R"*" are
matrices uniformly bounded with respect to k € N and

o< <T2< -+, lim 7, = oo.
k—o0

Theorem 2.2.1. Assume that
1.

inf [ det(I + Bi)| > 6 > 0; (2.21)
1€

2. let M(to,t) be the number of control impulses in the interval [ty,t) and

lim 20t _ » (2.22)

t—oo t

exists and is finite;
3. the largest eigenvalue of 1[A(t) + AT (t)], A, satisfies

Mn < (2.23)

for allt > ty;
4. let A; be the largest eigenvalues of matrices (I + B )(I + B;) such that

A <a, i€N, (2.24)
5.

v+ plnya <O0. (2.25)
Then the control system (2.20) is asymptotically stable. X

Proof. For any o € R* we have

¢
lim M < liml l/ An(s)ds + Z In A;
to

to<Ti<t

<~y+plnya<0. (2.26)

The proof is completed. n
Let us then consider the following impulsive control system:

(2.27)

& =Ax+ P(t)x, t # Tk,
Arx =Bx+ Jyx, t =14, k=1,2,---,
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where A € R, B € R"*", P(t) € R**™ is a continuous or piecewise
continuous matrix for ¢t > ty, Ji € R**™ are constant matrices, k € N. Let
us also consider the following reference system

T =Ax, t# 71,
{AiL’ZB.’L',f:Tk, k=1,2,---. (228)

We then have the following theorem.

Theorem 2.2.2. Assume that

1. the solutions of the reference system (2.28) are exponentially stable;
2. for sufficiently large t and k € N, we have

PO <& Nkl <€ (2.29)

where € > 0 is sufficiently small;
3.
0<6) <71 — 7 < O, ke N.

Then the solutions of impulsive control system (2.27) are exponentially stable.
X

Proof. Let ¥(t,s) be the state transition matrix of system (2.28), then from
assumption 1 it follows that there are K > 0 and v > 0 such that

|@(t,s)|| < Ke 79 ¢ >s. (2.30)
For any two solutions of system (2.27), z(¢,xo) and z(¢,y,), we have
x(t, xo) — @(t, yo) = ¥(t,to) (@0 — Yo)
+ /t U(t,s)P(s)[x(s, xo) — x(s,yy)]ds

to

+ Z W (t, ) Jk[x(Th, o) — (T8, Yo)]

to<Te<t
from which and (2.30) it follows
) @ (t, @) — 2(t, yp)|| <
Klzo —yoll + /tt K| P(s)|[|&(s, o) — (s, yo)llds
0

+ Y K|z (e, 20) — (7, yo) -

to<Tr <t

Let us choose T' > tg such that for any ¢t > T and 7, > T, assumption 2
holds, then we have
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[t @0) @t o) <
t

o+ [ K (s, o) ~ als. o) ds
T

+ 3 K& la(ny, o) — (m, o),
T<t,<t

where

T
6 = Kllzo — yol + / Ko=) P(s)|ax(s, @) — (s, 9o) | ds
to

+ Z KTt || |l2(rk, o) — (7h, yo)|-

to<ti<T
Therefore we have
1) |t o) — @(t,yp)|| <

t
o+ [ K&V ) |w(s, x0) — x(s,y,) || ds

to

+ Y K™ a(n @) — @7, yo) -

to<Tp<t

Then from Lemma 1.7.1 we have
|zt @) — (1, yo )| < P(1 + K)ot HElto),
and from assumption 3 we have
lz(t, @0) — x(t,y0)|| <
1
¢ exp {— (’y — K¢ — o In(1 + Kf)) (t— to)} .
If € is so small that
1
v— K¢ — e—ln(l—FKf) >0,
1

then we have
le(t, zo) — x(t, yo)|l — 0 as t — oo.

Similar to Theorem 2.1.5 we have the following theorem.
Theorem 2.2.3. Assume that

1. A is in real canonical form and let

7 = maxRe); (A);
1

25

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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2. let N(t,t+T) be the number of control impulses in interval [t,t+T) and

the limat
I Nt,t+T)
Tgnoo T =P

ezists and is uniform with respect to t > ty;

3. let
cf:d%Mw+Bfu+m]
j=

with « >0 and v+ plna < 0;

4. for sufficiently large t and k € N, we have

PO <& Nkl <€ (2.36)

where € > 0 is sufficiently small.

Then the solutions of impulsive control system (2.27) are asymptotically sta-
ble. X
Similarly, we have the following theorem.

Theorem 2.2.4. Assume that

1. A is in real canonical form and let

v = m?if( Re\;(A);

j=

o

Tie, k € N satisfy 0 < 6y < 11 — 7 < 0o
3. let
cf:d%MW+BFU+m]
]:
with a > 0 and

1
'Y+51HOC<O

where

0 = 917 ZfOZZla
T 16, if0<a<l;

4. for sufficiently large t and k € N, we have
PO <& [kl <€ (2.37)

where € > 0 is sufficiently small.

Then the solutions of system (2.27) are asymptotically stable. X

2.3 Controllability of Linear Impulsive Control Systems

In this section we study the controllability of type-I and type-II linear im-
pulsive control systems.
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2.3.1 Time-varying Cases

In this section we consider the impulsive control of the following time-varying
linear system:

&(t) = At (2.38)

where £ € R” and A € C[Ry,R"*"]. We denote the fundamental matrix
of system (2.38) as @(t). The corresponding impulsive controlled system is
given by

&(t) = A(t)z + Bt)u(t), t £ 7
{AZL':Bkuk, t:T:, keN (2.39)

where u(t) € ™, B € C[Re R, 1 < n, uy € ", By € B and
m < n.

Definition 2.3.1. The time-varying linear system (2.38) is called impul-
stvely controllable if for all vector pair &y € R", xs € R™, and any open time
interval (t1,t2), there exist real numbers 7, € [t1,t2], k = 1,2,--- ,p < o0,
T < T < -+ < Tp, and control vectors u;, € R™, such that the controlled
system (2.39) has a solution x(t) existing on [t1,t2] satisfying x(t,) = x;
and z(t5) = 3. X

Theorem 2.3.1. Given two terminal conditions (t1,x1) and (t2,x3), the
control system in (2.89) is controllable at time # if and only if

1. the n x m matriz function ®(t)®~1(t1)B(t) are linearly independent on
[tla t2]7
or,

2. Rank([0~'(11)B1 & '(r2)B2 -+ & (7p)By]) =n.
X

Proof. In control system (2.39) there are two kinds of control signals gener-
ated by linear continuous control laws and linear impulsive control law. The
controllability of (2.39) can be considered with respect to linear continuous
control law and linear impulsive control law, respectively. Therefore the proof
consists of two steps. In the first step we set up, = 0 forallk =0,1,2,---, then
the control system (2.39) becomes a conventional linear control system. Then
the control system in (2.39) is controllable at time ¢; if and only if the n x m
matrix function @(t)®~1(t1)B(t) are linearly independent on [ti,t5]. We first
prove the sufficiency. If the rows of ®(t)®~1(¢1)B(t) are linearly independent
on [t1,t2], then the n x n Grammian matrix
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Wty t2) £ /tz D(t1,t)B(t)BT ()" (t1,t)dt (2.40)

t1
is nonsingular and thus W= (¢y, o) exists and (s, p) = &(s)® ! (p). Since

z(tz) = D(t2,t1) {:c1 - {/tz B(tr,t)B(t)BT () (t1,t)dt

ty

[W_l(tl, tQ)(Ccl — @(tl, tg).’llg)]}

= @(tQ, tl)[ﬁcl — W(tl, tQ)W_l(tl, tQ)(.’Bl — @(tl, tQ)CCQ)]
= @(t27 tl)@(tl, t2)$2 = T2 (241)
we know that
u(t) = =B ()0 (tr, )W (t1, o) (w1 — B(t1, 2)22) (2.42)

is a control input that satisfying the terminal conditions (¢, 21) and (t2, x2).
Thus the control system in (2.39) is controllable.

We then prove the necessity which implies that if the control system
in (2.39) is controllable then the n rows of ®(t)®~1(t1)B(t) are linearly
independent. Let us assume that (2.39) is controllable but the rows of
&(t)®~1(t1)B(t) are linearly dependent. Thus, there exists a nonzero and
constant 1 x n real vector w such that

wd(ty, t)B(t) =0 for all t in [t1, ta)]. (2.43)

We can choose z(t1) = &1 = w' as an initial state and x(t2) = x2 = 0 as a

terminal state because the system is controllable. Then we have

ta
0= ®(ty,t1) [wT +/ ®(t1,t)B(t)u(t)dt (2.44)
ty
from which we have
to
O=ww' + [ wd(t;,t)B(t)u(t)dt. (2.45)
ty

Followed (2.43), (2.45) reduces into
ww' =0 (2.46)

which in turn implies that w = 0. This is a contradiction.

In the second step, we assume that u(t) = 0 for ¢ € [t1, ¢2]. For given 7y,
ug, k = 1,2,---,p, the unique solution of impulsive control system (2.39)
satisfying the initial condition x(t1) = @ is given by

{w(t) = B(t)d~ ! (t)x, t € (ti, ],

x(t) = () () (), t € (Thy Thaa], k=1,2,---,p. (2.47)
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From (2.39) and (2.47) it follows
"B(t;—) = P(t2) <¢)1(t1)$1 + zpjél(Tk)Bkuk> . (2.48)
k=1

From the definition of impulsive controllability we know that x(f) = @,
should be satisfied, we then have

& (k) Brug = &7 (t2) e — &7 (1) 1. (2.49)

NE

>
I
-

Let us define

v é ¢_1(t2)$2 - 1(t1)$1,
W £ [0~ (m1)B1 & }(12)Bs (1) By,

then (2.49) can be rewritten as
WU =wv.

Because x1, 3 and therefore v are arbitrary, the impulsive controllability of
system (2.38) is equivalent to

Rank(W) = n. (2.51)

u

If the condition in (2.51) is not satisfied, then we can only find partial

impulsive controllability of impulsive control systems. Then our question be-

comes as follows: Given two pairs of terminal conditions (¢1, 1) and (2, €2)

under which conditions we can find a solution of system (2.39) to satisfy both

of them. From (2.49) it follows that the necessary and sufficient condition for
the existence of such a solution is given by

v € co{W}, (2.52)

where col{W} is the column space of .

2.3.2 Time-invariant Cases

If the A(t) matrix is constant and there is no continuous control law, then
the linear impulsive control system (2.39) can be recast into

{ACII:Bk'u,k,t:Tk, k=1,2,---. (253)
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In this case, the fundamental matrix is given by
P(t) = et
Followed (2.50) we have
W=[e4"B, e42By .- e 4"B). (2.54)

By using Cayley-Hamilton theorem we can use an nth-order polynomial in
A to represent e??. Let

n—1
A=A N
=0

be the characteristic polynomial of A and let the scalar functions f;()), i =

0,1,---,n — 1, be the unique solution to the following system
dfo(\
—deEAA; 000 —ap fo(N)
dfcll—f‘,\) 10--- 0 —aq fl()‘)
o | =0t 0 e U (2.55)
dfa1(3) 00 1—a, (0
T{ Ap—1 f 1( )
satisfying
fo(0) =1,
f:(0)=0, i=1,2,--- ,n—1. (2.56)

We then have the following lemmas.

Lemma 2.3.1.

n—1
Y=Y A
=0

Proof.

P\ Zfz WA+ FNA% + -+ froa(N)A™
—l-fn_l()\)(—aof —a1A—---— an_lA"_l). (257)
By Cayley-Hamilton theorem we know that

A" = —aoI - CLlA — Cln_lAn_l.
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We then have

d n—1 ; n—1 ;
Y D LA =AY fi(VAL (2.58)
i=0 i=0
Also,
n—1 . n—1 )
S HENA =) f(0)AT =4 =1 (2.59)
i=0 A=0 =0
Thus, the solution to (2.58) and (2.59) is unique and e?* satisfies (2.58)
and (2.59). |
Lemma 2.3.2. The functions f;(\), i = 0,1,--- ,n — 1, defined in (2.55)
and (2.56) are linearly independent in any open interval (4 ,12). X
Proof. Suppose
n—1
> eifi(\) =
i=0

for some constants ¢;, it follows from (2.56) that ¢p = 0 and we also have

d n—1
=0

Then followed (2.55) we have

n—1

Z ilfi-1(\) — aifa-1(N)] = 0. (2.60)

If we define f;(\) =0 for ¢ < 0, then (2.60) can be rewritten as

n—1

cilfi-1(N) = aifn—1(N)] = 0. (2.61)

I
<

3

Evaluating (2.61) at A = 0 and followed (2.56) we have ¢; = 0. We differen-
tiate (2.61) and get

Z_: ci{fi—2(A) = ai—1fn-1(A) = ai[fn—2(N) — an—1fu-1(N)]} =0, (2.62)
=0

which upon evaluation at A = 0 gives co = 0. By using the similar process,
it is easy to show that ¢; = 0,7 =0,1,--- ,n — 1. Thus, the functions f;())
are linearly independent on any interval containing zero. Furthermore, since
the functions f;(\) satisfy a linear constant coefficient system of ODEs, it
is known that they must be analytic. This implies that these functions are
linearly independent in any open interval (¢1,t2). [ |
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Lemma 2.3.3. If f1(A\), fa(A), - -+, fu(X\) are linearly independent functions
in every open interval, then for a given p < n, and any open interval (4,t2),
there exist real numbers 7;, © = 1,2,---,p, such thatt; < 11 <o < -+ <

Tp < ta, and the matriz

fn(Tl) fn(.TQ) e fn('Tp)
has rank p. X

Proof. We can choose 1 € [t1,t2) such that I has rank one. Suppose that
we choose time moments 7;, it = 1,2,--- | q, satisfying t; <7 <71 < - <
Tq < ta such that Iy has rank ¢, ¢ < p < n. For fixed k we view I}, as a
linear transformation 7} : R* — R" defined by Tyx = (I, 0x)' = where
0y, is the n x (n — k) zero matrix. It follows that dim{ker T,} =n —q > 0.
Choose nonzero w € ker Ty and suppose w € ker T4 for all 7,41 € (74, t2).
It follows that
(Ig+1 0q+1)Tw = 0.

hence

[fi(Tg+1)s f2(Tg41)s o s falTgr)]w =0, VTgq1 € (14,12).  (2.63)

However, the function f;(7) are linearly independent in (7, t2) so that (2.63)
can not hold. This is a contradiction. Therefore, there exists a time 7,41 €
(14,t2) such that w # ker T,41, and since kerTyy1 C ker T,, we have
dim{ker Ty41} = dim{ker T,} — 1 = n — (¢ + 1), implying I,4+; has rank
g + 1. Thus by mathematical induction we can construct I}, to have rank
p < n. |

Theorem 2.3.2. If A and By, = B are constant matrices then system (2.53)
s impulsively controllable if and only if

Rank[B, AB, A’B,--- , A"~ B] = n. (2.64)

Furthermore, the mazimum number of impulses required to achieve any de-
sired final state for a controllable constant system is p = [n/m], where [z]
denote the smallest integer greater than or equal to x. X

Proof. The controllability condition is given by (2.50) and (2.51) and followed
Lemma 2.3.1 we have
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n—1 n—1 n—1
W= > fi(=m)A'B,Y | fi(—m)A'B,--- .Y fi(-7)A'B
i=0 i=0 i=0

=[B,AB,--- ,A"'B]

fo(=m)Im  fo(=m2)Lm - fo(=7p)In

(=), fi(=m2)lm - fi(=mp)]m
X . ) ) .

Fot(cr) I s (—72) I+ fuet (—)

(2.65)
where I, is the m x m identity matrix. We then need to show that the matrix
Jo(=m)Im  fo(=m2)lm - fo(—=T7p)Im

(=) fi(=72)lm - fi(—=7p)Im

S 2 (2.66)

fn—l(;Tl)Im fn—l(;7'2)1m fnfl(;Tp)Im

has full rank that is no less than n for some choice of ordered time moments
Tk € [t1,t2], k=1,2,--- ,p, where p = [n/m]. The matrix S has full rank if
and only if the matrix

(2.67)

Facr (=) s (=72) -+ faa(—7y)

has full rank. S has pm columns, hence Rank(S) > n implies p > n/m; this
provides the lower bound for p. Let p = [n/m], then since m > 1, p < n and
by Lemma 2.3.2 we can apply Lemma 2.3.3 so that there exist 7,7, -, 7
such that @ has full rank. |

Corollary 2.3.1. If A and By = B are constant matrices, then the linear
impulsive control system (2.53) is impulsively controllable if and only if

Rank[s] — A,B]=n, VseC. (2.68)
X
Proof. By using simple linear algebra we know
Rank[B, AB, A’B,--- A" 'B] =n (2.69)
if and only if
Rank[s] — A,B]=n, VseC. (2.70)
Then by using Theorem 2.3.2, we finish the proof. ]

Note 2.3.1. The controllability of linear impulsive system is adopted from

[20]. ¢



3. Comparison Methods

In this chapter let us study the stability of impulsive control systems using
comparison methods.

3.1 Single Comparison System

Let us consider the following impulsive control system:

T = f(t,ﬂ?) +U(t,.’1)), t 7é Tk,
Az =U(k,x), t =1y, (3.1)
z(t§) = xo, k=1,2,---.

Definition 3.1.1. Comparison System
Let V € Vy and assume that

{D+V(t, x) < g(t,V(t,x)), t # Tk,

Vitz+ Uk, ) < (V) t =7, (32)

where g : Ry X R — R is continuous in (1,—1,7k] X R and for each x € R,
k=1,2,---,

lim  g(t,y) = g(r{ )
(ty)— ()

exists. Yy : Ry — Ry is nondecreasing. Then the following system
w = g(t,w), t # Tk,
w(n") = dr(w()), (3.3)

w(ty) =wo >0

is the comparison system of (3.1). X
Consider the following system

w:g(tvw)v t# Ty,
w(n) = Yr(w(m)), 7 > to >0 (3.4)
w(to) = wo

where g € C[Ry x R R], 9% : R — R, we have the following definitions.

T. Yang: Impulsive Control Theory, LNCIS 272, pp. §5-70, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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Definition 3.1.2. Let wmax(t) = wmax(t, to, wo) be a solution of (3.4) on
[to,to +T'). If for any solution w(t) = w(t,to, wo) of (8.4) on [to,to +T') the
following inequality

Wmax(t) = w(t), t€ [to,to+T)

holds, then wmax(t) is the mazimal solution of (3.4) on [to,to+T). The min-
imal solution, Wmin(t) = Wmin (t,to, wo) on [to,to + T') satisfies the following
inequality:

Wain (t) < w(t), t € [to,to + T).

X
Theorem 3.1.1. Consider the following system
w:g(tvw)v t # Tk,
w(r) = Yr(w(mk)), 76 > 10 > 0 (3.5)
w(to) = Wo
Suppose that
1. {m} satisfies 0 <tg <711 < 7o < --- and limg_, oo Ty = 00;

2. pe PC Ry, R] and p(t) is left-continuous at 7, k =1,2,---;
3. g€ CRy xR R], ¢ : R = R, ¢ (w) is nondecreasing in w and for each
k=1,2,-,

D_p(t) < g(t,p(t), t# 7k, p(to) < wo,

p(r) < i(p(mh)); (3.6)
4. Wmax(t) is the maximal solution of (3.5) on [ty, 00).
Then p(t) < wmax(t), t € [to, 00). X

Proof. From the classical comparison theorem we know that p(t) < wmax(t)
for ¢ € [to, 71]. Since p(71) < Wmax(71) and ¥ (w) is nondecreasing we have

p(r7) < i(p(n)) < 1 (Wmax(11)) = w7 (3.7)

For t € (11, 7T2] by using classical comparison theorem we know that p(t) <
Wiax (t), where Wimax (t) = Wmax(t, 71, ;") is the maximal solution of (3.5) on
t € [11, 2] Similarly, we have

P(15) < a(p(12)) < Y2 (Wimax(T2)) = w3 . (3:8)
By repeating the same process we can finish the proof. ]

Theorem 3.1.2. Let Wimax(t) = Wmax (¢, to, wo) be the mazimal solution of
(3.3) on [tg,0), then for any solution, x(t) = x(t,ty, xo), t € [to,0), of
(3.1), V(t§, @) < wo implies that

V(ta (B(t)) S wmax(t>7 t Z tO- (39)
X
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Proof. Let V(t) = V(t,2(t)) for t # 7 such that for a small § > 0 we have

V(E+6) V() =V(t+6xt+06)—V(t+6xt)+6(f(t,x)+ult,x)))
V(t+6,x(t)+6(f(t,x) +ult,x))) — V(tx(t)). (3.10)

Since V (¢, ) is locally Lipschitzian in @ for ¢ € (7, Tk+1], from (3.2) we have

jrf/(t) gt V1), t# 7, V() < wo, i
V(T = V(5 ®(m) + Uk, 2())) < ¢n(V(7k)). (3.11)

Therefore, followed Theorem 3.1.1 we finish the proof. |
For some special case of g(t, w) and ¥y (w) we have the following corollary.

Corollary 3.1.1. If in Theorem 3.1.2 we assume that

1. g(t,w) =0, Yr(w) = w for all k, then V(t,x) is nonincreasing in t and
V(t,x) < V(t§, xo), t > to;
2. g(t,w) =0, Yp(w) = dyw,dy, > 0 for all k, then

Vit,) <V(td,mo) [[ dr, t>to;

to<Tr <t

3. g(t,w) = —yw,y > 0, Yp(w) = drw,dr, >0 for all k, then

V(t,az)§<V<t37mo) 11 dk> Y(E=to) g > g

to<Tp <t

4. g(t,w) = At)w, \(t) € CY (R, ,Ry), p(w) = dyw, dy > 0 for all k, then

V(t,az)§<V(tJ,mo) II dk> MO=AU) > .

to<Tr <t

X
Then the following theorem gives sufficient conditions in a unified way for
various stability criteria.

Theorem 3.1.3. Assume that

1. f(t,0) =0, u(t,0) =0, g(¢,0) =0 and U(k,0) =0 for all k;

2.V:Ry xS, =Ry, p>0,V eV, D'V(t,z) <gt,V(t,x)), t #7%;

3. There exists a po > 0 such that x € S,, implies that x + U(k,z) € S,
for allk and V(t,x + U(k,x)) < p(V(t,x)), t =1, ¢ € S,,;

4. B(ll)) <V (t, @) < af||z]) on Ry x S, where af-), 5(-) € K.

Then the stability properties of the trivial solution of comparison system (3.3)
imply the corresponding stability properties of the trivial solution of (3.1). K
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Proof. From condition 1 we know that the trivial solutions of both (3.1)
and (3.3) exist. We then prove the equivalence of stable, uniformly stable,
asymptotically stable and uniformly asymptotically stable properties of sys-
tems (3.1) and (3.3).

1. Stable: Let us suppose that the trivial solution of (3.3) is stable and
let 0 < i < min(p, pg), then there exists an e1(tg,n) > 0 such that
0 < wy < &1 implies w(t, tg,wp) < B(n) where t > to and w(t,ty, wo)
is an arbitrary solution of (3.3). Let us choose wg = a(||o]) and let
€9 = e2(n) such that a(e3) < B(n). Let € = min(e1,e2) then we have the
following claim:
Claim 3.1.3: For any solution, x(t,ty,xo), of (3.1) if ||zo|| < & then
le(t)]] < n for ¢t > to.
If Claim 3.1.3 is not true then there are a k and a solution x;(t) =
@1 (¢, to, o) of (3.1) satisfying

n < |lx1(t1)]| and ||z1(t)|| < n for t € [to, 7%] (3.12)

where ||zo|| < €, t1 > to and t1 € (7, Tht1]-

From 0 < 1 < min(p, pp) we know that 0 < n < pg, then from condition
3 we have ||x1(7) + U(k, z1(7%))|| < p. Therefore there exists a to €
(T, t1] such that n < ||@1(t2)| < p. Followed conditions 2 and 3 and
Theorem 3.1.2 we have

V(t,(l)l) < wmax(t7t0,w0), wo = Oz(”.’l:o“)7 te [to,tg] (313)

where wmax (¢, to, wo) is the maximal solution of (3.3). Followed condition
4 and recall that any solution of (3.3), w(t, o, wo) < B(n), we have

Bn) < Bz (t2)]) < V(tz,z1(t2)) < wmax(t2,to, wo) < B(n) (3.14)

which leads to a contradiction. Hence, Claim 3.1.3 is true and the trivial
solution of system (3.1) is stable.

2. Uniformly stable: Let us suppose that the trivial solution of (3.3) is uni-
formly stable, then ¢ is independent of #; and therefore following the
same procedure of the stable case we can prove that the trivial solution
of the system (3.1) is uniformly stable.

3. Asymptotically stable: Let us suppose that the trivial solution of (3.3)
is asymptotically stable from which we know that the trivial solution of
(3.3) is attractive and stable. Following the proof of stable case, we know
that the trivial solution of (3.1) is stable. Let e3 = (¢, min(p, po)) then
the stable property leads to

llzo|l < e3 implies ||z (t)]] < p, t > to. (3.15)

We then need to prove the attractive property. Let 0 < n < min(p, po),
to € Ry and because the trivial solution of (3.3) is attractive, there exist
g4 = e4(to) > 0 and T = T'(tg,n) > 0 such that
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0 < wp < g4 implies w(t, o, wo) < B(n), t>to+1T. (3.16)

Let us choose €p = min(es,e4) and let ||@g|| < o, then from (3.15) we
know that
()] < p, &> to,

from this fact and use the same process that leading to (3.13) we have
V(t, z(t)) < wmax(t, to, a(||zol])), t>to (3.17)
from which we have

Bllz@®I) < V(¢t, x(t))
< Wmax(t, to, a(l|xol])) < B(n), t>to+T  (3.18)

which proves the trivial solution of (3.1) is attractive. Therefore the trivial
solution of (3.1) is asymptotically stable.

4. Uniformly asymptotically stable: Let us suppose that the trivial solution
of (3.3) is uniformly asymptotically stable, then gy and T' are independent
of tg and therefore following the same procedure of asymptotically stable
case we can prove that the trivial solution of the system (3.1) is uniformly
asymptotically stable.

Remark 8.1.1. The system in (3.3) is a scalar impulsive differential equation.
If we can find the comparison system of a high order impulsive control system,
then the stability analysis may be simplified to that of a scalar impulsive
differential equation. ¢

Theorem 3.1.4. Let g(t,w) = AN(t)w, A € C'[Ry, Ry ], A(t) > 0, ¢p(w) =
drw, di, > 0 for all k, then the origin of system (3.1) is

1. stable if
AMTe41) + In(dg) < M7g), for all k (3.19)

is satisfied.
2. asymptotically stable if

MTr41) + In(ydk) < A(), for all k, where v > 1 (3.20)

is satisfied.

Proof.
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1. Stable: Let w(t,ty, wp) be any solution of the following comparison sys-
tem:

W= Atw, t#m,

w(T,j') = drw(1y),
w(td) = wy >0 (3.21)
then we have
’w(t,tm’u}o) = Wy H dke/\(t)_)\(to)7 t Z to. (322)
to<Tp <t

From A(t) > 0 we know that A(¢) is nondecreasing and from (3.19), in
the case of 0 < ty < 71, we have

w(t, g, wo) < weeTTA) g > 4y (3.23)

Then for a given n > 0 we can choose ¢ = n/2e (™)~ ) guch that
0 < wy < e implies w(t,tp,wo) < n/2 < n. Hence we proved that the
trivial solution of system (3.21) is stable. Followed Theorem 3.1.3 we
know that the origin of system (3.1) is stable.

2. Asymptotically stable: If (3.20) holds then by using similar process we
have

w(t, to, wp) < %e’\(”)*’\(to), t € (Th—1,Tk) (3.24)

from which we know lim;_, o, w(t, tg, wg) = 0. Hence we proved that the
trivial solution of system (3.21) is asymptotically stable. Followed The-
orem 3.1.3 we know that the origin of system (3.1) is asymptotically
stable.

[ ]
Let the plant be the following nonlinear system:
&= Az + ¢(x)
{ y=Cx (3.25)

where © € R" is the state variable, A is an n X n constant matrix, y €
R™ is the output and C' is an m X n constant matrix. ¢ : R* — R" is a
nonlinear function. The control instants are given by 7%, k = 1,2,---. Then
the nonlinear impulsive control system is given by

i = Az + (),
y="Cz, t # 13, (3.26)
A:B:By, t =711, ]g:]_727...7

where B is an n X m constant matrix. Then the impulsive control system can
be rewritten as



3.1 Single Comparison System 41

b= Az + (), t £ 7,
Ax = BCx, t=71, k=1,2,---, (3.27)
z(tl) = xo.

From which we know that U(k,x) = BCz.

Theorem 3.1.5. Let the n x n matriz I' be symmetric and positive definite,
and A\ > 0, Ag > 0 are respectively, the smallest and the largest eigenvalues
of I'. Let

Q=TA+A'T (3.28)

and A3 be the largest eigenvalue of I'"1Q. ¢(x) is continuous and ||¢(x)|| <
L||x|| where L > 0 is a constant. Ay is the largest eigenvalue of the matrix

Y1+ (BC)"|I(I + BC). (3.29)

Then the origin of impulsive control system (3.27) is asymptotically stable if

[
<)\3 + 2L )\—2> (Tk+1 — Tk) S —ln(’y)\4), v > 1. (3.30)
1

X

Proof. Let us construct a Lyapunov function V() = &' 'z, when t # 75, we
have

DV(x)=a (ATl +TAx+ ¢ (x)x+x' ['dp(x)]
=z'Qz+[¢ (@) 'z +a' I'p(z)

< </\3 + 2L\/iij> V(x), t#. (3.31)

Hence, condition 2 of Theorem 3.1.3 is satisfied with g(¢,w) = ()\3 +2L :\\—f) w.

Since

|+ U(k,2)|| = |+ BCz|
<|[lI+ BC||=| (3.32)

and ||I + BC/| is finite we know that there exists a py > 0 such that € S,
implies that @ + U(k,z) € S, for all k.
When t = 75, we have



42 3. Comparison Methods

V(x + BCx)|i=r, = (x + BCz)' I'(x + BCx)
=2 [[+(BC)"|I'(I + BO)x
< MV(x). (3.33)

Hence condition 3 of Theorem 3.1.3 is satisfied with ¢, (w) = Aqw. And we
have

Mlz)* < V(z) < Aol (3.34)

From which one can see that condition 4 of Theorem 3.1.3 is also satisfied
with B(z) = Mz and a(x) = Agx. It follows from Theorem 3.1.3 that the
asymptotic stability of the impulsive control system (3.27) is implied by that
of the following comparison system:

w(t) = (A3 +2L4/32 ) w(t), t # 7,
w(my) =< /\4w(7'k)\,/>\7) (3.35)

It follows from Theorem 3.1.4 that if

Tk+1
/ ()\3 +2L4/ %) dt +1In(yM) <0, y>1 (3.36)
Tk 1
A2
Az +2L ~ (Th+1 — k) < —Iln(y\y), y>1 (3.37)
1

is satisfied, then the origin of (3.27) is asymptotically stable. |
We then generalize Theorem 3.1.5 for the following time-varying impulsive
system:

ie.,

& =A(t)x + P(t,x), t#m,
Ax = Byx, t= Ty,
z(t) = zo (3.38)

where A(t) is a continuous n x n matrix, B,k = 1,2, -, are n X n matrices.
In this case, the impulsive control law is linear; namely, U(k, x) = Byx.

Theorem 3.1.6. Suppose that

1. There is a self adjoint and positive matriz I'(t) that is continuously dif-
ferentiable. Let Apin > 0 and Amax > 0 be the smallest and the largest
eigenvalues of I'(t);
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2. Let
dr'(t)
dt

and fimax € C[Ry, Ry ] be the largest eigenvalue of the matriz I'™*(¢)Q(t);
3. ¢ € C[Ry xS,,R*] and ||op(t, )| < L(t)||z|| on Ry x S, where

C[R:,Ry] and let
Arﬂa-)(
o(t) = :umaX(t) +2L(t) \/ P ;

4. Y € C[Ry, Ry ] is the largest eigenvalue of the matriz

Q) = + T(t)A(t) + AT () (1) (3.39)

=Yt (I + B t)(I + By,), for all k; (3.40)
Then the origin of the system (3.38) is asymptotically stable if

/WJr1 o(s)ds + In[yr ()] <0, ~>1. (3.41)

k

Proof. Let us construct a Lyapunov function
V(t,x) = [(t)x,
when ¢ # 7, we have
DV(t,z) =z [AT(W)(t) + T()AWD)z + o' (t2)[()x + " [(t)$(t, )]
+ t

=z QW)x+[¢" (t,x) () +x' [(t)¢(t, z)]
<ot)V(t,x), tF#*7. (3.42)

Hence, condition 2 of Theorem 3.1.3 is satisfied with g(¢,w) = o(¢t)w.
Since

[+ B[ < I + Byll||z|| (3.43)

and ||I 4+ By is finite for all k, then there is a py > 0 such that x € S,
implies  + Brx € S,.
When t = 73, we have

V(t,x + Byx)|i—r, = (x + Byz) I'(t)(x + Bx)
=x' (I+B)Irt)I+ By)x
< () V (L, ). (3.44)

Hence condition 3 of Theorem 3.1.3 is satisfied with ¢ (w) = ¥rw. And we
have
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AminHwHQ <V(z) < >‘maX||wH2~ (3.45)

From which one can see that condition 4 of Theorem 3.1.3 is also satisfied
with 8(z) = Amin® and a(x) = Apax®. It follows from Theorem 3.1.3 that
the asymptotic stability of the impulsive control system (3.38) is implied by
that of the following comparison system:

w(r) = Ye(me)w(m),
w(td) = wo > 0. (3.46)

It follows from (3.41) and the second conclusion of Theorem 3.1.4 we know
that the trivial solution of (3.46) is asymptotically stable. Therefore, the
trivial solution of (3.38) is asymptotically stable. [ ]

Remark 3.1.2. We have the following special cases:

1. When o(t) = o > 0, then condition (3.41) becomes

Ui () < ze”"_”"“;

v
2. Let o(t) = t%c > 0, then condition (3.41) becomes
Tk + ¢
V() < —————
T

3. Let o(t) = ¢+ sin(t) > 0, then condition (3.41) becomes

V() < %eXp[c(Tk 1) + co8(Tpn) — cos(me)].

¢

Since the usefulness of the stability of comparison systems, we present

some results of this kind as follows. Let us consider the following comparison
system:

W= —o(t)x(w), t# T,
w(n!) = Pr(w(n)),
w(td) =wo >0 (3.47)
where t, w € Ry, k €N, 0 € PC[Ry, Ry, ¢x, x € K.

Theorem 3.1.7. Assume that there is such a ¢ > 0 that for 6 € (0, o] and
keN

Tht1 Yr41(0) 1
—/ o(s)ds +/ ——ds < —wgy1, wre1 > 0. (3.48)
Th 0 x(8)

Then the trivial solution of the comparison system (3.47) is
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1. stable;
2. asymptotically stable if

Zwk = OQ. (3.49)
k=1

X

Proof. Let us assume that 0 <ty < 71 and choose § = §(¢p) > 0 such that if
wo € (0,6) then ¥ (wp) < o. Let w(t) = w(t,tp, wo) be a solution of system
(3.47), then w(t) is nonincreasing in (74, 7x+1], k¥ € N and since ¢; € K we
have

w(ri") = 1 (w(n)) < ¢r1(wo) < o. (3.50)

w(11)<wo

Since w(t) is nonincreasing in ¢t € (71, 72], it follows from (3.50) that
w(r) <w(r’) < o. (3.51)

It follows from (3.47) that for ¢ € (7, 7k+1], k¥ € N we have

w(t) 1 t
/w(ﬁj) mds =— /Tk o(s)ds. (3.52)
From (3.52) it follows that
’UJ(TQ) 1 T2
/w(rj) wdSZ —/T1 o(s)ds. (3.53)

It follows from (3.48) and (3.51) that
w(t) 1 Ya(w(r2)) 1 2
/ ——ds = / ——ds < / o(s)ds — wa. (3.54)
w(T2) X(S) w(T2) X(S) T1
It follows from (3.53) and (3.54) that

w(rs) 1 () (2) 1
/ ——ds = / ——ds —|—/ ——ds < —w (3.55)
w(7'1+) X(S) w('r1+) X(S) w(T2) X(S)

from which and since Y € K we know that w(7") < w(r{") < o. Using

mathematical induction we can prove that

(T:+1) 1
/ ——ds < —wgy1 (3.56)
w(‘r;r) X(S)



46 3. Comparison Methods

and ’lU(Tk+1) < w(7;") which yields w(r;) < o for all k € N. Since w(t) is
nonincreasing in (7, 7k+1], £ € N, we immediately know that if wy < 6 then
w(t) < o for all ¢ > ¢. This proves the stability of the trivial solution.
To prove the asymptotic stability we only need to prove the following

claim:
Claim 3.1.7.

li =0.

Jim we =0
If Claim 3.1.7 is false, then there is such a 7 > 0 that w(7;") > n for k € N.
Since the sequence {’LU(Tk )} is nonincreasing and x € K we have

x(m) < x(w(rh)) < x(w(rhy)- (3.57)

And it follows from (3.56) and (3.57) that

w(‘r't ) + _ +
o < / L g < W) (). (3.58)
(3.56) (3.57)
It follows from (3.58) that

w(n) <w(ny) — x(n)=r,

k+1
w(T,jH) <w Tk Z w;. (3.59)

j=k+1

It follows from (3.59) and (3.49) that we have the following contradiction to
the fact that w(t) > 0:

lim w(r,;) = —oc.
Therefore Claim 3.1.7 is true and this finishes the proof. ]

Theorem 3.1.8. Assume that
1. there is such a 0 > 0 that for 8 € (0,9] and k € N
Th41 Yr41(0) 1
—/ o(s)ds +/ ——ds < —wgy1, wr41 > 0; (3.60)
Tk 4 X(S)

2. there is a ¢ € C[Ry,Ry], ¥(s) > 0 if s > 0, ¥(0) = 0, such that
Pr(s) < W(s) for s € (0, 0] and k € N.

Then the trivial solution of the comparison system (3.47) is

1. uniformly stable;
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2. uniformly asymptotically stable if for any K > 0 there is such a ¢ > 0
that for to € Ry andt > to+ ¢

f: o > K.

to<Tp<t

X

Proof. We first prove the uniform stability. From the proof of the first con-
clusion of Theorem 3.1.7 we know that the trivial solution is stable. Then
it follows from condition 2 that we can choose such a é > 0 independent of
to that ¢ (wo) < g if wo € (0,6). Therefore, the trivial solution is uniformly
stable because for any tg € (1, Tk+1], k € N, we have ;11 (wp) < ¢(wp) < o
(this leads to w(t) < g for all t > #p).

We are now going to prove the uniform asymptotic stability. Let us choose
such a 6 > 0 that ¢(s) < g for s € [0,). Let w(t) = w(t, tp, wp) with ¢t € Ry
and w(to,to, wp) = wo € [0,6), then for ¢t > ¢, we have w(t) < g because
the trivial solution is uniformly stable. Let us choose an arbitrary number
€ €(0,6), then it follows from the last assumption that there is a ¢ > 0 such
that for any ¢ty € Ry and t > t9 + ¢ we have

4
Z Wk — Wy(tg,t) = “7ev (3.61)
to<Tp<t X(f)

where v(tg,t) £ min{i € N| 7; € (to,t)}. It follows from (3.56) that for an

meN
w(rh) 1 w(rh) 1 w(rh ) 1
/ ’ —dS:/ ’ —ds—|—/ a ——ds+---
w(rth, ) X(S) w(‘rjtrl) X(S) w(Tjtrz) X(S)

Jjt+m
w(T_;:—m—l) 1 m ( )
+/ ——ds = Tt 3.62
x(s) ; "

+
w(T )

Assume that ¢ty € [rj_1,7;) and to + ¢ € (7%, Tk+1) and wy € [0,8), then we
have the following claim:
Claim 3.1.8: w(7t), i =4, +1,--- ,k are not greater than &.

If Claim 3.1.8 is not true, then we have

_ + ) w(r]) w(r)
w:/ ;dw/ ;dw/ s

w(t)<e w(rF)>€i=4,5+1, k.
2 Z Wi — Wy (to,to+e) < (3.62)
to<Ti<to+¢
o
> — <« (3.61 3.63
g Ceoy (3.63)

which leads to w(;") < 0. This is a contradiction. Therefore, Claim 3.1.8 is
true. This finishes the proof. |
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3.2 Impulsive Control of Chaotic Systems

We then present some design examples to show how to perform impulsive con-
trol on chaotic dynamical systems. Impulsive control of chaotic systems has
important applications to secure communication systems and spread spec-
trum communication systems. Since Lorenz system is a benchmark of chaotic
systems, in this section we present the impulsive control of Lorenz system.

3.2.1 Theory
The Lorenz (chaotic) system|[21] is given by

T=—0x+0Y
Yy=rr—y—az (3.64)
z=uxy — bz

where o, 7, and b are three real positive parameters. When these parameters
are chosen as 0 = 10, r = 28, and b = %, the Lorenz system is chaotic.

By decomposing the linear and nonlinear parts of the Lorenz system in
(3.64), we can rewrite it as

& = Ax + P(x) (3.65)
where " = (z,y, z) and
-0 o 0 0
A= r =10 |, &(z)=|—-zz]|. (3.66)
0 0 —b Ty

The impulsively controlled Lorenz system is then given by

T =Ax + P(x), t # 7%,
{Aalc:Bac7 t=1,, k=1,2,---, (3.67)
where 7 denote the moments when impulsive control occurs. Without loss
of generality, we assume that 7 > to. We say {7;} is equidistant if exists
a constant 6 > 0 such that 7,09 — 7, = 6, ¢ = 1,2,---. Then we use the
following theorem to guarantee that the impulsively controlled Lorenz system
is asymptotically stabilized at origin.

Theorem 3.2.1. Let dy be the largest eigenvalue of (I + B")(I + B). Let
q be the largest eigenvalue of (A+ A") and impulses be equidistant with an
interval 6 > 0. If

0<q<—tn(Ed), £>1 (3.68)

then the origin of the impulsively controlled Lorenz system (3.67) is asymp-
totically stable. X
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Proof. Let V(t,x) = " x. For t # 7;, we have

D'Vitx)=ax' Az +ax " ATe+2 d(x) + P (x)x
< qx'x+2(—zyz + 2y2) (3.69)
=4V (t,x).

Hence condition 2 of Theorem 3.1.3 is satisfied with g(t, w) = qw. Since

e+ Ui, 2)|| = ||z + Bz||
<|[I1+ Bll=| (3.70)

and || + B|| is finite, this is a py > 0 and & € S,, such that x + U (i, x) € S,.
For t = 7; we have

V (7, x + Bx) = (x + Bx) ' (x + Bx)
=2"(I+B")(I+B)x

Hence condition 3 of Theorem 3.1.3 is satisfied with ¢;(w) = dyw. We can see
that condition 4 of Theorem 3.1.3 is also satisfied. It follows from Theorem
3.1.3 that the asymptotic stability of system (3.67) is implied by that of the
following comparison system:

w= qw, 3 # Tis
w(r;) = diw(m), (3.72)
wtd) =wo > 0.

Since 0 < g < —3 In(&dy), we have
Ti+1
/ qdt +In(&dy) <0, &>1, foralls (3.73)

It follows from Theorem 3.1.4 that the trivial solution of (3.67) is asymptot-
ically stable. [ ]
The above Theorem also gives an estimation of the upper boundary of 6,

6max :

In(éd
§max = _# > 07 5 - 1+« (374)
From above we can see that d; should satisfy 0 < dy < 1.

3.2.2 Simulation Results

We then use some simulation results to show how the impulsive control
scheme works.
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Example 3.2.1. In this example, we choose the matrix B as

k0 0
B=[0-10 (3.75)
00 —1

then the impulsively controlled Lorenz system is given by

T=—0x+ 0y
y.:TI'—y—(EZ, t%Th
z=uxy — bz

x k0 O x
Aly]=|0-10 yl|, t=mn. (3.76)
z 00 -1 z
We have
(k+1)200
(I+B"(I+B)= 0 00 (3.77)
0 00
whose largest eigenvalue is given by
dy = max(1, (k +1)?). (3.78)

Since dy € (0,1) should be satisfied, from above we know that k € (—2,0).
Let the parameters be o = 10, r = 28 and b = %, then we have

~10 10 © -2038 0
A= 28 -1 0 |, A+AT = 38 2 0 |. (3.79)
0o o0 -3 0 -1

We find ¢ = 28.051249. Then estimations of the boundaries of stable regions

are given by

Iné + In(k + 1)2
q

0<6<— ke (-2,0). (3.80)

Figure 3.1 shows the stable region for different £’s. The entire region
under the curve of £ = 1 is the stable region. When £ — oo, the stable region
approaches a vertical line k = —1.

The simulation results are shown in Fig. 3.2. The solid, dash-dotted, and
dotted waveforms show x(t), y(t) and z(t), respectively. Figure 3.2(a) shows
the stable results within the stable region with & = —1.5 and § = 0.04.
Observe that the system asymptotically approaches the origin with a settling

time about 0.2. Figure 3.2(b) shows the unstable results with k = —1.5 and
6 =0.17. *
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0.2
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0.08f
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0.02F € =

stable: region

O L L L
-2 -1.5 -1 -0.5 0
k

Fig. 3.1. The estimation of boundaries of stable region with different &’s used in
Example 3.2.1.

Ezxample 3.2.2. In this example, we choose the matrix B as

k0 0
B=[0-06 0 |. (3.81)
0 0 —0.6

Similarly, k£ should satisfy —2 < k < 0. Then we have

0 {(k+ 1)2, (k+1)% > 0.16,
L=

0.16, otherwise. (3.82)

Then an estimation of the boundaries of the stable region is given by

. —2<k<0. (3.83)

<5< _1n§+1n(k+1)2’ (k + 1)2 >0.16
- , otherwise

q
_ In&+1n(0.16)
q

Figure 3.3 shows the stable region for different £’s. The entire region under
the curve of £ =1 is the stable region.

The simulation results are shown in Fig. 3.4. The solid, dash-dotted, and
dash-dotted waveforms show x(t), y(¢) and z(t), respectively. Figure 3.4(a)
shows a stable result within the stable region with k¥ = —0.6 and 6§ = 0.06.
Observe that the system asymptotically approaches the origin with a settling
time around 1 time unit. Figure 3.4(b) shows an unstable result with k = —0.6
and § = 0.09. *
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40

Fig. 3.2. Impulsive control of the Lorenz systems with strong control. (a) Stable
results within stable region. (b) Unstable results outside stable region.

Note 3.2.1. The comparison method can be found in [37]. Impulsive control
of chaotic systems can be found in [52, 48, 49]. ¢

3.3 Comparison Systems with Two Measures

Theorem 3.3.1. Suppose that
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0.07 T
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Fig. 3.3. The estimation of boundaries of stable region with different £’s used in
Experiment 3.2.2.

1. f(t,0) =0, u(t,0) =0, g(¢,0) = 0 and U(k,0) =0 for all k;
2. ho € H, h € H and hy is finer than h;
3. V. €V is h-positive definite and hg-decrescent and

DYV (t,x) < gt,V(t,x)), t#m, (t.x)€S,(h) (3.84)

where g : Ry xR — R is continuous in (T,—1,7,] X R and for each x € R,
k=1,2,---, the limit

lim  g(t,y) = g(7, )
()= )

exists.

Virf, e+ Ulk,x) <Yu(V(me), k=12,  (3.89)

Y : Ry — Ry is nondecreasing;
5. there is a po, 0 < po < p, such that h(my, ) < po implies h(le',a: +
U(k,x)) < p.

Then the stability properties of the trivial solution of the comparison system
(3.3) imply the corresponding (hg, h)-stability properties of the trivial solution
of (3.1). X
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Fig. 3.4. Simulation results of impulsive control of the Lorenz system with weak
control. (a) Stable results within stable region. (b) Unstable results outside stable

region.

Proof.

1. (ho,h)-stable: From the condition that V(¢,x) is h-positive definite it
follows that there is a p1 € (0, p] and 3 € K such that

B(h(t,z)) <V (t,x), whenever h(t,z) < p1. (3.86)
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Let 0 < < min(po, p1) and assume that the trivial solution of the com-
parison system (3.3) is stable, then given §(n) thereisae; = 1(tg,n) >0
such that for any solution, w(t, ty, wp), of the comparison system (3.3)

wo < €1 implies w(t, to, wo) < B(n), t > to. (3.87)

Let us choose wy = V(tg, ) and since V (¢, ) is hp-decrescent and hg
is finer than h, there are a py > 0 and a function « € K such that if
ho(t$,xo) < p2 then we have

h(tg_, 330) < p1 and V(tg_, .’130) < Oz(ho(tg_, .’130)) (388)
Then from (3.86) and (3.88) we know that if ho(t$, o) < p2 then

BA(tg o)) < V (15, @o) < alho(ty, 20))- (3.89)

(3.86) (3.88)

Let us choose a € = £(tg,n) € (0,p2] such that a(e) < &1 and let
ho(t$,xo) < €, then we have the following claim:
Claim 3.3.1: For any solution, (t) = x(t, ty, o), of system (3.1) we have

h(t,x(t)) <n, t>to, whenever ho(ts,xo) < e. (3.90)

If Claim 3.3.1 is not true, then there is a solution @1 (t) = @1 (¢, to, zo) of
(3.1) with ho(tJ, zo) < € and a t; > to such that t; € (7, Tk41] for some
k satisfying

h(t1,z1(t1)) > nand h(t,z1(t)) <n, t € [to, Tk (3.91)

Since 0 < 1 < min(pg, p1) we have 0 < n < py and from condition 5 we
have

h(ry i () + Uk, 21(1r))) < p- (3.92)

From (3.91) it follows that h(7, z1(7%)) < n. Then, there is a t2 € (7x, t1]
such that

h(te, z1(t2)) € [, p) and h(t,x1(t)) < p for t € [to,t2].  (3.93)
From conditions 3 and 4, for ¢ € [tg, t2] we have

DTV (t, (1) < g(t, V(t, (1), t# T,
V(r ai(ry) + UG, w1(15))) < 05V (75,21 (75))),
i=1,2,-- k. (3.94)

Then from Theorem 3.1.2 we have

V(t, wl(t)) < wmax(t, to, ’wo), te [to, tz] (395)
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where wy = V(td, 2o). Then from (3.86) and (3.87) we have

B(n) < B(h(tz, z1(t2))) < V(t2, z1(t2)) < Wmax(t2,to, wo) < B(n)

(3.93) (3.86) (3.95) (3.87)

(3.96)

which leads to a contradiction. Therefore Claim 3.3.1 is true and the
trivial solution of system (3.1) is (ho, h)-stable.

. (ho, h)-asymptotically stable: Assume that the trivial solution of (3.3)

is asymptotically stable, then from the first part of this proof we know
that the trivial solution of system (3.1) is (hg, h)-stable. Let us set gg =
e(to, min(po, p1)), 0 < n < min(po, p1) and to € Ry, then from the fact
that the trivial solution of (3.3) is attractive we know there are a g4 =
e(to) >0 and a T = T'(to,n) > 0 such that

wo < €4 implies w(t, to, wo) < B(n), t>to+T. (3.97)

Let us choose wg = V(t§,xo) and find a e5 = e3(tg) € (0, p2] such
that a(e3) < e4. Let e5 = min(es,e0) and ho(t],zo) < e5 then from
g5 < g3 < ps we have ho(ta’,wo) < pa. Followed the same reasoning
process leading to the first conclusion in (3.88) we know that for any
solution, (t) = x(t,to, xo), of (3.1) we have h(t,z(t)) < p1 < p,t > to;
namely, (¢t,z(t)) € S,(h). Then from conditions 3 and 4, for t > t;, we
have

D+V(tvw(t)) gg(t,V(t,a:(t)))7 t#Tkv
V(rs e(me) + Uk, 2(m))) < Ye(V (1, 2(72))),
k=12, (3.98)

Then from Theorem 3.1.2 it follows that
V(t,z(t)) < wmax(t, to, wo), ¢ > to. (3.99)

If the trivial solution of (3.1) is not (hg, hi)-attractive, then there is a
sequence {t;} satisfying t; > to + T and lim;_,~ t; = 0o, such that

n < h(ti, z(t;) <p (3.100)

where x(t) = x(t, 1, To) is a solution of system (3.1) with ho(t{,zo) <
5. Then from (3.97), (3.99) and (3.100) we have

B(n) < B(h(ti, x(t:))) < V(ti, z(t:)) < wmax(ti, to, wo) < B(n)

(3.100) (3.86) (3.99) (3.87)

(3.101)

which is a contradiction. Therefore, the trivial solution of system (3.1) is
(ho, h)-asymptotically stable.



3.3 Comparison Systems with Two Measures 57

Theorem 3.3.2. Suppose that

1. hg € H, h € H and hy is finer than h;
2. V(t,x) € Vy is h-positive definite, weakly ho-decrescent and

DYV (t,a) < —y()C(V(tx)), t#m, (tax)eS,(h) (3.102)

where ( € IC, v : Ry — Ry is measurable and for any p € Ry we have

t

lim [ ~(s)ds = oo (3.103)

t
—){)Op

3.Vt x4+ Uk, ) < (V(m,x)) where ¢ € C[Ry,Ry], ¥(w) > 0 for
w >0 and ¥(0) = 0;
4. there is a w > 0 such that for w € (0,w) we have

Tk P(w) i
—/ ~v(s)ds +/ ——ds < —uy, Zuk =o00; (3.104)
. ) 2

5. there is a po € (0, p) such that h(ry, ) < po implies h(ty ,x+U(k,z)) <
p.
Then the trivial solution of (3.1) is (ho, h)-asymptotically stable. X

Proof. First, let us prove the (hg,h)-stability. From the assumption that
V(t,x) is h-positive definite and weakly ho-decrescent we know that there
is a py € (0, p] and B € K such that

h(t,x) < pa = B(h(t,x)) < V(t,x) (3.105)
and there are a € PCTK and €5 > 0 such that
ho(t, ) < e5 = V(t,x) < alt, ho(t, x)). (3.106)

From the fact that hg is finer than h we know that there is a ¢4 > 0 and
k € K such that k(1) < p2 and

ho(t, &) < &1 = h(t,z) < k(ho(t, z)). (3.107)

Let 0 < n < min(po, p2), to € Ry and £ = min(3(n), w) be given, then since
Y(w) is continuous at w = 0 we know that there is a constant 6 € (0, ) such
that

P(w) < € for w € [0,0). (3.108)

Since a € PCTK, we know that there is a e3 = e(tg,7) > 0 such that
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Oé(to,&‘g) < 4. (3109)

Let ¢ = min(es, e1,62) and xg € R™ such that ho(td,xo) < e. Then from
(3.105), (3.106), (3.107) and (3.109) we know that ho(t],zo) < & =

B(h(td, o)) < V(S xo) < a(ty, ho(ty, xo)) <6 (3.110)

from [(3.107)=>(3.105)] (3.106) (3.109)

from which we have h(t{, xo) < n. We then have the following claim:
Claim 3.3.2a: Let x(t) = x(t, {hxo) be a solution of system (3.1), then

ht, @) <m, t>to. (3.111)

If Claim 3.3.2a is false, then there is a solution x(t) = @1 (¢, to, o) of
system (3.1) with ho(t$,®o) < ¢ and exists a t; € (74, Tk+1] for some k such
that

h(tl,:cl(tl)) >n and h(t,ﬂ)l) <n for t € [to,Tk]. (3112)

Since 0 < 1 < min(pg, p2), we have 0 < 1 < po, which leads to (in view of
(3.112)) h(t,x1(t)) < po, then from condition 5 we have

h(th, z1 () + Uk, z1(73))) < p- (3.113)
Therefore there exists a to such that
1 < h(te, x1(t2)) < p and h(t,z1(t)) < p for ¢ € [to, to]. (3.114)
From conditions 2 and 3 we have for ¢ € [to, t2]

DTV (t,xi(t) < —y(O)C(V (L, (t)), t#7, (3.115)
V(rt zi(n) + UG 21(n))) < 0V (7, 21(7))) (3.116)
i1=1,2,--- k.

From (3.115) we know that V (¢, x(¢)) is nonincreasing in (7;_1,7;] and

V(m,zi(m)) < V(tg, zo) < altd, €) < 0 < B(n). (3.117)
—~ N——
nonincreasing in (to,71] (3.106) (3.109) 0€(0,¢)

Then from (3.108), (3.116) and (3.117) we have

V(rt i (n) + ULz (1)) < £€<B(n) and

(3.116),(3.108) E=min(B(n),=)
V(t,z1(t)) <& < B(n) for t € (11, 72]. (3.118)
| Sy —

nonincreasing in (71,72]

From (3.118) and (3.115) we have
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V(r, z1(r2)) < V(i z1(m) + UL, 21 (1)) < B(n) (3.119)
from which we have the following contradiction:

B(n) < B(h(ta, x1(t2))) < V(t2, 1(t2)) < B(n). (3.120)

(3.114) (3.105) (3.119)

Therefore Claim 3.3.2a is true and the trivial solution of (3.1) is (hg, h)-stable.
We are now ready to prove the (hg, h)-attractive property. The following
conclusions are useful for proving attractive properties. Let us assume that

V(r, ® (7)) < V( s @(ri-1) UG = Lz(ri1))) < -+

(3.115)=-nonincreasing when t#7y

<V(r,2(n) + UL z(n))) < V(to,xo) <E<B(n).  (3.121)
Then from (3.115) and (3.116) we have
V(ri,2(7i)) 1 Ti
/ _ ——ds < —/ ~v(s)ds (3.122)
V() U - Latn ) 6(8) -
and
V(rfa(r)+U () P(V(r=(m))  q
/V(n)w(n)) @ds < /‘/(mm(n)) @ds (3.123)
from which, in view of condition 4 and (3.121), we have

——ds

/V("’f@("’i)-ﬁ-U(i,w(ﬂ))) 1
Vit Le(r)4U G- La(ry))) §(5)

/n (&) Y(V(rz(r:)) 1 ( )
< — vsds—i—/ —ds < —uy. 3.124
Ti—1 V(ri,®(7;)) C(S)

Because ((s) > 0 for s > 0 and in view of (3.124) we have V(7;", =(r;) +
Ui,z(r))) <V (1", @(ri-1) +U(i—1,2(7;-1))). Then by using mathemat-
ical induction we have
V(r  ®(n) + Uk, 2(m)) < V(ry,a@(mh-1) + Uk = La(n-1))) <--
< V(T1+7:B(T1) + U(17w<7—1))) < (tmﬂ:o) < &< BM). (3.125)
Since the trivial solution of (3.1) is (hg,h)-stable, we can set n =

min(pg, p2, 5~ (w)) such that g = e5(tg,n) and for each solution x(t) =
x(t,to, xo) of system (3.1) with ho(t], xo) < €0

hit,z(t)) <mn, t>tp. (3.126)
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We then have the following claim:
Claim 3.3.2b:

Jim V(rd,x(re) + Uk, z(73,))) = 0. (3.127)

If Claim 3.3.2b is not true then there is a ¥ > 0 and a j such that
V(" x(rx) + U(k,z(7y,))) > o for k > j. Then we have for k > j

C(¥) < C(V(r 2(mi) +U (k, 2(7)))) < C(V (R y, @(mh-1)+U (k—1, 2(7k-1))))-
And then from (3.124) and condition 4 we have

V(i@ (Te—1)+U (k—1,2(16—1))) 1
v < / —ds < (3.124)
Vit @ (r) 4 U (ke (7)) ¢(s)

- V(i a(m) + Uk — 1L x(mh-1))) = V(5 2(n) + Uk, 2(1)))
- ¢(9)

(3.128)
from which we have

V(i ®(m) + Uk, z(7x)))
< V(r 2(mee1) + Uk — 1 @(me-1))) — v (9). (3.129)

By repeating the above inequality and for a given M € N, we have

Vit ar®(Tien) + UG+ M, 2(m50m)))
j+M
<V(rf,x(r) + UG, = 9) Y (3.130)
l=j5+1

Therefore we have the following contradiction:
Jim V(o @(mie0) + UG + M, 2(7j400)) = o0,
Hence, Claim 3.3.2b is true. Then we know that for a given
1 € (0,min(po, p2, B~ (@)))
there is such an m > 0 that
V(r, (k) + Uk, z(1i))) < B(n) for k > m. (3.131)

Let us choose T = 7,,, — tg, then from (3.105), (3.115) and (3.125) we have,
fort >tg+ 1T,

Bh(t,=(t)) < V(t, x(t)) < V(7 x(r) + Uk, (7)) < B(n)

(3.105) (3.115) and (3.125) (3.125)
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which yields because of 8 € K

hit,x(t)) <mn, t>ty+T.

Therefore the trivial solution of (3.1) is (hg, h)-asymptotically stable. [ ]

Theorem 3.3.3. Suppose that

1. hg € H, h € H and hy is finer than h;
2. Vi(t,x) € Vy is h-positive definite, weakly ho-decrescent and
D™Vi(t,x) < x(t)C(Vi(t,z)), t#7, (tz)€ Sy(h),
Vi(rf, e+ Uk, x)) < ¢p(Vi(rk, ) (3.132)
where ¢ € K, x € C[Ry, Ry ], . € C[R,, Ry ], () > 0 for w > 0 and
¥ (0) = 0;
3. there is a w > 0 such that for w € (0,w) we have
Th41 P (w) 1
s)ds —|—/ ——ds < 0; 3.133
| s [ (3.13)
4. Vo €Vy and
Va(rl  + Uk, ®)) < Va(rg, ®),
DTVi(t,x) + D Va(t, @) < —v(t)((Va(t, @) (3.134)
where ¢ € K, V3 € Vo and ~(t) is integrally positive;
5. Va(t,x) is h-positive definite on S,(h) and for any functionp : Ry — R",
which is continuous on (7, Tp+1] and
lim p(t) = p(r7)
t—T7,
exists, the function
t t
[ 1D Vil ps)ads. (resp. [ (D Valsp(s))-ds)  (3.135)
0 0
is uniformly continuous on Ry, where []; (resp. [-]—) denotes that the
positive (resp. negative) part is considered for all s € Ry ;
6. Va(rih,x + Uk, z)) < Va(ri, ) (resp. Va(rh, & + U(k,x)) > Va(1k, ) );
7. there is a po € (0, p) such that h(ry, ) < po implies h(r;, z+U(k,x)) <
p.
Then the trivial solution of (3.1) is (ho, h)-asymptotically stable. X

Proof. First, let us prove the (hg, h)-stability. From the assumption that
Vi(t, x) is h-positive definite and weakly hg-decrescent we know that there is
a pa € (0, p] and B € K such that
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h(t,x) < p2 = B(h(t,x)) < Vi(t,x) (3.136)
and there are a € PCTK and €5 > 0 such that
ho(t,z) < es = Vi(t,x) < alt, ho(t, z)). (3.137)

From the fact that hg is finer than h we know that there is a ¢ > 0 and
k € K such that k(e1) < p2 and

ho(t, &) < &1 = h(t,z) < k(ho(t, ). (3.138)

We assume that ¢ty € [r,72] and let 0 < < min(pg, p2) be given. Let us
choose ¢ = min(3(n), @) and 6 such that 6 € (0, min(&, 1 (£))).
Since a € PCTK, we know that there is a e3 = £2(t9,n) > 0 such that

Oé(to,&g) < 0. (3139)

Let ¢ = min(es,e1,62) and xg € R such that ho(t],xo) < . Then from
(3.136), (3.137), (3.138) and (3.139) we know that ho(t{,xo) < ¢ =

B(h(td, ®o)) < Vi(td, zo) < alty, ho(ty, ®o)) < 0 (3.140)

from [(3.138)=>(3.136)] (3.137) (3.139)

from which we have h(t],xo) < n. We then have the following claim:
Claim 3.3.3a: Let x(t) = x(t,foxo) be a solution of system (3.1) with
ho(ta_,ico) <eg, then

ht, @) <m, t>to. (3.141)

If Claim 3.3.3a is false, then there is a solution x(t) = x1(¢,to, o) of
system (3.1) with ho(t§, @) < € and exists a t; € (74, Tk11] for some k such
that

h(ti,z1(t1)) > n and h(t,x1) <n for t € [to, Tk (3.142)

Since 0 < 1 < min(pg, p2), we have 0 < n < pg, which leads to (in view of
(3.142)) h(t,x1(t)) < po, then from condition 7 we have

h(tE, zi () + Uk, z1(13))) < p- (3.143)
Therefore there exists a to such that
n < h(te,x1(t2)) < p and h(t,z1(t)) < p for t € [to, t2]. (3.144)
From condition 2 we have for ¢ € [to, t2]

DYVi(t, @1 (1) < x(C(VA(L ®1(1)), t#T7, (3.145)
Vi(r & () + UG, 21(7))) < (Vil(mi, 21(m3))),s (3.146)
i=1,2,--,k.
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From (3.136), (3.144) and the choice £ = min(3(n), w) we have

Viltzn) > B(h(t.zn) > Bln) > € (3.147)
—_———  ——
(3.136) (3.144) &=min(B(n),=)

Next we use mathematical induction to prove that Claim 3.3.3a is false leads
to contradiction. In the first step, let us suppose ta € (to, 2], then we have

13 1 € 1 13 1 Vitz,ei(t2)) |
/ ——ds </ ——ds </ ——ds §/ ——ds
wi(e) C(8) o C(s) Vi (e o) C(8) Vi) G(8)

6€(0,min(&,71(£))) (3.140) (3.147)
to T2
g/ x(s)dsg/ x(s)ds (3.148)
to T
to€[T1,72]

from which we have

T2 P1(8)
/ x(s)ds —i—/5 %ds >0 (3.149)

which results in a contradiction to condition 3.

In the second step, let us consider the case when t2 € (7, 7;4+1]. Let
us suppose for ¢ € [to, 7i], Vi(t,z1(t)) < &, then from (3.145) we have for
te (7'1', Ti+1]

Vl(t,wl(t)) 1 t Ti+1
/ —dsg/ X(s)dsg/ x(s)ds. (3.150)

Vi(r e ()40 (L (1)) () ; ;
Since Vl(T;“, x1(;) + UG, 21(13))) < i(Vi(7, 21(7:))), then we have
Vi (71 (1) +U (,1 (74))) 1 i (Vi (mi,®1(73)))

J s |

——ds (3.151)

Va(ri@a () ¢(s) Vimam)  S(9)

from which and (3.150) we know that, for ¢ € (7;, Ti41],
Vither () riri
/Vl(mml(n)) (—S)ds < /ﬂ x(s)ds
GValrma ()
+ /Vl(n)wl(n)) @ds <0. (3.152)
Since ((s) > 0 for s > 0, from above we have

Vl(t,:rl(t)) < ‘/1(7'1',2]31(7'1')) < f for t € (Ti,Ti—l-l]-
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Then, as the conclusion of our mathematical induction, we know that
Vi(t,z1(t)) < & for t € [to, t2]. Then by (3.136), (3.144) and € = min(8(n), w)
we have the following contradiction:

B(n) < B(h(ta, ®1(t2))) < Vilta, ®1(t2)) < B(n) .

(3.144) (3.136) E=min(B(n),w)

Therefore, Claim 3.3.3a is true and the trivial solution of (3.1) is (ho, h)-
stable.

We are now ready to prove the (hg, h)-attractive property. Since the trivial
solution of (3.1) is (hg, h)-stable, we can set n = pg such that 9 = e5(to, po)
and ho(td,®o) < eo imply, for each solution ®(t) = x(t,ty, zo) of system
(3.1), that

h(t, .’B(t)) <es, t>1p. (3153)
We then have the following claim:
Claim 3.3.3b:

tlim inf Va(t, 2(t)) = 0. (3.154)

If Claim 3.3.3b is not true then for some T" > 0, there is an a > 0 such
that

Va(t,z(t)) > a, t>ty+T. (3.155)
We can choose a sequence
to+T <ar<bp <--<a; <b;<---

such that b, — a; > a. Since x € C[RL, R4 ], ¢ € K, 741 > 7 and w > 0, it
follows from (3.133) that ¢y (w) < w, then from condition 4 and (3.155) we
have the following contradiction:

Jm Vit 2(2)) + Va(t, 2(1))

< VAt o) + Vit ) | () (Vas, (s)))ds

to

< Vit @0) + Va(th, o) — ¢(a) / s = oo (3156)
Uiz [aisbi

Therefore Claim 3.3.3b is true. Let us assume that
tlim sup Vs(t, z(t)) > 0,
then there is a v > 0 such that

tlim sup Vs (¢, z(t)) > 2v.
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Let us only consider the case when condition 5 holds with []+ and condition
6 holds with V3(7,", z(7x) + U(k, 2(7%,))) < Va(7i, z(78)).
Since (3.154) is true, we can find a sequence

to<ti<tb<. . <tt<tt<...
such that
Vs(t?, 2(t)) = v and Va(t2, 2(t)) =2v, i=1,2,--- (3.157)
from which and condition 6, we know there is a sequence
to<ap <by <---<a; <b <---
such that t§ <a; <b; < tf and
Va(ai, z(a;)) = v, V3(bs, x(b;)) = 2v and
Vs(t, z(t)) € [v,2v] for t € [a;, b;]. (3.158)
However, we have

0 < v ="Vs(b;,x(b;)) — Va(a;, (a;))
b;
< [ D" Valsa(s)))ads, i 1200 (3.159)

from which and condition 5 we have, for some ¢ > 0
bi—ai2§, i:1,27-~-. (3160)

Therefore, from (3.158), (3.160) and condition 4 we have the following con-
tradiction:

Jim Vi(t, (1)) + Va(t, 2(0)

<VA(td, o) + Valty, @o) — /OO v(8)C(V5(s,x(s)))ds <« (condition 4)

to

< VA @) +Valtf20) — ) [ s =—cx. (3.161)
U;’il[a’hbi]

(3.154) and the above contradiction imply that lim;_,o, V53(t, 2(¢)) = 0. Then
it follows form V5(t, (¢)) being h-positive that lim,_.o h(¢, z(t)) = 0. There-
fore the trivial solution of (3.1) is (ho, h)-asymptotically stable. |

3.4 Multicomparison Systems

In many cases we study impulsive control problems by using more than one
comparison system. We called this kind of method as stability based on multi-
comparison systems. In this case, vector Lyapunov functions should be used.
The purpose of using more than one comparison system is to explore the
flexibility provided by different Lyapunov functions.
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Definition 3.4.1. Multicomparison system
Let V : Ry x R* — RY satisfy V; € Vo, i =1,2,--- ,m, and
D+V(t,:13) = g(t7 V(t7 CC)), 3 7é Tk
Vt,e+U(k,x)) 2, (V(t,x)), t=1% (3.162)

where g : Ry x R — R} is continuous in (Tx—1, 7] x R™ and for each
peR™, k=1,2,---, the limit

lim  g(t,q) =g(7 . p)
(t,a)—=(7f .p)

exists. g(t,q) is quasimonotone nondecreasing in q and ¥y, : R} — R is
nondecreasing. Then the following system

= g( ) ) t 7& Tk
(T;j ) = ( (7k)),
w(tar) = >0 (3.163)
is the multicomparison system of (3.1). X
Theorem 3.4.1. Assume that
1. {7} satisfies 0 <tg <71 < T2 < - - and limg_, oo T, = 00;

2. p e PC'[R,,R"| and p(t) is left-continuous at 7, k =1,2,---;

3. g € C[Ry xR",R"], g(t,w) is quasimonotone nondecreasing in w for ev-
eryt. And fork=1,2,---, ¢, € C[R*,R"] and ¥, (w) is nondecreasing
nw and

D_p(t) 2 g(t,p(t)), t#m, p(to) = wo,
p(ry) 2 i (p()); (3.164)

4. Wimax(t) is the mazimal solution of the following impulsive differential
equation on [ty,00):

w=g(t,w), t#1, w(th) = woy,
w(r!) = P, (w(m)). (3.165)

Then

X

Proof. From the classical comparison theorem we know that p(t) =< wpax(t)
for ¢ € [to, 71]. Since p(71) < Wax(71) and 1, (w) is nondecreasing we have

p(1") 2 1 (p(11)) 2 Yy (Wimax (1)) = wy. (3.166)



3.4 Multicomparison Systems 67

For ¢t € (11, 72] by using classical comparison theorem we know that p(t) <
Winax(t), Where Wiax (t) = Wmax(t, 71, w7 ) is the maximal solution of (3.165)
on t € 1y, 72]. Similarly, we have

p(T2+) = 1/’2(17(7—2)) = ¢2(wmax(7'2)) = w;— (3167)
By repeating the same process we can finish the proof. ]

Theorem 3.4.2. Let wyax = w(t,to, wo) be the maximal solution of the
multicomparison system (8.168) on [ty,00). Then for any solution x(t) =
x(t, to, xo) of system (5.1) on [t,00), V (tI, @) < wo implies
V(t,x(t)) 2 wmax(t), t>to.
X
Proof. Let V() = V(t,2(t)) for t # 7, such that for a small § > 0 we have
V(t+8) =V () =V(t+8z(t+6)— V(t+6z(t)+6(f(t,x) +ul(t,z)))
LVt 6,a(t) + 5(F(t,2) + ult, @) — V(L ().
(3.168)

Since V (¢, ) is locally Lipschitzian in @ for ¢ € (74, T4+1], from (3.162) we
have

DYV (t) < g(t,V(t), t#m, V() < wo,
V(rh) =Vt en) + Uk z(n) 24, (V). (3.169)
Therefore, followed Theorem 3.4.1 we finish the proof. |
Theorem 3.4.3. Suppose that
1. VR xS, —»RP, V;€Vy,i=1,2,---,m, and
DYV(t,x) 2 gt,V(t,z)), t#m, (tzx)eRL xS, (3.170)

where g(t,0) = 0 and satisfies other conditions listed in Definition 3.4.1.
2. There is a py such that ©y € S,, implies that x +U(k,x) € S,, and

Vit,e+Uk,x)) ¢ (V(t,x)), t=m1% (3.171)

where ¥, : R — R satisfies other conditions listed in Definition 3.4.1.
3. For (t,x) € Ry xS,, B(||z|) < E(t,x) < a(||z]), where o, € K and
E(t,x) can be any of the following:

E(t,x) = Zm(t,a;),

fE(t,CE) = Zdi%(t,m), dl Z 0,
i=1

E(t,z) = max Vi(t, x). (3.172)

1<i<m
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Then the stability properties of the trivial solution of (3.168) imply the cor-
responding stability properties of trivial solution of (3.1). X

Proof. By using the conclusion of Theorem 3.4.2 and using the similar pro-
cesses in the proof of Theorem 3.1.3 the proof can be completed. ]

Let us consider the stability of the trivial solution of the following impul-
sive control system:

:b:f(t7$)v t#Tk(ZB),
Ax =U(k,z), t=m(x), k€N, teRy (3.173)

where € S, po > 0. f € C[Ry x S,,, R"]| satisfies f(¢,0) =0 for t € Ry
and there is a constant L > 0 such that || f(¢t,x) — f(¢,y)|| < L|jxz — y|| for
teRy, xz,yeS,, UcCNxS,,R"] and U(k,0) = 0. There is a constant
p € (0,po) such that if x € S,, then © + U(k,x) € S,,. 7 € C[Spy, Ry,
k € N satisfy

O=m(z) <mi(x) <m(x)<---, lm mp(x)=o00, €S,.

k—o0

We assume that there is no beating phenomenon.
Let us define

22 {weR"| |w| <<}, <€ (0,00

Let V. € C[Ry x Sy, R}] be locally Lipschitzian and satisfy V; € Vp,
i=1,2,---,m, and
DYV(t,x) < g(t,V(t,x)), t# T, @€ Sy,
Vit z+Uk,x) 2 (V(L,x), t=m, xc§,. (3.174)

Then the multicomparison system of impulsive control system (3.173) is given
by

= g( ) t 7é Tk
U’(TJ) =¢ ( (7k)),
w(ty) = wo >0 (3.175)

where t € Ry, k € N, g € C[(1, Ti+1] x £2,R™] is quasimonotonically in-
creasing, g(¢,0) = 0 for t € Ry, for ¢ € 2 and k € N the following limit
exists:

—~

lim ~ g(t,w) =g(7,q),
(t7'w)_)(7—k ')

¥, : 2 — R™ are nondecreasing and %,(0) = 0 for k € N. Let e,, =
col(1,---,1) € R™, then there is such a @ > 0 that
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E2{weR"| —we, w2 we,} C N

and 1, (w) € 2 for any w € =Z. We then have the following comparison
theorem.

Theorem 3.4.4. Assume that there is such an o € K that for t € Ry and
T €Sy,

< .
a(lal) < max Vi(t @)

sup IVt z)] <s. (3.176)
(t,®)ER 1 X Sp,

Then, if the trivial solution of the comparison system (3.175) is stable (resp.
asymptotically stable), then the trivial solution of system (8.173) is stable
(resp. asymptotically stable); X

Proof. Letty € Ry, x(t) = x(t, to, xo) with x(to, to, o) = xo € Sy, be asolu-
tion of system (3.173) and wmax (t) = Wmax(t, to, wo) With wmax(to, to, wo) =
wo € {2 be the maximal solution of the comparison system (3.175). Let us
choose ty, o and wg such that V(té‘, o) < wy, then it follows from Theorem
3.4.2 that

V(t,2(t)) X wmax(t), > to, (3.177)
from which and the assumption on o we have

< : < ax i
a(llz(®)]]) < lgliaé)fn Vi(t,z(t) < 1I§n%}§n Wnax (1) (3.178)

Let us first prove the stability; namely, in this case the trivial solution of
system (3.175) is stable. Let us choose such a § € (0, p) that «(8) < w, then
from the stability of the trivial solution of system (3.175) we know that there
is such a k = k(to, ) € (0,w) that if 0 < wy < Ke,, then

0 <X Wnax(t) < a(d)enm < wen,, t>t. (3.179)

From the assumptions on V (¢, x(t)) we know that there is a ¢ = (o, ) €
(0, min(a(6), a(w))) such that

[zoll <e = —rem <X V(to,®0) < Kem. (3.180)

Let us choose wog = ke, then it follows from (3.177), (3.178), (3.179) and
(3.180) that if ||zo|| < € then for any ¢ > ¢, we have ||z(t)|| < § < p. This
conclusion is the result of the following reasoning flow chart:
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||.’1}0H <€ = V(to,mo) < Ken,
———
(3.180) = V(to, o) = wo =
choose wg = ke,
= V(t, (t)) = Wmax(t)
W—J
(3.177) =

= a(llz(®)]]) < a(é)} N

= [le(t)] <&

5 c (0”0)} = |lz(t)] < <p. (3.181)

This proves that the trivial solution of system (3.173) is stable. Asymptotic
stability can be proved in similar manner. |

Theorem 3.4.5. Assume that there are such o, 3 € K that for t € Ry and
T €Sy,

allle]) < max Vi(t,@) < 6(]),

sup IVt )| <s. (3.182)
(t,w)6R+><Sp0

Then, if the trivial solution of the comparison system (8.175) is uniformly
stable (resp. uniformly asymptotically stable), then the trivial solution of sys-
tem (3.173) is uniformly stable (resp. uniformly asymptotically stable). X

Proof. The proof is similar as that of Theorem 3.4.4. Let us only prove the
uniform stability. It follows from Theorem 3.4.4 that the trivial solution of
system (3.173) is stable. Since

max Vi(t,z) < B(||=|)

we can choose a ¢ independent of ¢y such that

Be) < k.

Then, whenever [|zo|| < & we have

max Vilto.@o) < A(lleol) < 5(e) <

from which we get the same conclusion as in (3.180). Therefore we prove
that the trivial solution of system (3.173) is uniformly stable. The uniform
asymptotic stability can be proved similarly. ]



4. Impulsive Control with Fixed-time Impulses

In this chapter we study impulsive control of nonlinear systems with fixed-
time impulses. In this kind of impulsive control system, the impulses are
generated by an independent “clock signal” such as those used in digital
controllers.

4.1 Lyapunov’s Second Method

Let us consider the stability of the zero solution of the following impulsive
differential equation:

.’Bzf(t,:lf)7 t#Tk(CC),
Ae =U(k,z), t=m(x), keN, teRs (4.1)

where ¢ € S,, p > 0. f € C[R x S,,, R"] satisfies f(¢,0) = 0 for t € Ry
and there is a constant L > 0 such that || f(¢,x) — f(¢,y)| < L|jz — y|| for
teRy, z,yeS,,UecCNxS,, ,R"] and U(k,0) = 0. There is a constant
p € (0,po) such that if € S, then © + U(k,x) € Sp,. 7 € C[Spy, Ry,
k € N satisfy

O=m(z) <mi(x) <m(x) <---, lm m(x) =00, x€S,.

k—oo
We assume that there is no beating phenomenon.

Definition 4.1.1. For (t,x) € &, we define the derivative of the function

V € V; with respect to system (4.1) as

oV (t,x) n oV (t, x)
ot ox

V(t,z) 2 flt,x). (4.2)

X

Theorem 4.1.1. Assume that there are V € Vi and o € K such that

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 713118, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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q(||w||) <V(t,®), for(t,x) € Ry X Sp, (4.3)

Vt,z) <0, for(t,x) € &, .
Vit x+Uk,x)) <V(t,x), for (t,z) € BN (Ry xS,).  (4.5)

Then the trivial solution of system (4.1) is

1. stable.
2. uniformly stable if for some B € K

V(t,x) < B([xl),  for (t,x) € Ry X Sp,. (4.6)
X

Proof. We first prove conclusion 1. For a given § > 0 and ty € Ry, it follows
from V €V that there is such a e = &(¢o, ) > 0 that

sup [V (i @)| < min(a(8), a(p)).

z€S,

Let @ (t) = (¢, to, o) be a solution of system (4.1) with x(ty) = x(to, to, o) =
xo such that gy € S,, and ||zo|| < €. It follows from (4.4) and (4.5) that
V(t, ) is nonincreasing. Then, it follows from (4.3) we have

a([lz(t,to, zo)[) < V(t,2(t)) < V(ty,zo) < min(a(8), a(p))
from which we have for all ¢t > tg
(¢, to, 2o)|| < min(é, p).

Therefore, whenever ||zo| < & we have ||x(t)|| < ¢ for all t € Ry ; namely, the
trivial solution of system (4.1) is stable.

If condition (4.6) holds, then we can choose a ¢ independent of ¢, such
that

B(e) < min(a(é), a(p))-

This proves that the trivial solution is uniformly stable. ]
Fort e Ry, x € Ry, V €V and a € K we define the sets

O, (t,a) 2 {x € S,| V(tT,x) < a(x)}.

Let the set
Z(to) £ {mo € S| T(t,to, o) — 0 ast — oo}

be the basin of attractionlof the origin at ty.
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Theorem 4.1.2. Assume that V, V1 € V1 and there are o, B, 0 € K such that

a(llz])) < V(t, ), (4.7)
B(llzl]) < Va(t,x),  for (t,x) € Ry x S, (4.8)
V(t,x) < —o(Vi(t,x)), for (t,x) € &, (4.9)
Vit z+Uk,x)) <V(t,z), for (t,z) € 2, N (Ry xS,), (4.10)

and Vi(t,x) is bounded from above (resp., from below) in & and

Vi(tt, e+ Uk, x)) < Vi(t,z) (resp., Vi(tT, 2+ U(k,x)) > Vi(t,x)),
for (t,x) € XN (Ry x S)p). (4.11)

Then we have the following conclusions:

1. If0 <a < p and ty € Ry, then E(ty) D O4lto, );
2. The trivial solution of system (4.1) is asymptotically stable.

Proof. Let us choose an a € (0, p), then from (4.7) we have

Ou(t,a) E{z €S, | V(tT,x) < ala)} CSaCS,,, tERy.
S———
(4.7) pPo>p

Let x(t) = x(t, o, o) be a solution of system (4.1) with x(to) = x(to, to, €o) =
xo such that tg € Ry and xg € O,(t, «). By using the similar procedure of
the proof of Theorem 4.1.1 we know that x(¢) € S, for all ¢ > t;. We then

have the following claim:
Claim 4.1.2

tlim llz(t, to, zo)|| = 0 for any xo € O,4(to, @). (4.12)

Let us suppose that Claim 4.1.2 is false, then there are @y € O,(to, a),
n,& > 0 and a sequence {s; }32 ; satisfying sg41—si > 1 and ||z (sg, to, o) || >
&, k € N. It follows from (4.8) that

[Vi(sk, z(sk))| = B(§), keN (4.13)

Let us only consider the case that Vl(t, @) is bounded from above, the case
when Vj (¢, ) is bounded from below can be studied in a similar way. Then
there is such a K > 0 that

sup Vi(t,x) < K. (4.14)
(t,x)e®

Let us choose such a w > 0 that
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w < min (77, ﬂ;fg) (4.15)
It follows from (4.13), (4.14) and (4.15) that for t € [sx, — w, s
Wt (t) = Vilswa(su)) + [ Vals,a(s)ds
= Vi(sg, x(sg)) — :k Vi(s, x(s))ds
> B(E) — (sk —t)K < (4.13) & (4.14)
> B(§) — @K > B(£)/2 (4.16)
M—J

(4.15)
from which and (4.9) we have
0 < V(sg,x(sk)) < (4.7)

=V(tf, xo) + /Sk V(s,x(s))ds

to

< V(t], o) —/Sk o(Vi(s,m(s))ds < (4.9)

to

tO ,CEO Z/ V1 S x )))dS = (SZ —w > 31‘—1)
<V(tg, o) —kwo(B(§)/2) < (4.16) (4.17)

which leads to a contradiction when k is big enough. Thus, Claim 4.1.2 is
true. It follows from Theorem 4.1.1 that the trivial solution of system (4.1)
is stable. Then from Claim 4.1.2 we get conclusion 1.
Since O, (tp, ) is a neighborhood of & = 0, it follows from conclusion
1 that @ = 0 is attractive. Therefore, the trivial solution of system (4.1) is
asymptotically stable. ]
From Theorem 4.1.2 we have the following corollary.

Corollary 4.1.1. Assume that V € V; and there are o, 0 € K such that
a(le]) <V (t,®), for (t, @) € Ry X Sy, (4.18)
V(t,x) < —o(V(t,x)), for(t,x)e®, (4.19)
Vit z+Uk,x)) < V(t,x), for (t,z) € XN (Ry xS,). (4.20)
Then we have the following conclusions:

1. If0<a < p and tyg € Ry, then E(to) D Outo, );
2. The trivial solution of system (4.1) is asymptotically stable.
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Proof. Let V; =V and 8 = « then the proof is immediately followed from

Theorem 4.1.2. |

Theorem 4.1.3. Assume that V € V1 and there are o, 3,0 € K such that
a(zl)) <V, x) < B(lzl)),  for (t,x) € Ry X S, (4.21)
V(t,o) < —o(lz|), for (t,z) € &, (4.22)

Vit z+Uk,x) <V(t,x), for (t,x) € Ty N (Ry xS,).  (4.23)
Then we have the following conclusions:
1. If 0 <a < p, then
thm ||:I)(t,t0, .’BQ)H =0
uniformly with respect to (o, o) € Ry x O4(to, );
2. The trivial solution of system (4.1) is uniformly asymptotically stable.
X

Proof. Tt follows from Corollary 4.1.1 that the two conclusions are satisfied
without uniform properties. Then by using the same method we used in the
proof of the second conclusion of Theorem 4.1.1 we can prove the uniform
properties of both conclusions. |

Theorem 4.1.4. Assume that V € V1 and there are positive constants a, b,
c and p € N such that

allz||P < V(t,x) <bllel|’,  for (t,®) € Ry x Sy, (4.24)
V(t,x) < —cl|lx||P, for (t,x) € &, (4.25)
Vit z+Uk,x)) <V(t,z), for (t,z) € 2 N (Ry xS,).  (4.26)
Then the trivial solution of system (4.1) is exponentially stable. X

Proof. Let x(t) = x(t,ty, o) be a solution of system (4.1) with x(¢ty) =
x(to,to, o) = xo such that tg € Ry and xg € S,,, then it follows from
conditions in (4.24), (4.25) and (4.26) that

V(t,a(t) < —3V(te(t), t#m,
V(T,;"7 x(rg) + Uk, x(1))) < V(, x(7x)), k€N (4.27)
Therefore we have
Vit,x(t)) < V(ta'7 Zo) exp (—%(t — to)) ,
c
[l (¢, to, o) || < ||xol| /b/aexp (—@(t — t0)> . (4.28)
Let us choose ¢ > 0 such that §{/b/a < p, then (4.28) holds for any ||| < 5

and t > tg. We then finish the proof.
Let us consider the following impulsive control system:
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= ftz), ¢ (),
Ax =U(k,x), t = 7x(x),k € N

(4.29)

where ¢t € Ry and 7 () < 7x+1(x). We assume that there is no beating
phenomenon on switching surfaces ¢ = 7, (x). We assume that f(¢,0) = 0,

U(k,0) =0 for all t € Ry and k € N. For a py > 0 let us define
22 {z | || < po}

and assume f € C[[0,00) x 2,R*] and U € C|N x 2, R"].

Theorem 4.1.5. Assume that a positive definite function V (t,x) defined on

[0,00) x S,, satisfies
V(t,z) <0, t>0, e
then the trivial solution of the control system (4.29) is
1. stable if
V(m(x),z + Uk, z)) — V(m(x),x) <0, keN,
2. asymptotically stable if

V(mg(x),x + Uk, x)) — V(mg(x),2) < —a(V((x),x))

where k € N, a € C[Ry, R4 ], a(0) =0 and a(w) > 0 for w > 0.

Proof.

1. Stability. Let us choose é € (0, p) and let

= inf V(t,x)
t20,[|=||€[6,p)

and choose € > 0 such that

sup V(0,z) =n<E&.

llzll<e

(4.30)

(4.31)

(4.32)

Let x(t) = «(t,xo) be any a solution of system (4.29) such that
z(0,x0) = o € Sc. Let us assume that at ¢ = t; we have ||z(t1)|| = ¢,

then

V(tl, .’B(tl)) Z f

(4.33)
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It follows from the assumptions in (4.30) and (4.31) that V (¢, z(t)) is
nonincreasing along any solution of impulsive control system (4.29) that
lies in 2. Therefore we have

V(tl,a:(tl)) < V(O,ZL'()) < n < f (434)

which is a contradiction to (4.33). This proves that for any § > 0 there
is a € > 0 such that if ||zo|| < e then ||x(t)|| < ¢ for all ¢ € Ry. This
finishes the proof of the first conclusion.

. Asymptotic stability. If (4.32) holds, then it follows from the first conclu-
sion that the trivial solution is stable. To show that the trivial solution
is asymptotically stable we only need to prove

lim V (¢, z(t)) = 0. (4.35)

t—oo

It follows from (4.30) and (4.32) that V (¢, «(t)) is nonincreasing. Then
from the fact that V(¢,x(t)) is bounded from below we know that the
following limit exists:

tll>nolo V(t,z(t)) =o.

We then prove that ¢ > 0 is impossible. Let us suppose that ¢ > 0 and
let Kk be

K= inf a(w). 4.36
we€lo,V(0,z0)] ( ) ( )

Suppose that the solution x(¢) intersects the switching surface ¢ = 7, ()
at point (¢, @) = (7x, k), it follows from (4.32) that

V(rd zr+ Uk, zi)) — Ve, 2e) < —a(V (e, @), k€N (4.37)
Since 0 < V (1, xx) < V(0,xg), it follows from (4.36) that
—a(V(mg, k) < —k
from which and (4.37) we obtain
V(5 + Uk, ax)) = V(m, @) < —r. (4.38)

It follows from (4.30) that V(¢,2(t)) is nonincreasing in (7x, 7%+1], we
then have

V(T;, xp + Uk, xr)) > V(Tht1, Tht1)- (4.39)

Therefore, for any K € N we have
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V(TI—?,.’BK —|—U(K,:cK))

K-1
< V(g e + UK, xx)) + Y [V(55 ae + Uk, @) = V(megr, @i
k=0
>0 because of (4.39)
K
= V(Ov 330) + Z[V(le_7 Ty + U(kv xk)) - V(Tkv iL’k)]
k=1
< V(0,20) — Kr « (4.38) (4.40)

which leads to V (7}, zx + U(K,zk)) < 0 for large enough K. This
is a contradiction to the assumption that V (¢, &) is positive definite.
Therefore, o > 0 is not true and (4.35) is valid.

Theorem 4.1.6. Assume that a positive definite function V (t,x) defined on
Ry xS, satisfies

1.
V(t,z) < -B(V(t,z)), (4.41)
V(le_(:ﬂ), T+ U(k’, .’L’)) < a(V(Tk(w)vw))7
t>0, e, keN (4.42)

where a, § € C[Ry,Ry], a(0) = £(0) = 0 and a(w) > 0,8(w) > 0 for
w > 0y
2.

keN \lzl<p llzll<p

sup < min 741 () — max Tk(m)> —¢>0. (4.43)

Then the trivial solution of the control system (4.29) is
1. stable if

a(e) 1

for some ¢y > 0 and all € € (0, €);
2. asymptotically stable if

01, 14
ds < b — )
[ e o

for some ¢ > 0.



4.1 Lyapunov’s Second Method 79

Proof.

1. Stability. Let us choose 6 > 0 and let

= inf V(¢
¢ 120, lzl|>5 t.2)

and choose £ > 0 such that

sup V(0,z) =n<¢.
=l <e

Let x(t) = «(t,xo) be any a solution of system (4.29) such that
x(0,29) = g € S.. To prove that the trivial solution is stable we need
to prove that x(t) will stay within Ss for all ¢ € Ry. To prove this we
can prove that V(t,x) < € for all t € R, .
Let us assume that x(t) intersects the switching surface ¢ = 71 (x) at
point (71, x1). It follows from (4.41) that

V(t,a:(t)) < —B(V(t,x(t))) for t € [0, 7].
Therefore we have
/ Gy 27

Let us substitute a new variable s £ V (¢, x(t)) into this inequality and
from (4.43) we have

_/“vw@w>ﬁ: ¢ V(La®)
o BVt z(1))) ~ BV (L, z(1)))
1

V(0,z0)
_ Ly _
/V(T1,w1) 5(8) 5 =5 V(t,m(t))

>1—0>¢. < (4.43) (4.46)
It follows from (4.42) and (4.44) that

/V(Tfrxwl'*‘U(Lwl)) 1 a(V(r®)) 4 ( )
——ds < / ——ds < ¢. 4.47
V(ri,®1) 6(8) V(r1,®1) 6(5)

(4.42) (4.44)

It follows from (4.46) and (4.47) that
V(0,20) 1
/ ——ds
V(rf,e14U(Lz1)) B(s)

V(0,zo) q V(r &1 +U(L,®1)) 1
= ——ds — / ——ds >0 (4.48)
/\V/(‘rl,ml) ﬁ( ) Vi(ri,e1) ﬁ(S)
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from which we have
V(T1+,CE1 +U(1,21)) <V(0,xp).
Then by using mathematical induction we know that
V(r, ze + Uk, zy)) < V(0,z0)

for all k£ € N. Therefore we have the first conclusion.

Asymptotic stability. If (4.45) holds, then from the first conclusion we
know that the trivial solution is stable. Let us assume that x(t) intersects
the switching surface t = 7 (x) at (7x, ). Then it follows from (4.41)
that

T V(@)

Let us substitute € in (4.45) with V (7441, Tx+1) and in view of (4.42) we
have

- S

/v(T,j+1,wk+1+U(/c+1,wk+1)) 1 /a(V(Tk+1,wk+1) 1
V(Th+1,®k+1) /8(8)

V(Th+1,@k+t1) 5(8)

(4.42)
<é—C. < (4.45) (4.50)

It follows from (4.49) and (4.50) that

/V(TJ@HU(k,w;‘-)) /V(T;r,mk-i-U(k,mk)) 1

1
VO ek U+ La) B) v @i B(s)

/V(T:+17wk+1+U(k7+1;wk+l)) 1
V(Th+1,®k+1) 5(5)

2¢—(0—=¢ =¢ (4.51)

Therefore for the sequence {V (7, + U(k, zx))} we have

V(T,:r,wk—&-U(k,wk)) 1
/ —2>C( keN (4.52)
Ve AU (4 Lag ) B(S)
from which we know that the sequence {V(rf, @) + U(k,xx))} is de-
creasing as k — oco. We then have the following claim:
Claim 4.1.6:
leIrolo V(T,:_, xp +U(k,z)) = 0.

If Claim 4.1.6 is not true then we can assume that
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klim V(r ,zp + Uk, zi)) = o > 0.
— 00

Let

K= inf s
s€lo,V (t,z0)] ﬁ( )

then it follows from (4.52) that
V(r @i tUker)) 1
¢ < / 1
V(1 +U(+1L@er1)) B(s)
1
< Vg @ + Uk, )
~V(rt, @ + Uk + 1, @41))] (4.53)

from which we know that

V(T,:'_, T + U(k,.’l)k)) — V(Tl;:_l, Tyl + U(k + 1, wk+1)) > (k.
(4.54)

This is a contradiction to the convergence of sequence {V (7, z) +
U(k,xk))}. Therefore, Claim 4.1.6 is true.

It follows from (4.41) that V' (¢, 2(t)) is decreasing in every (7x, Tx+1] for
k € N. Thus we have

sup  V(t,z(t) =V(r,zp + Uk, zx)) (4.55)

te(Th, Th+1)

from which and V (7,1, ®k1+U (k + 1, @py1)) < V(77 , 2p+U (k, 1)), k €
N, we know that

V(t,z(t) <V(r,zp + Uk, xy)) for all t > 7. (4.56)
Then it follows from Claim 4.1.6 that
tlirgo V(t,x(t) =0 (4.57)
from which we know that
Jim [|z(2)]| = 0. (4.58)

This finishes the proof of the second conclusion.

Similarly, we have the following theorem.

Theorem 4.1.7. Assume that a positive definite function V (t,x) defined on

Ry xS, satisfies
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1.
Vit,z) < B(V(tx)), (4.59)
V(le_(m)’ T+ U(ka .’B)) < a(V(Tk(.’B),.’I})),
t>0, z€S8,, keN (4.60)
where a, § € C[Ry,Ry], a(0) = (0) = 0 and a(w) > 0,8(w) > 0 for
w > 0;
2.

max Tpy1(x) — min 7%(x) < ¢, ¢$>0, keN (4.61)
llell<p llzll<p

Then the trivial solution of the control system (4.29) is
1. stable if

1
/M Eds > ¢ (4.62)

for some €9 > 0 and all € € (0, €);
2. asymptotically stable if

c 1
/am @ds >o+C (4.63)

for some ¢ > 0.

Proof.

1. Stability. Let us choose § > 0 and let

E=  inf V(@)

t>0,||2]|>6
and choose ¢ > 0 such that

sup V(0,z) =n<E&.

l=ll<e

Let x(t) = «(t,xo) be any a solution of system (4.29) such that
x(0,x9) = g € Sc. To prove that the trivial solution is stable we need
to prove that a(t) will stay within S5 for all ¢ € Ry. To prove this we
can prove that V(t,x) < £ for all t € R;.
Let us assume that x(t) intersects the switching surface t = 7 (x) at
point (71, z1). It follows from (4.59) that
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V(t,z(t)) < B(V(t,z(t))) for t € [0,7].

TVt a(t)
—— 2t < T7y.
A BV (t,(t)))
Let us substitute a new variable s £ V (¢, x(t)) into this inequality and
from (4.61) we have

Therefore we have

n V() OVt 2(t))
/o Ve~ ), B ten)”
V(0,20) 1
:-/ g c=vaw)
Vi(ri,z1) (S)
<TH-0<¢. <« (4.61) (4.64)

It follows from (4.60) and (4.62) that

/V(rf,w1+U(17w1)) 1 a(V(rz1)) 1 ( )
——ds < / ——ds < —¢. 4.65
V(1) 6(‘9) V(11,®1) B(S)

(4.60) (4.62)

It follows from (4.64) and (4.65) that
V(O,wo) 1
/ ——ds
V(T1+7m1+U(1,:v1)) 6(8)
V(0.@0) V(r a1 +U(1,21)) 1
= / ——ds — / ——ds>0  (4.66)

V(r,®1) 6(8) V(r,®@1) 6(8)

from which we have
V(21 +U(1,21)) < V(0,20).
Then by using mathematical induction we know that
V(r ,ze + Uk, zi)) < V(0,0)

for all £ € N. Therefore we have the first conclusion.

. Asymptotic stability. If (4.63) holds, then from the first conclusion of
this theorem we know that the trivial solution is stable. Let us assume
that x(t) intersects the switching surface t = 7 (x) at (7%, k). Then it
follows from (4.59) that

TtV (¢, @)
/7_;r mdt S Tk+1 — Tk S (b (467)
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Substituting € in (4.63) with V (7441, Zr+1) and in view of (4.60) we have

/v(T,j+1,wk+1+U(/c+1,wk+1)) 1 /a(V(Tk+1,wk+1) 1

V(mki1@i1) B(s) — V(Tht1,®k+1) B(s)
(4.60)
< —¢0-C = (4.63) (4.68)
It follows from (4.67) and (4.68) that
/V(T:’wHU(k’wk)) 1 \/V(le—ﬁtk'i‘U(k,wk)) 1
V(@i U (kL) B(s) a V(Tht1,®k+1) B(s)
/V(T:+1,mk+1+U(k‘+l,mk+1)) 1
V(Th+1,®k+1) ,8(8)
>—p— (-0 =¢C (4.69)

Therefore for the sequence {V (7, + U(k, zx))} we have

V(T:,wk-‘rU(kJ,wk)) 1
/ L S¢ ken (4.70)

V(s AU (e Lay ) B(S)

from which we know that the sequence {V (7, xy + U(k,xy))} is de-
creasing as k — oo. We then have the following claim:
Claim 4.1.7

kli_)I{)lO V(T,j_, zp +U(k,z)) = 0.

If Claim 4.1.7 is not true then we can assume that
klim V(T,:_,:Itk +U(k,x)) =0 > 0.

Let

K= inf s
sE[o’,V(t@o)]ﬁ( )

then it follows from (4.70) that
V(rt e +U(k,er)) 1
¢ < / N
V(rf @i +U(k+1,2511)) 5(3)
1
< LVt me Uk, @)
V(i kg + Uk + 1, @p41))] (4.71)
from which we know that

V(Tl:_v T + U(k,.’])k)) - V(Tl::rla Tr+1 + U(k + 1a mk-i-l)) > CF“"
(4.72)
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This is a contradiction to the convergence of sequence {V (7, z) +
U(k,xk))}. Therefore, Claim 4.1.7 is true.
Similarly, we can prove that

lim V(t,z(t)) = 0 (4.73)

t—oo

from which we know that

lim ||z(¢)|| = 0. (4.74)

t—oo
This finishes the proof of the second conclusion.

FEzample 4.1.1. Let us study the stability of the trivial solution of the follow-
ing impulsive control system:

j::y, }7 t#Tk(l’,y),

y=—sinzx
Azx = —x + cos™? (COS(Jf) - y?) } t =T1i(z,y). (4.75)
Ay = —y

Let us construct a Lyapunov function as
y?
V(z,y)=1—cosz + 5 (4.76)

Then we have

V(z,y) = ysinz —ysinz =0 (4.77)
and
y?
V(z+ Az,y + Ay) = 1 — cos (cos_1 (cos(x) - 7))

=1—cos(z) + % =V(z,y). (4.78)

It is clear that for any kind of switching surface ¢t = 74 (x, y), the conditions of
Theorem 4.1.5 hold. Therefore, the trivial solution of system (4.75) is stable.
*

4.2 Linear Decomposition Methods

In this section we consider the stability of the zero solution of the following
impulsive control system:
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=AMtz +g(t,x), t#m, (4.79)
Ax = Byx +U(k,x), t =715, k€N .

where x € R”, A(t) € R*™*", g : Ry x R* — R", g(¢,0) = 0, B, € R**",
U:NxR*— R* and U(k,0) = 0,k € N. The plant is decomposed into
linear and nonlinear parts. g(t, ) can be the nonlinearity of the plant or the
nonlinearity of the continuous control law. We assume that

Thp1 — Tk >0, keN 6>0. (4.80)

We also need the following reference system

&= A, t # 7,
{Aw =Bz, t=15, k€EN (4.81)

Theorem 4.2.1. Assume that
1. the state transition matriz W(t, s) of reference system (4.81) satisfy

@ (t,s)]| < Ke? 779 K >1, 4>0 (4.82)

for allt and s with ty < s <'t;
2. forallt >tg, k€N, ||| <h, h >0 we have

lg(t, )|l < allll, Uk, )| < allz|; (4.83)
3. )
’y—Ka—gln(l—FKa) >0
where 6 is given by (4.80).
Then the zero solution of system (4.79) is asymptotically stable. X

Proof. Let the initial condition be x(fy, o) = x¢ then every solution of
system (4.79) can be written as

2(t, o) :w(t,to)mo+/ (1, 5)g(s, @ (s, m0))ds

to

+ Y W)U, (7, @) (4.84)

to<Ti <t
From (4.82) and (4.83) we have
¢
l2(t, o) || < Ke 771 || +/ Ke™7a||z(s, 20)|/ds
to

+ ) Ke"al|a(n, xo), (4.85)

to<Ti <t
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or in the following form:

t
O et 0)]| < Kol + [ Kae™e= (s, o) ds
to

+ Z Kae" ™=t ||z(7;, x)]|. (4.86)
to<T; <t
By using Lemma 1.7.1, we have

) a1, ) | < K amol| (1 + Ka)ModeRat—) (4.87)

From the assumption (4.80) it follows

le(t, @0)| < K]lo] exp {— (7 Ko Ln(i+ Ka>) (t - m} (4.88)

Then from assumption 3 it follows that for all ||x|| < h/K,

tlim le(t, z0)|| = 0.

Theorem 4.2.2. Assume that

1. the largest eigenvalue of matriz 5 (A(t)+AT (), Au(t), satisfies A (t) <
for all t >ty and the largest eigenvalue of the matriz (I + B )(I + B;
A;, satisfies A; < o2 for all i € N;

2. the limit

N(t,t +T)

lim ——— =
Toee T P

Y
);

exists and is uniform for all t > ty;
3. v+pha<0;
4. forallt >ty, k €N, ||z|| < h, h >0 we have

lg(t, )| < allll,  [[U(k, )| < allz]. (4.89)

Then the zero solution of system (4.79) is asymptotically stable with a suffi-
ciently small constant a. X

Proof. Let the initial condition be @, (tg, o) = @o then every solution of
reference system (4.81) satisfies

2 (to, o) || < @™ 0010 ||y . (4.90)

Based on assumptions 2 and 3 and (4.90) we can find K > 1 and p > 0 with
0 < pu < |v+ plnal such that for all ¢y < s < ¢, the state transition matrix
of system (4.81), (¢, s), satisfies
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|@(t,s)z|| < Ke " =9)||2||, =zecR". (4.91)

In a sufficiently small neighborhood of the point xy the solution of system
(4.79) is given by

2(t, o) :w(t,to)mo+/ (1, 5)g(s, m(s, m0))ds

to

+ Y W)U, ®(7, @) (4.92)

to<Ti <t
Using the similar process in the proof of Theorem 4.2.1 we have
M0 a(t, o) | < Klo[(1-+ Ka) Mo DeKat=o) (1.9
from which we have
l&(t, zo)|| < Kil[@oll exp{— (1 —pIn(1 + Ka) — Ka+€)(t —to)} (4.94)

for any € > 0 with K3 = Kj(e) > 0. Therefore, if a is sufficiently small such
that
uw—pln(l+ Ka)— Ka>0

then ||z (t, zo)|| — 0ast — 0. |
Similarly, we have the following theorem.

Theorem 4.2.3. Assume that

1. the largest eigenvalue of matriz 3(A(t)+AT (1)), A (1), satisfies Ay (t) <
for all t >ty and the largest eigenvalue of the matriz (I + Bl )(I + B;
A, satisfies A; < o for all i € N;

2. T,k € N satisfy 0 < 6y <71 — 151 < Oo;

3.

g
);

1
'Y+51HO{<O,

where

91, ifa Z 1;

4. for allt > ty, k€N, ||x|| < h, h >0 we have

9:{%7U0<a<L

lg(t, 2l <alz|, UK, z)|| < allz|. (4.95)

Then the zero solution of system (4.79) is asymptotically stable with a suffi-
ciently small constant a. X

If in system (4.79) A(t) and By, k € N are time-invariant, then system
(4.79) can be rewritten as
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z=Ax+g(t,x), t#%,
{Am:Baz—FU(k,cc),tzm, keN (4.96)

where g(t,0) = 0 and U(k,0) = 0,k € N. We then have the following theo-

rems.

Theorem 4.2.4. Assume that

1. A is in real canonical form and

v = m%f{Re)\j(A), o? = mvéfcRe)\j[(I +B")(I + B)]
j= j=
where \j(A) and \;[(I + B")(I + B)] are the j-th eigenvalues of A and
(I + B")(I + B), respectively;
2. the limit
o R +T)
e T P
exists and is uniform for all t > ty;
3. v+plha<0;
4. for allt > ty, k €N, ||x|| < h, h > 0 we have

lg(t, )| < alll|, UK, )| < allz]] (4.97)

Then the zero solution of system (4.96) is asymptotically stable with a suffi-
ciently small constant a. X

Theorem 4.2.5. Assume that

1. A is in real canonical form and

J=

v = m?if{Re)\j(A), o = m%lxRe)\j[(I + B")(I + B)];
i=

2. T,k € N satisfy 0 < 6y <71 — 1p—1 < Oo;
3.
1
v+ 5 Ina < O,
where
0 — 0, if0<a<l,
917 ZfOé > 17
4. for allt > ty, k€N, ||x|| < h, h >0 we have
lgt, )|l < alzll, (U, @) < alz]. (4.98)

Then the zero solution of system (4.96) is asymptotically stable with a suffi-
ciently small constant a. X
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4.3 Methods Based on Linearization

In this section, we consider the stability of the following impulsive control
system:

w:.f(w)a t#Tk;,
Aw = U(k,{l:)7 t = Tk (499)
z(ty) =xo, to>0, k=1,2,---,

where f(0) =0, U(k,0) =0 and f € C'[R",R"]. Let matrix A € R"™*" be
the Jacobian of f at @ = 0; namely,

9f1(0) 0£1(0) . 9£1(0)

ox ox Oxp,
0£2(0) 9f(0) . 9f2(0)
A= | O 0w O (4.100)

0fn(0) 8fn(0)  9fn(0)
oxq Oxo Oy,

then the linearized version of system (4.99) is given by

T = Ax, t # Th,
Az =Ulk,z), i =, (4.101)
w(ta_):m07 toZO, ]{}:172’...’

Theorem 4.3.1. Assume that

1. A is negative definite and there is a symmetric positive definite matriz P
that is the unique solution of the following equation:

ATP4+PA=—-Q. (4.102)

Let M\ and Ao be the smallest and the largest eigenvalues of P and X3 be
the smallest eigenvalue of P~'Q such that

)
—A3 424/ 2 <0; (4.103)
A1

[x(7,) + Uk, x)]" Plx(m,) + Uk, )] < ()" Pa(rs).
Then the origin € = 0 of system (4.99) is asymptotically stable. X

Proof. Since f € C'[R*,R"] and f(0) = 0 we have

f(z) = Az + g(x) (4.104)
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where g € C[R", R"] satisfies

lg (@)l

]
le|—0 |||

=0 (4.105)

from which we know that there is a § > 0 such that
lg(x)|l < l|lz| provided |lz|| < é. (4.106)

For any ¢ € (73, Tk+1] we have

z(t) = z(r}) +/ [Az(s) + g(x(s))]ds (4.107)

Tk

from which we have

lz(®)]| < [l(7)] +/ HAl2(s)]l + lg(z(s))lllds, t € (7, Th+1)4.108)

Tk

We then have the following claim:
Claim 4.3.1: Let & = 6e~UAIHDTR=7)  then |z (t)|| < & for all t €
(Tk, Tk+1] Whenever x (1) < 61.

If Claim 4.3.1 is not true then there is a t* € (74, Tk41] such that ||z (t*)|| =
6 and |lx(t)]] < 6 for all ¢ € (74, t*].

Since ||z (t)|| < 6 for all t € (73,t*] by assumption and in view of (4.106)
and (4.108) we have

(@) < IIw(T;?)HﬂL/ [Allz(s)l + [lg(z(s)lds <= (4.108)

Tk

< IIw(T;?)HﬂL/ [Allz(s)]| + [le(s)lllds, <= (4.106)

Tk

t e (. t*. (4.109)

It follows from Gronwell-Bellman inequalities that (4.109) implies

2] < [la(r) eVt e (n, 1], (4.110)
Therefore
()] < llz(n!)[leATHDE =)

< 6, eAIHDE =7x)

— se—UAIFD (rgr —m0) A1) (1" —75)

_ seUlAI+DE —7isn)

<6 (4.111)
is a contradiction to the assumption that ||z(¢*)|] = §. Thus, Claim 4.3.1 is

true; namely, ||z(t)|] < 6 for all t € (7%, Tg+1] whenever z(7;7) < &;. Then
from (4.106) we have
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lg(z(@®)]| < [l()]]

for all ¢ € (1x, Tit1] and [Jz(r;))]] < 61.
Let us choose the following Lyapunov function

V(t,x) = x(t)" Px(t)
then for (¢,x) € & we have

Vit,z) =x' (ATP+ PA)x + [g(x) Pz + x' Pg(x)]

=-—2'Qzx+[g(x) Pxr+x'Pg(x)] <« (4.102)

< <—>\3+2\/iji> V(t,z), (tz)e®,

whenever ||z(7;")| < é1. By choosing

1= (-2yE)

the conclusion is straightforward from Corollary 4.1.1.
For ¢ € (7, Tk+1], the solution of (4.99) is given by

t
x(t) = eA(t_T’“)m(T,j) +/ A=) g(x(s))ds.
Tk
When t = 7541, we have

Tk+1

2(nin) = AT () o [ A g (a()ds

Tk
Let us use the following notation:
Tk+1
g2 [ A Ig(a(s)ds
Tk
For any given € > 0, we choose €; > 0 such that

€ = e1eCIAIFD (Thp1—7k)
From (4.105) we know that there is a d2 > 0 such that
lg(@)[| < erllz|,  provided [lz[| < 6.

Let us choose

63 = min <617 e(|A|+1)(‘rk+1—Tk-)>

(4.112)

(4.113)

(4.114)

(4.115)

(4.116)

(4.117)

(4.118)

(4.119)

(4.120)
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then in case of ||z|| < 83, from (4.110) we have
lz()]] < llz(7) [l AFDTemm) = (4.110)

< §3eIAIHD (Thp1—7x)

<8y, tE (i o). < (4.120) (4.121)
From (4.110), (4.119) and (4.121) we know that

lg(x@)] < ellz@®)l <« (4.119)
< ezl eIAIFD TR =m) = = (4.110)
provided ||z(7;)|| < 63, t € (Th, Tht1)- (4.122)

We then have

Thk+1
lenll < / M=) | g((s))|ds < (4.117)

k
< e||A||(7k+1*Tk)61||w(72')He(||A|\+1)(Tk+1*Tk) < (4.118)
= ¢ellz(r)|, provided |lz(r")| < . (4.123)

Thus for any given € > 0, thereis a §3 > 0, 3 < 61, such that [|& || < el|z(r;)||
whenever |z(m,h)| < 6.
Then from (4.116) we have for any given € > 0

||-'13(77c+1)H < €I|A||(7k+1—7k)||w(7-]:’_)|| + ||£k|| <~ (4116)&(4117)
< (el 4 o) fla(r)l| <+ (4.123)
provided ||z(7;7)|| < . (4.124)

If the impulsive control law is given by U(k, ) = Byx, then we immedi-
ately have the following theorem:

Theorem 4.3.2. Assume that

1.
0< 3y = inf(1h41 — 7) <sup(Ther — 1) = Jo < 00;
keN keN
2.
(I + By)eA - <J3<1, keN
Then the origin © = 0 of system (4.99) is asymptotically stable. X
If

A= lim (I+ By,)eATe1=mi)
exists, then we have the following theorem

Theorem 4.3.3. Assume that assumption (1) of Theorem 4.3.2 is satisfied
and the spectral radius of A, p(A) < 1, then the origin € = 0 of system (4.99)
is asymptotically stable. X
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4.4 Linear Approximation Methods

Consider the following impulsive differential system

T=At)z+g(tx), tF#,
{Am:Bkm+U(l€,m),t:Tk, k=1,2,---, (4.125)

where x € R*, A(t) e R"*" and g : Ry xS, — R", p > 0, B, € R"*",

U :

N xS, — R". Let &(t,s) be the fundamental matrix of the following

ordinary differential equation:

&= At)z. (4.126)

Then the stability of system (4.125) based on linear approximation is

given by the following theorem.

Theorem 4.4.1. Assume that

1.
2.

N

A € PC[Ry, R™™"™];

Dt s)|| < d(t)p(s) for me—1 < s < t < 7,k € N, where ¢,¢ €
PCIR+,R] and ¢(t) > 0, ¥(t) > 0, ¢(r77) > 0, ¥(r;7) > 0 fort € Ry,
keN;

the function g(t,x) is continuous and locally Lipschitz continuous with
respect to x in the sets (Ty—1,Tk] X Sy, k € N, and for each k andy € S,
the limit of g(t,x) exists as (t,x) — (1,Y), t > T;

in the domain Ry x S,, the following inequality holds: ||g(t,x)|| <
a(t)||xz]|™, where m > 1 is a constant and the function o € PC[R.,R] is
nonnegative;

I + Bill <k, vk > 0 is a constant and I is the identity matriz;

the functions U(k,x) are continuous in S, and

Uk, @) < prllel, =&, keN

where pr > 0 are constants.
for any to > 0 there is a N = N(ty) such that

o(t) H rr < N, fort>tq,

to <7<t

where r, = (v + pk)¢(Tk)¢(T/:)

D(0,00) & /OOO ( H rk> ¢ (s)Y(s)a(s)ds < oo; (4.127)
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9. there is a N > 0 such that

o) [ <N, for0<to<t<oo,

to<TE<t

W TH(tg) Dlto,00) < N, for to > 0;
10. for any € > 0 and ty € Ry there is a 0 = o(e, ty) such that

o(t) H rp <€, for t>ty+ 03 (4.128)

0<m<t

11. for any € > 0 there is a 0 = o(€) such that for each th € Ry we have

o)ty H ry <€, for t>1ty+o0.

0<r <t

Let us assume that m > 1, then the solution * = 0 of system (4.125) is

1. stable if assumptions 1-8 hold;

2. uniformly stable if assumptions 1-6 and 9 hold;

3. asymptotically stable if assumptions 1-6, 8 and 10 hold;

4. uniformly asymptotically stable if assumptions 1-6, 9 and 11 hold.

Proof. See the proofs of Theorems 8.1-8.4 of [2]. |

Theorem 4.4.2. Given the following function:

M(to,t) = o)t | ] (m+ Pk)cb(ﬂc)lﬁ(ﬁj)] exp (/0 ¢(5)¢(5)d8)

0<m <t

and assume that the assumptions 1-6 of Theorem 4.4.1 hold and m = 1, then
the solution x = 0 of system (4.125) is

1. stable if for any ty € Ry there is a N > 0 such that M (tp,t) < N for
t 2 to 2 0,'
2. asymptotically stable if for any tp € Ry and € > 0 there is a 0 > 0 such
that M (tg,t) <€ fort >ty +o;
. uniformly stable if there is a N > 0 such that M (ty,t) < N fort >ty > 0;
4. uniformly asymptotically stable if there is a N > 0 such that M (fh,t) < N
fort >ty >0 and for any € > 0 there is a o > 0 such that M (ty,t) < e
foranyto e Ry andt >ty +o.

o

X

Proof. See the proof of Theorems 8.5 of [2]. |
Let us then consider the following special case:
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(4.129)

x=Ax+ P(t)x, t # 1%,
Ax = Bx+ Byx, t =1, k=1,2,---,

where A € R"*™ P(t) € R"*", B € R"*" By € R"*" k € N. Let us also
consider the following reference system

T =Ax, t# 1,
{AiL’ZB.’L',f:Tk, k=1,2,---. (4.130)

We then have the following theorem.

Theorem 4.4.3. If the solutions of the reference system (4.130) are stable,
I + B is nonsingular

/ |P(t)dt < 00 and T (1+|Bi]) < (4.131)
to Ti>to
then the solutions of system (4.129) are also stable. X

Proof. The state transition matrix of system (4.130) is given by

Wt to) = X7 [T (T4 Bt

to<T;<T;
0 =to, t€ (75, Tit1). (4.132)

Since the matrix I + B is nonsingular, ¥(t,ty) is also nonsingular and we
have

Wt 1)U (s,t0) = e T (I + B)eATm™5-0(1 4 B)eA =),
to<T;<Ti

<t < Tiy1, T <8< Tpy1, k<i. (4.133)

Since the solutions of system (4.130) are stable, it follows from (4.133) that
there is a number K > 0 such that

1@t to)| < K, [W(t )7 (s,t0)| S K, to<s<t. — (4.134)

With the initial condition x(ty, ®o) = xo, any a solution of system (4.129) is
given by

x(t,xo) = U(t, to)xo +/ U(t,s)P(s)x(s,xo)ds

to

+ > W(t,m)Bix(ni, o). (4.135)

to<T; <t
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Let z(t, xo) and x(¢,y,) be any two solutions of (4.129) and from (4.134) we
have

l(t, o) — 2(t, yo)l| < Ko — wo
t
+ / KI|P()]||(s, 20) — (s, o) ds

+ Y K|Billlz(ri, o) — 2(7i, yo)l.

to<Ti <t

From Lemma 1.7.1 it follows
lz(t, zo) — (t, yo)l

t
<k [ (+K|B])esp ( / KnP(s)nds) leo —wol, ¢ > to.
to

to<T; <t

Since 1+ K||Byl| < (1+]Bil|)* and from (4.131) we know that [, .. .,(1+
K||B;||) converges. Thus we know that the solutions of system (4.129) is
stable.

]
Consider the following impulsive differential system
& =Alt)x+g(t, ), t # 7,
{A:c:Bkzc, t:Tk, k:1,2,"' (4136)
where x € R", A(t) € R"*™ and g : Ry x R* — R™.
Let &(t,s) be the fundamental matrix of the following ODE:
z = A(t)x. (4.137)

Theorem 4.4.4. Let us assume that

A € PC[Ry, R™*"™];

2. |12t 9)|| < Ppt)p(s) for 1 < s < ¢t
PC[Ry,R] and ¢(t) > 0, ¢(t) > 0, ¢(7)
keN;

3. The function g(t,x) is continuous and locally Lipschitz continuous with
respect to x in the sets (T,—1, 7] X R", k € N, and for each k and y € R*
the limit of g(t,x) exists as (t,x) — (1,Y), t > Tk;

4. In the domain Ry x R™, the following inequality holds: |g(t,x)|| <
a(t)||z]|™, where m > 1 is a constant and the function o € PC[Ry, R is
nonnegative;

5. I + B|| < vk, where v, > 0 is a constant;

~

Tk, k € N, where ¢,9 €
0, Y(r7) > 0 for t € Ry,

<
>
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6.
D(0,00) & /OO ( H rk> " (s)Y(s)a(s)ds < oo (4.138)
0 0<T<s

where Ty, = (i)Y (T30
7. For any € >0 and ty € Ry there exists 0 = (e, tg) such that

o(t) H rp <€, fort>ty+o. (4.139)

0<t<s
Then the solution © = 0 of system (4.136) is asymptotically stable. X
Proof. 1t is straightforward from Theorem 4.4.1. |

4.5 Stability of Sets

In this section let us study the impulsive control problem of controlling the
plant to a target set instead of a target point. This kind of control problem is
very common when the plant is chaotic because a chaotic attractor remains
within a certain region. The design of this kind of impulsive controller is
based on the stability of sets[2, 8] of impulsive control systems. Let = C R”
and assume that there is a set $ C Ry x = in the phase space of the following
impulsive control system:

a::f(t,az), t?éTk(CC),
Ax =U(k,z), t=m(x), k€N, teR; (4.140)

where

1. f € C[Ry x E,R"] and there is a constant Ly > 0 such that ||f(¢, ) —
Ft, Y|l < Li||lx—y| for t € Ry, @,y € =. There is a K € Ry such that
If(t, x)| < K for (t,x) € Ry x E.

2. 1, € C[Z, Ry ], k € N satisfy

O0=719 <mi(x) <T2(x) <---, klim Ti(x) = 0o uniformly on « € =
— 00

and
inf 711 (x) — sup 7i(x) > 0 > 0.

3. U:Nx 5 — R" satisfies
[U(k,z) Uk, y)|| < Loll® —yl, zyeZ, kel
andx +U(k,x) € Zforallx € 5 and k € N.
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We assume that there is no beating phenomenon. Let us define I} =
(Tk—1(x), 7e(x)) x =, k € N and

oo

FéUFk.

k=1

$(t) 2 {xc 5| (t,x) €8}, % = {x € 5| (1, ) € [$N Thi1]°},

(1) 2 { St), t # 7, (4.141)

$r, t=rTs.

Let there be such a p > 0 that for all ¢ € Ry we have [$(¢, p)]° C = and let
d(x,$) be a distance between a point & € R* and the set $ defined by

d(@,) 2 inf |2~ |

and satisfying

lim d(z,$(t)) =d(z,$), kEN, z€ $(r, p). (4.142)
t—1,

then we define the following notations of &-neighborhoods of $(t):

$(t,6) = {z € R"| d(z,8(t)) < &},
$(tT,¢) & {x € R*| d(z,$(t7)) < £} (4.143)

We assume that $(¢) # 0 for all t € Ry and $x # 0 for all k£ € N. We also
assume that for any compact subset S of Ry x = there is a constant L3z > 0
which is dependent on S such that if (t1,x), (t2,z) € S, then we have

|d(x,$(t1)) — d(z,$(t2))| < La|[t1 — t2]|.

Suppose that there is a ¢ > 0 such that the set {z € R | d(z,$(t)) < o} isa
subset of = and any a solution x(t) = (¢, 9, o) of impulsive control system
(4.140) satisfies d(x(t),$(t)) < o for all t € IJ*(to, zo).

Definition 4.5.1. V : Ry x = — R belongs to the class V5 if

1. V s continuous on I' and locally Lipschitz continuous with respect to
each x in I,k € N;
2. V(t,z) =0 for (t,z) € $ and V(t,z) >0 for (t,z) € (R x =)\ $;
3. for any x € = and k € N the following limits exist:
lim V(t,y) =V(r,x),
(ty)—=(r @)

lim  V(t,y)=V(r, ,x) =V(m, ). (4.144)

(ty)— (7 =)

X
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4.5.1 Stability

In this section all results are presented under assumption = C R". We first
present some definitions of different kinds of stability of sets.

Definition 4.5.2. Let x(t) = x(¢,t0,x0) be a solution of (4.140) such that

x(t,to, xo) = o, then the set $ is

SS1 a stable set of system (4.140) if for any 6 > 0, th € Ry and n > 0 there
is a € = e(to, 6,m) such that xy € S,N$(to, <) implies z(t,ty, o) € $(t,06)
for any t € J*(to, o).

SS2 a t-uniformly stable set of system (4.140) if the ¢ in SS1 is independent

Of to.
SS3 an n-uniformly stable set of system (4.140) if the € in SS1 is independent

of .
SS4 a uniformly stable set of system (4.140) if the € in SS1 is independent of
to and 7.

X

Definition 4.5.3. Let x(t) = x(¢,t0,x0) be a solution of (4.140) such that
x(t{, to, o) = o, then the set $ is

SA1 an attractive set of system (4.14_0) if for each n > 0, {) € Ry there is a
>0 and for each 6 >0, g € S, N$(to, 1) there is a ¢ > 0 that satisfies
to + ¢ € I (to, o) such that

x(t, to, xo) € $(t,8) for all t >ty + ¢,t € I (to, xo).
SA2 a t-uniformly attractive set of system (4.140) if for each n > 0 there is a
u >0, for each 6 > 0 there is a ¢ > 0, such that for each th € Ry
xo € Sy NS$(to, 1), to+ ¢ €I (to, zo),
implies
z(t,to, o) € $(t,6) for all t > tg+ ¢,t € I (to, xo).
SA3 an n-uniformly attractive set of system (4.140) if for each t € Ry there
is a p > 0, for each 6§ > 0 there is a ¢ > 0, such that for each n >0
xo € S, N$(to, 1), to+ ¢ €I (to, o),
implies

x(t,to, o) € $(t,0) for all t > tg+ ¢,t € I (to, xo).
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SA4 a uniformly attractive set of system (4.140) if given a p > 0 and for each
6 > 0 there is a ¢ > 0, such that for each n > 0, ty € Ry

xo € S, NS$(to, 1), to+ ¢ €I (to, xo),
implies

x(t,to, o) € $(£,6) for all t >ty + ¢, t € I (to, o).

Definition 4.5.4. $ is

1. an asymptotically stable set of system (4.140) if it is SS1 and SA1.
2. a t-uniformly asymptotically stable set of system (4.140) if it is SS2 and
SA2.
3. an n-uniformly asymptotically stable set of system (4.140) if it is SS3
and SA3.
4. a uniformly asymptotically stable set of system (4.140) if it is SS4 and
SA4.
X
Theorem 4.5.1. Assume that « € K and V € V3 and
a(d(x,$(t)) <V(t,x) for (t,x) € Ry x =, (4.145)
DYV (t,z) <0 for (t,z) € T, (4.146)
V(rh,z +Uk,z)) < V(m,x) forke Nz € =. (4.147)
Then $ is a stable set of system (4.140). X

Proof. Let 6,n > 0 and given ty € Ry, g € =, then it follows from V € Vs
that V(to,z) = 0 for & € $(to). Therefore, there is a ¢ = (to, 6,77) > 0 such
that, if z € S, N $(ty,e) N =, then

V(td,x) < af). (4.148)

Choose zg € S,;N$(t,)NZ=, then it follows from (4.145), (4.146) and (4.147)
that

a(d(=(t),8(t) < V(t,=(t))
<V(tF,®o) < a(d), (4.149)
from which we have
d(x(t),$(t)) <é. (4.150)

Thus, x(t) € $(¢,6) for all t > to. This proves that $ is a stable set of system
(4.140). n



102 4. Impulsive Control with Fixed-time Impulses

Theorem 4.5.2. Assume that o € K, 8 : Ry xRy — Ry such that 5(t,-) €
K for any fixedt € Ry, V € V3 and

ald(z,$(t)) < V(t,x) for (t,x) € Ry X =, ( )
Bt d(w,8(1))) > V(t,2) for (o) € Ry x =, (1152)
DYV(t,x) <0 for (t,x) € I, (4.153)
V(rr,z+Uk,z)) <V(m,x) forke Nz € =. ( )

Then $ is an n-uniformly stable set of system (4.140). X

Proof. For any 6 > 0 and to € Ry let us choose a € = £(tp, ) > 0 such that
B(to,€) < a(6). Let us choose n > 0 and @ € S,N$(t;, )N =, then it follows
from (4.151), (4.153), (4.154) and (4.152) that

a(d(x(t),$(1))) (1))

o)

to, d(xo, $(t0)))

to,e) < ad), t € I (to, o). (4.155)

V(t,x
Vitg,

ININ N IA

==

Therefore we know that J*(tg, zo) = (tg,00) and =(t) € $(¢,8) for all £ > .
This proves that $ is an n-uniformly stable set of system (4.140). |
Similarly, we have the following two theorems.

Theorem 4.5.3. Assume that o € K, §: Ry xRy — Ry such that f(w,-) €
K for any fired w € Ry, V € V3 and
a(d(z,$(t)) < V(t,x) for (t,xz) € Ry x 5, (4.156)
Bl d(z, $(t)) = V(t,z) for (t,x) € Ry x Z, (4.157)
DYV(t,x) <0 for (t,x) € I, (4.158)
V(rg,x +U(k,z)) <V(rg,x) fork e Nz € =. ( )

Then $ is a t-uniformly stable set of system (4.140). X
Theorem 4.5.4. Assume that a,3€ K, V € V3 and

ald(x,$(t)) <V(t,xz) for (t,x) € Ry x =, (
Bld(,8(1))) > V(t,@) for (t,) € Ry x 5, (
DTV(t,z) <0 for (t,x) € I, (4.162
V(rf,x+U(k,2)) <V(m,x) forke Nz € =. (

Then $ is a uniformly stable set of system (4.140). X

Theorem 4.5.5. Assume that o, B,k € K and V, V4 € V3 and
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a(d(x,$(t)) <V(t,x) for (t,x) € Ry x =, (4.164)
Bd(z,5(1)) < Vi(t,x) for (t,x) € Ry x =, (4.165)
DYV (t,x) < —k(Vi(t,x)) for (t,z) € I, (4.166)
sup DTVi(t,z) < K; < oo, (4.167)
(t,e)el
V(rt,z+U(k,z)) <V(m,x) forkeNz € =, (4.168)
Vi(r,z +U(k,z)) < Vi(r,x) fork e Nz € =. (4.169)
Then $ is an asymptotically stable set of system (4.140). X

Proof. 1t follows from Theorem 4.5.1 that $ is a stable set of system (4.140).
Let us choose an n > 0 such that for all t € R we have $(¢,7) C =. It follows
from (4.164) that

O(t,n) C $(t,n) C =, teRy (4.170)
where
Ot,n) 2{xec = |Vttt x) <a()} (4.171)

It follows from (4.166) and (4.168) that if tx € Ry and xy € O(to,n),
then x(t) € O(t,n) for t € J*(to, o). Therefore, it follows from (4.170)
that @(t) will remain in the interior of = for ¢ > t; which implies that
I (to, o) = (tg, 00). We then have the following claim:

Claim 4.5.5: Given ty € Ry and xg € O(tg,n), then

lim d(a(t),$(t) = 0. (4.172)

If Claim 4.5.5 is false, then there is a sequence {¢;}5°,, lim; .o t; = 00,
such that for some o > 0 we have d(x(t;), $(¢;)) > o for all i € N. Then it
follows from (4.165) that

Vi(ti, z(t;)) > (o), ieN (4.173)

Let us choose a subsequence {tx}3° | of {t;}5°, such that t,—tx_1 > £ >0
and f > to for each k& € N. Let us choose @ > 0 such that

@ < min (5, gg{f) (4.174)

then it follows from (4.167), (4.173) and (4.174) that

Vi(t,z(t)) = Vi(ix, 2(i)) + f D Vi (s, z(s))ds
> B(o) — ( p—t) < [(4.173)&(4.167)]
> (o) -
(a)

Q

€ [tk — @, ti). < (4.174) (4.175)
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Therefore, it follows from (4.168), (4.166) and (4.175) that

V(tk, z(tr)) < V(t§, xo) + " DYV (s, x(s))ds < [(4.168)&(4.166)]

to

<V(tf,xo) — /tk k(Vi(s,x(s)))ds < (4.166)

to

V(ts, xo) Z/ k(V1(s,2(s)))ds
<V(t§,xo) — K <(T)) koo < (4.175) (4.176)

from which we know that if k is big enough then V ({4, z(fx)) < 0. This is
a contradiction to (4.164). Hence, Claim 4.5.5 is true. Furthermore, since
O(to,n) is a neighborhood of the origin that is in $(¢o,n), $ is an attractive
set of system (4.140). [ |

Corollary 4.5.1. Assume that the function f(t,x) is bounded in Ry x =
and = s bounded, o,k € K, V € V5 and

a(d(x,$(t))) <V(t,x) for (t,z) e Ry x &, (4.177)
DTV(t,x) < —k(d(x,$(t))) for (t,x) € T, (4.178)
V(rf,z+U(k,z)) <V(m,x) forke Nz € =, (4.179)
dlx +U(k,x),$(t)) <d(zx,$(t)) for ke N, (t,x) € . (4.180)
Then $ is an asymptotically stable set of system (4.140). X

Proof. Since f(t,x) is bounded in Ry x = and = is bounded, the derivative
of d(z,$(t)) with respect to the solutions of system (4.140) is bounded. Let
us set Vi(t,x) = d(x,$(¢)), then the conclusion follows from Theorem 4.5.5
immediately. u

Corollary 4.5.2. Assume that a,k € K and V € V5 and

a(d(z,$(t)) < V(t,x) for (t,x) € Ry x Z, (4.181)

V(rf,z +U(k,z)) <V(m,x) forke Nz € =, (4.182)

DTV(t,x) < —k(V(t,x)) for (t,z) € I (4.183)

Then $ is an asymptotically stable set of system (4.140). X

Proof. Let us set Vi(t,x) = V(t,x), then the conclusion follows from Theo-
rem 4.5.5 immediately. u

Theorem 4.5.6. Assume that o, 8,k € KK and V € V5 and
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ald(x,$(t)) <V(t,xz) for (t,x) € Ry x =, (4.184)
DTV (t,x) < —k(d(zx,$(t))) for (t,x) € T, (4.185)
V(rf,x+U(k,2)) <V(m,x) forke Nz € =, (4.186)
V(t,z) < B(d(z,3(t))) for (t,x) € Ry x Z. (4.187)

Then $ is a uniformly asymptotically stable set of system (4.140). X

Proof. Tt follows from Theorem 4.5.4 that the set $ is a uniformly stable set
of system (4.140). Let us choose § > 0 and

e=e(8) < B Hal(9)), (4.188)

then it follows from (4.184), (4.185), (4.186) and (4.187) that for ¢, € Ry
and xg € $(to, ) we have

ald(z(t),$(t))) < V(t,z(t) < V(t5, o)
< B(d(zo, $(t0))) < B(e(0))
< a(o). (4.189)
Therefore we know that d(x(t),$(t)) < 6; namely, x(t) € $(¢,8) for t > #.
Let us choose B
p= igg€(5)7¢ = ¢(6) > PR 0,

and xg € S, N $(to, ) N =. We then have the following claim:
Claim 4.5.6: There is such a t; € [to, to + ¢] that x(t1) € $(¢1,¢).
If Claim 4.5.6 is not true then we have

d(x(t), $(t)) > £(6),Vt € [to, to + ¢).
It follows from (4.185) that

t
/ D+ (s, @(s))ds < —(t — to)r(=(6)). (4.190)
to
It follows from (4.186) that for ¢ € (7%, Tk+1], & € N we have
t E o om t
DY (s, xz(s))ds = D+s,a:s ds+/ DY (s,xz(s))ds
Dt (s.2(0) Z (s + [ D7 6.(5)
- Z Tzu V(Titlﬂw(Tltl))]

+V(t x(t)) — V(r, ®(r))

Tl, V(Ti_l,.’I:(Ti_l))]

”M”

+V(t x(t)) — V(m, z(1x))
= V(t, .’L’( )) - V(to, .’L'Q). (4191)
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Then from (4.190) and (4.191) we have for ¢ € [to, o + ¢
V(t,z(t)) < V(to, o) — (t — to)k(e(6)) (4.192)
from which we have
Vto + ¢, x(to + ¢)) < V(to, zo) — ¢r(e(6))

< Bl - jj(jﬁ)) R(E() =0 (4.193)

which is a contradiction to (4.184). Therefore Claim 4.5.6 is true. It follows
from Claim 4.5.6 that for all ¢t > t;

ald(z(t),$(t))) < V(t,z(t))
<V(t,z(t))
< B(d(z(tr), $(t1)))
< = (4.188) (4.194)

o
N
2
&

Thus d(x(t), $(t)) < 6; namely, x(t) € $(¢,6) for all t > t; and $ is a uniformly
attractive set of system (4.140). ]
Similarly, we have the following two theorems.

Theorem 4.5.7. Assume that o,k € K, V € V3 and B(t,-) € K for all
te Ry and

ald(x,$(t)) <V(t,xz) for (t,x) € Ry x =,

DTV (t,x) < —k(d(x,$(t))) for (t,x) € T,

V(rd,z+U(k,x)) <V(m,x) forke Nz € =,

V(t,z) < B(t, d(z,$(t))) for (t,x) € Ry x Z. (4.195)
Then $ is an n-uniformly asymptotically stable set of system (4.140). X

Theorem 4.5.8. Assume that a,k € K, V € V3 and B(w,-) € K for all
te Ry and

a(d(z,$(t)) < V(t,x) for (t,x) € Ry x =,

DV (t,z) < —r(d(z,$(1))) for (t,z) € I,

Vi, x+Uk,x)) <V(m,x) forke Nz € Z,

V(t,x) < B(||x||, d(x, $(¢))) for (t,x) € Ry x =. (4.196)

Then $ is a t-uniformly asymptotically stable set of system (4.140). X

4.5.2 Global Stability

In this section all results are presented under condition of = = R". We first
provide some definitions related to global stability of sets.
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Definition 4.5.5. The control system (4.140) is

SB1 $-equi-bounded if for each ty € Ry, n >0, € > 0 there is a 6 = 6(tp,n, &)
such that
T € 577 N $(t0,€)
implies
x(t, to, o) € $(¢,06) for all t > to.

SB2 t-uniformly $-bounded if 6 in SB1 is independent of 1.
SB3 n-uniformly $-bounded if 6 in SB1 is independent of 7.
SB4 uniformly $-bounded if 6 in SB1 depends only on ¢.

Definition 4.5.6. $ is

GA1 Globally equi-attractive with respect to the control system (4.140) if for
eachtg € Ry, n >0, >0, 8 >0, there is a ¢ = ¢(to,n,,6) > 0 such
that

T € 577 N $(t0,€)
implies
x(t, to, xo) € $(¢,6) for all t >ty + ¢.

GA2 t-uniformly globally attractive with respect to the control system (4.140)
if ¢ in GA1 is independent of to.

GA3 n-uniformly globally attractive with respect to the control system (4.140)
if ¢ in GA1 is independent of 1.

GA4 uniformly globally attractive with respect to the control system (4.140) if
¢ in GA1 depends only on 6 and €.

X

Definition 4.5.7. $ is

1. Globally equi-asymptotically stable with respect to the control system
(4.140) if it is SS1, SB1 and GA1.

2. t-uniformly globally asymptotically stable with respect to the control sys-
tem (4.140) if it is SS2, SB2 and GA2.

3. n-uniformly globally asymptotically stable with respect to the control sys-
tem (4.140) if it is SS3, SB3 and GA3.

4. uniformly globally asymptotically stable with respect to the control system
(4.140) if it is SS4, SB4 and GA4.

X
We then provide some results on the global stability of set with respect
to system (4.140) [9)].
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Theorem 4.5.9. Assume that a € K satisfying
lim a(w) = oo, (4.197)

w—00

V e Vs, k>0 is a constant and

a(d(x,$(t)) < V(t,xz) for (t,z) € Ry xR", (4.198)
V(rt,z+U(k,x)) < V() for ke Nz € R*, (4.199)
DTV (t,x) < —kV(t,x) for (t,x) € I. (4.200)

Then $ is a globally equi-asymptotically stable set with respect to system
(4.140). X

Proof. Given np > 0, 6 > 0 and ¢y € Ry, then it follows from V (¢tp,x) = 0
for & € $(ty) that there is a € = ¢(to,n,6) such that if z € S, N $(to,¢),
then V(tJ,z) < a(6). Let us choose zg € S, N $(ty, ), then it follows from
(4.198), (4.199) and (4.200) that

a(d(z(t),$(1))) < V(ta(t) < V(i xo) < a(6) (4.201)

from which we know that d(xz(t),$(t)) < 6; namely, x(t) € $(¢,6) for all
t > to. This proves that the set $ is stable with respect to (4.140).
Given tg € Ry, it follows from (4.199) and (4.200) that

V(t,x(t)) < V(T xg)e ), (4.202)
Given £ > 0,7 >0, 6 > 0 and let

Ll(tovan) = sSup V(tngo)
©o€S,N$(t0,£)
1 Ll(t()v 57 77)
= o(t 6 —In ———=.
(b (b( Ovnvgu )> n 04(6)
It follows from (4.198), (4.202) and (4.203) that for ¢t > tg + ¢ we have

a(d(z(t),5(t)) < V(L x(t))
< V(td, ®o)e 1) < o(6) (4.204)

(4.203)

which proves that x(t) € $(¢, §); namely, the set $ is globally equi-attractive
with respect to (4.140).

Given tg € Ry, > 0 and £ > 0, it follows the assumption V € Vs that
there is an La(to,n,€) > 0 such that if zy € S, N $(to, &), then V(t7,xo) <
Lo(to,n, ). If follows from (4.197) that there is a 0 = o(t,n,£) > 0 such
that a(o) > La(to,n,€). Choose g € S, N $(to,§), it follows from (4.198),
(4.199) and (4.200) that

a(d(z(t),5(1))) <
<

V(t z(t))
V(t§,xo) < La(to,n, &) < a(o) (4.205)
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from which we have d(z(t),$(t)) < o for ¢ > t;. Therefore, the solutions
of system (4.140) are $-equi-bounded. Therefore, the set $ is SS1, SB1 and
GA1. Tt follows from Definition 4.5.7 that $ is a globally equi-asymptotically
stable set with respect to system (4.140).

Theorem 4.5.10. Assume that o, 3,k € K satisfying

lim a(w) = oo, (4.206)
V € Vs, and there are two functions py : Ry — (0,00) and p; : Ry — [1,00)
such that

ald(x,$(t)) < V(t,xz) for (t,x) € Ry x R", (4.207)
V(rt,z+U(k,x)) < V(m,x) forke Nz € R, (4.208)
Vs, x) < pi(t)B(d(z, $(t))) for (t,x) € Ry x R, (4.209)
DYV (t,x) < —po(t)k(d(z,$(t))) for (t,z) € I (4.210)
| rotsmis e/ (o)las = o

for any sufficient small £ > 0. (4.211)

Then $ is an n-uniformly globally asymptotically stable set with Tespect to
system (4.140). X

Proof. Given ty € Ry and 6 > 0 and let us choose € = &(to,8) € (0, ) such

that
a(6)

p1(to)

Choose an arbitrary n > 0 and let xy € S, N $(to, ), then it follows from
(4.207), (4.208), (4.209) and (4.210) that

a(d(z(t),8(t)) < V(t,z(t)) < V(ty, zo)
< pi(to)B(d(zo, 8(t0))) < pr(to)B(e) < a(d) (4.212)

from which we have d(x(t),$(t)) < é for all ¢ > ty, Therefore x(t) € $(¢,6)
for all ¢ > tg; namely, the set $ is p-uniformly stable.

Given £ > 0, tp € Ry, 6 > 0 and let us choose ¢ = ¢(tp,&,6) > 0 such
that from (4.211) it follows

/:Wpo(s)“ (5_1 (ng%)) ds > p1(to)B(£)- (4.213)

Ble) <

Choose an arbitrary n > 0 and let &y € S, N $(to, &), we then have the
following claim:
Claim 4.5.10: there is a t; € [tg, to + ¢] such that
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d(x(t1),$(t1)) < 57" <2;1((?1)> '

If Claim 4.5.10 is not true then we can assume that for each t € [to, to+ @]

d(z(t),$(t)) > g~ ( 2?5‘2)) . (4.214)

It follows from (4.210) and (4.213) that

[ e [ ()
0 < -p1 E%)ﬁ(f) (4.215)

Assume that ¢ 4+ ¢ € (7, Tk+1] then it follows from (4.208) that

to+¢ Ti t0+¢
/ DT ds-Z D+sw ds—i—Z/ x(s))ds
= Z T’H V(thlvw(Titl))]
+V(t0 + ¢, x(to + ¢)) — V(r5, ®(r;))
> V(to+ ¢, z(to + ¢)) — V(t§, o) (4.216)

It follows from (4.209), (4.215) and (4.216) that

V(to + @, :E(to + ¢)) <0
which is a contradiction to (4.207). Thus, Claim 4.5.10 is true. Then for
t > to + ¢ we have
a(d(x(t),5(t)) < V(t,@(t) < V(t,x(t1))

< p1(t1)B(d(t1,8(t1))) < @ < a(6) (4.217)

form which we have

d(=(t),8(t)) < 6;

namely, x(t) € $(¢,6) for t > tg+ ¢. This proves that the set $ is n-uniformly
globally attractive with respect to system (4.140).
Given tg € Ry and € > 0 and choose o = o(tg, &) > 0 such that

a(0) > pi(to) B(E).
Let us choose an arbitrary n > 0, zg € S, N $(to, &), then for ¢t > ¢y we have

a(d(zx(t),$(t))) < V(t,z(t) < V(t, z(to))
< pi(to)B(d(to, $(t0))) < pi(to)B(§) < afo) (4.218)
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from which it follows that d(x(t), $(¢)) < o; namely, x(t) € $(¢,0) for t > 1.
This prove that the solutions of system (4.140) are n-uniformly $-bounded.
Therefore, the set $ is SS3, SB3 and GA3. It follows from Definition 4.5.7
that $ is an n-globally equi-asymptotically stable set with respect to system

(4.140). |
Theorem 4.5.11. Assume that «, 8,k € K satisfying
wlgréo a(w) = oo, (4.219)
V € Vs, and there is an integrally positive function p: Ry — R such that
ald(x,$(t)) < V(t,xz) for (t,x) € Ry xR", (4.220)
V(rt,z+U(k,x)) < V() forke Nz € R*, (4.221)
V(ty,x) < Bd(z,8(t))) for (t,x) € Ry x R”, (4.222)
DYV (t,z) < —p(t)k(d(z,$(t))) for (t,x) € I. (4.223)

Then $ is a uniformly globally asymptotically stable set with respect to system
(4.140). X

The proof of this theorem can be found in [9]. By using similar proving
procedure we can have the following theorems.

Corollary 4.5.3. Assume that o, 3,k € K satisfying

lim a(w) = oo, (4.224)
V € V3 such that
a(d(z,$(t))) < V(t,z) for (t,z) € Ry x R", (4.225)
V(rf,x+U(k,z)) < V(g x) for ke Nz € R", (4.226)
V(td, x) < B(d(z,$(t))) for (t,x) € Ry x R, (4.227)
DTV (t,x) < —k(d(zx,$(t))) for (t,x) € I (4.228)
Then $ is a uniformly globally asymptotically stable set with respect to system
(4.140). X
Corollary 4.5.4. Assume that o, 3,k € K satisfying
lim a(w) = oo, (4.229)

V € Vs, and a constant p > 0 such that

ald(x,$(t)) < V(t,xz) for (t,x) € Ry x R", (4.230)
V(rt,z+U(k,x)) < V() for ke Nz € R*, (4.231)
VK, w) < (d(z,8(1))) for (t,7) € Ry x R, (4.232)
DYV (t,z) < —pr(d(zx,$(t))) for (t,z) € I. (4.233)

Then $ is a uniformly globally asymptotically stable set with respect to system
(4.140). X
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Theorem 4.5.12. Assume that B(w,-) € K for each w € Ry, a,k € K
satisfying

lim a(w) = oo, (4.234)

w—00

V € Vs, and there is an integrally positive function p: Ry — R such that

a(d(z,$(t)) < V(t,x) for (t,x) € Ry x R", (4.235)
VS, z+Uk,z)) <V(m,x) forke Nz € R", (4.236)
V(K@) < Bl dx, $(1)) for (t,2) € Ry xR, (4.237)
DYV (t,x) < —p(t)k(d(z,$(t))) for (t,z) € I. (4.238)

Then $ is a t-uniformly globally asymptotically stable set with respect to sys-
tem (4.140). X

Theorem 4.5.13. Assume that 3(t,-) € K for each t € Ry, a, k € K satis-
Jying

lim a(w) = oo, (4.239)

w— 00

V € Vs, and there is an integrally positive function p : Ry — R such that

a(d(x,$(t)) < V(t,xz) for (t,z) € Ry xR", (4.240)
V(rt,z+U(k,x)) < V() forke Nz € R*, (4.241)
V(ts, x) < B(t,d(x,$(t)) for (t,x) € Ry x R, (4.242)
DYV (t,z) < —p(t)k(d(z,$(t))) for (t,x) € I. (4.243)

Then $ is an n-uniformly globally asymptotically stable set with Tespect to
system (4.140). X

4.6 Stability in Terms of Two Measures

Stability in terms of two measures[11, 16] provides a much more flexible
framework of studying the stability of impulsive control systems. For example,
to study the stability of a stepping motor or the stability of phase states of
a driven single electron tunneling junction, we need to study stability of
periodic solutions instead of equilibrium points. In this kind of impulsive
control problem, we need the methods presented in this section.

Let us consider the following impulsive control system:

.’IIZf(t,.’B)7 t?éTk(.’B),
Az = Ulk,z), t=m(x) (4.244)
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where f € C[Ry x R™, R"] is the nonlinearity of the plant, 7, € C[R™, R] and
U € C[N x R*,R"] is the control impulse.

Definition 4.6.1. Let hg, h € H, then hg is finer than h if there exist a o > 0
and a function a € K such that ho(t,x) < o implies h(t,z) < a(ho(t, x)).
X

Definition 4.6.2. The impulsive system (4.244) is (ho, h)-stable if, given

e >0 and tg € Ry, there exists a 6 = 6(ty, €) such that ho(to, zo) < 6 implies

h(t,z(t)) <€, t >t for any solution x(t) = x(t,to, xo) of system (4.244).
X

Definition 4.6.3. Let V € Vy and ho,h € H, then V(t,x) is said to be

1. h-positive definite if there exist a p > 0 and a function 8 € K such that
h(t,xz) < p implies B(h(t,z)) < V(t,z);

2. ho-decrescent if there exist a 6 > 0 and a function o € K such that
ho(t, ) < 6 implies V(t,x) < a(ho(t, x));

3. weakly ho-decrescent if there exist a 6 > 0 and a function o € CK such
that ho(t,x) < § implies V(t,x) < a(t, ho(t, x)).

X
Theorem 4.6.1. Assume that

1. hg,h € H and hg is finer than h;

2. there ezists a V € Vy such that V (t, ) is locally Lipschitzian in x on each
&,;, and h-positive definite on S,(h), and DYV (t,x) <0 on & NS, (h);

3 V(nh, e+ Uk,x)) <V(t,z) on Ty NS,(h).

Then system (4.244) is

1. (ho, h)-stable if V(t,x) is weakly ho-decrescent;
2. (ho, h)-uniformly stable if V (t,x) is ho-decrescent.

X

Proof. If V(t,x) is weakly ho-decrescent, then there exist a §o > 0 and a
function « € CK such that if ho(¢, &) < 6o we have

V(t,z) < a(t,ho(t,z)). < (Definition 4.6.3) (4.245)

Since V(t,x) is h-positive definite on S,(h), there exists a function § € £
such that

B(h(t,x)) <V(t,x), (t,z)e Sp(h). <« (Definition 4.6.3) (4.246)

It follows from assumption 1 that there are 6; > 0 and ¢ € K such that if
ho(t,x) < 61 we have

h(t,z) < ¢(ho(t,z)). <« (Definition 4.6.1) (4.247)
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Given € > 0 and ¢y € Ry, there exist 62 € (0,60) and 85 € (0, 61) such that
Oé(to,(SQ) < ﬂ(é) and qf)(ég) < p. (4248)

Let us set § = min(dz,63), choose xo such that hg(to, o) < 6 and let m(t)
be m(t) = V(t,z). It follows from assumption 2 that Dtm(t) < 0 for t #
7. From assumption 3 it follows that m(r;") < m(7y). Therefore, m(t) is
nonincreasing. From (4.245)-(4.248) it follows that for ¢ > ¢

B(h(t,z(t)) <m(t) <m(ty) < (mf(t) is nonincreasing)

—_——
(4.246)

< Oé(to, ho(fo7 (Bo)) <~ (4245)
< Oé(to,é) < O[(to,(SQ) = (4248)
< B(e) (4.249)

which yields for t > ¢y and hg(tg, o)) < 6,
h(t,z(t)) < e. (4.250)

We then have conclusion 1.

If V (¢, x) is ho-decrescent, we have (4.245) and (4.248) with o independent
of t. Thus, 6 can be chosen independent of ty such that (4.250) holds provided
ho(to, o)) < 8. This leads to conclusion 2. [ |

Theorem 4.6.2. Assume that

1. hg,h € H and hgy is finer than h;
2. there exists a V. € Vy such that V(¢,x) is locally Lipschitzian in & on
each &;, h-positive definite on S,(h), weakly ho-decrescent, and

DYV(t,x) < —At)a(Vi(t,x))

on N S,(h), where a € K, Vi € Vo, and A(t) is integrally positive;

V(rt,z+ Uk, (1)) < V(e 2(1k)) on X NS, (h);

4. Vi(t, ) is locally Lipschitzian in x on each ®; and h-positive definite on
S,(h), and for every piecewise continuous function y(t) with discontinu-
ities at 7, = T(y(1k)), k € N, such that (t,y(t)) € S,(h), the function

o

/[D+V1(8,y(8))}+d5 ( resp. /[D+V1(S7y(8))}—d8)
0 0

is uniformly continuous on Ry, where [-]; (resp. [-]—) denotes that the
positive (resp. negative) part is considered for all s € Ry, and
Vi(rd,z +U(k,z)) < Vi(t, )
(resp. Vi(ri ,x + U(k,z)) > Vi(t,x))
on X NS,(h).



4.6 Stability in Terms of Two Measures 115

Then the impulsive control system (4.244) is (ho, h)-asymptotically stable. X

Proof. 1t follows from Theorem 4.6.1 and the assumptions 1-3 that the control
system (4.244) is (hg, h)-stable. Therefore for p > 0 and ty € Ry, there is a
8o = 6o (to, p) > 0 such that ho(tg, zg) < dp implies

h(t,x(t)) <p, t>to, (4.251)

where x(t) = (¢, t, xo) is any solution of system (4.244). We then need to
prove that for every solution x(t) = x(t,to, o) of system (4.244) satisfying
(4.251), the following claim is true:

Claim 4.6.2a:

tlim inf Vi(t, 2(t)) = 0. (4.252)

If Claim 4.6.2a is not true, then there are a £ > 0 and some 7' > 0 such
that

Vilt,z(t)) > &, t>to+T. (4.253)
We can choose a sequence
to+T <ar<by<---<a;<b<---

such that b; — a; > £ for ¢ € N. Therefore, from (4.253) and assumption 2 we
have

tlim V(t,z(t)) < V(ty,xo) — h A(s)a(Vi(s,x(s)))ds <« (assumption 2)
—00 to
< V(to, o) — a(€) / Ms)ds < (4.253)
Uil[ai)b'i]
= —00 < (assumption 2) (4.254)

which leads to a contradiction to the assumption of V' € V). Therefore,
Claim 4.6.2a is true and (4.252) holds.
We then have the following claim:
Claim 4.6.2b:
tli)rgo sup Vi (¢, z(t)) = 0.

If Claim 4.6.2b is not true then there is an n > 0 such that

tlim sup Vi (t, 2 (t)) > 2n.

For definiteness, suppose that assumption 4 holds with respect to []+. Since
(4.252) holds, we can find a sequence

to<ti <t <ol gl o
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such that, for i € N,

Vit @) =5, Vi@, (@) = 21, (4.255)
from which and since
Vi(r 2+ U(k, @) < Vi(me, z(7h))

we can find a sequence tp < a1 < b; < --- < a; < b; < --- such that, for
ieN, t <a; <b; <t and

Vi(ai, @(a;)) =n, Vi(bs, (b)) = 2n,
Vi(t,z(t)) € [n,2n] for t € [a;, b;]. (4.256)

‘We then have
0 <n="Vi(b;,z(b;)) — Vi(ai, (a;))

b;
g/ (D™ Vi(s, @(s))]sds, i€N (4.257)

from which and assumption 4, we have for some constant ¢ > 0
b, —a; > c, i €N (4258)

Therefore, from assumption 2, (4.256) and (4.258) we have

tlirgo Vit,z(t)) < V(ty,xo) — /too A(s)a(Vi(s,x(s)))ds <« (assumption 2)

< V(to, z) — a(n) / Ms)ds < (4.256)
Ui lai,bi
— 0. <« (4.258) (4.259)

This is a contradiction to V' € V. Therefore, Claim 4.6.2b is true. It follows
from Claim 4.6.2a and Claim 4.6.2b that

Jim Vi(t,z(t)) =0, (4.260)

and since V4 (¢, z(t)) is h-positive definite, it follows from Definition 4.6.3 that
there is a 3 € K such that

Jim B(h(t@ (1) < Jim Vi(ta(t) =0

from which we have
lim h(t,z(t)) =0.

t—o0

This proves that the impulsive control system (4.244) is (hg, h)-asymptotically
stable. |
From Theorem 4.6.2 it follows the following corollaries.
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Corollary 4.6.1. Assume that

1. hg,h € H and hg is finer than h;
2. there exists a V. € Vo such that V(t,x) is locally Lipschitzian in x on
each ®;, h-positive definite on S,(h), weakly ho-decrescent, and

DTV(t,x) < —At)a(Vi(t,x))

on &N S,(h), where a € K, Vi € Vo, and A(t) is integrally positive;

V(rt z+ Uk, (1)) < V(e x(1k)) on Tk NSy(h);

4. Vi(t, ) is locally Lipschitzian in x on each ®; and h-positive definite on
S,(h). DTVi(t,x) is bounded from above(resp. from below) on & NS, (h)
and

R

Vi(rif,x + Uk, 2)) < Vi(ri, (1))
(resp. V1(T,j',a: +U(k,x)) > Vi(1,2(7%)) )
on X NS,(h).
Then system (4.244) is (ho, h)-asymptotically stable. X
Corollary 4.6.2. Assume that

1. hg,h € H and hg is finer than h;
2. there exists a V. € Vo such that V(t,x) is locally Lipschitzian in x on
each ®;, h-positive definite on S,(h), weakly ho-decrescent, and

D*V(t,x) < —A(t)a(V (¢, @)
on N S,(h), where o € K and \(t) is integrally positive;
3. Vg, x+ Uk, z(1x))) < V(m,x(73)) on T NSy(h).
Then system (4.244) is (ho, h)-asymptotically stable. X

Proof. Let us set Vj (¢, ) in Theorem 4.6.2 as V (¢, x), then conditions 1-3 of

Theorem 4.6.2 are satisfied. Furthermore, it follows from conditions 2 and 3

we immediately have condition 4 of Theorem 4.6.2. This finishes the proof.
]

Theorem 4.6.3. Assume that

1. hg,h € H and hg is finer than h;
2. there exists a V. € Vo such that V(t,x) is locally Lipschitzian in x on
each ®;, h-positive definite on S,(h), ho-decrescent, and

DTV (t,z) < —A(t)a(ho(t,x))

on & NS,(h), where o € K and \(t) is integrally positive;
3. V(rf, e+ Uk, x())) < V(tk, z(1x)) on T NS,y (h).

Then system (4.244) is (ho, h)-uniformly asymptotically stable. X
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Proof. From Theorem 4.6.1 it follows that the control system (4.244) is
(ho, h)-uniformly stable. Therefore for p > 0 there is a 6y = do(p) > 0 such
that ho(to, o) < éo implies

h(t,x(t)) <p, t>to, (4.261)

where x(t) = x(t, 19, o) is any solution of system (4.244).

Given 0 < n < p, let 6 = §(n) > 0, then we have the following claim:
Claim 4.6.3: There is a T' = T'(n) > 0 such that, for some t* € [to, 1o + T,
we have

ho(t*, 2(t%)) < 6. (4.262)

If Claim 4.6.3 is not true, then for any T > 0 there is a solution x(t) =
x(t, to, zo) of system (4.244) satisfying (4.261) such that

ho(t,x(t)) > 6, t€ [to,to+ T). (4.263)

Since V (¢, x(t)) is nonincreasing, from assumption 2 we know that there is a
B € K such that

/ A(s)alho (s, (s)))ds < — / DV (s, a(s))ds < (assumption 2)

= V(to, zo) — V(00, 2(0))
= V(to,x9) < [procedure leads to (4.260)]
< B(6p) < (V is hg-decrescent) (4.264)

for each solution x(t) = x(t, ty, xo) of system (4.244) satisfying (4.261). From
the assumption on A(¢) it follows that there is a T > 0 such that

ot B(bo) +1
/to A(s)ds > o) (4.265)

Let x(t) = x(t, to, o) be the solution of system (4.244) satisfying (4.263)
with 7" given in (4.265), then from (4.264) and (4.265) we have

B(60) > / T AS)alho(s,m(s)ds < (4.264)

to

> a(6) / " e)ds < (4263)

to

> B(60) +1 < (4.265)

which is a contradiction. Therefore, Claim 4.6.3 is true. This proves that the
impulsive control system (4.244) is (hg, h)-uniformly asymptotically stable.
|

Note 4.6.1. The results of Lyapunov second method are adopted from [2, 27].
An earlier result based on Lyapunov second method can be found in [4]. Some

recent results can be found in [8]. Stability in terms of two measures can be
found in [16, 11, 13]. ¢



5. Impulsive Control with Impulses at Variable
Time

In this chapter we study impulsive control systems with impulses at vari-
able time. In this kind of control problem, the impulses are generated based
on conditions that depend on either plants or control laws. Therefore, the
moments of impulses are not necessarily the same for different solutions.

5.1 Linear Decomposition Methods

Consider the following impulsive control system:

= At)z+g(t,x), t#n(w),
Ax = Brx + ug(z), t=7(x), (5.1)

where A(t) € R**" is bounded and continuous for ¢ > #y. g(t, ) is continuous
with respect to  satisfying ||z|| < h,h > 0. g(t, x) is continuous or piecewise
continuous with respect to t, t > to. ui(z),k € N is continuous for |lz| <
h. Observe that the moments of control impulses are different for different
solutions. The corresponding reference system is given by

x=Alt)xr, t#m,
Ax = Bz, t=r13, (5.2)

where 7 are such that for ||z|| < h, h > 0 we have

ITe = (0)] <m (5.3)
where nn = n(h) > 0 satisfies
%.1—>II10 n(h) = 0. (5.4)

Theorem 5.1.1. Assume that

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 1[93147, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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1. for all ||x|| < h, i € N and some § >0

sup ( min 7ip1(2) — max n(m)) > 6, (5.5)

llz||<h lle||<h
2. for all ||x|| <h and i€ N
Ti(x) > 7 ((I + Bi)x + ui(x)); (5.6)
3. for allt > 1y, 1 € N and ||z|| < h we have
lg(t, )| < allzl, [lu(z)] <alll], a>0; (5.7)

4. the state transition matriz W(t,s) of reference system (5.2) satisfies

[Z(t,s)]| < Ke 79 t>s K>1, v>0; (5.8)
5.
1
7—Ka—§ln(1+Ka)>O. (5.9)
Then the zero solution of system (5.1) is asymptotically stable. X

Proof. Let x(t) be an arbitrary solution of system (5.1) that at ¢t = ¢, passes
through a point xp which is in a small neighborhood of & = 0. There exist
h < hand T < oo such that ||z(t)|| < h for t € (to,to+T] and ||@o| < h. Let
7/ be a solution of the equation ¢ = 7;(x(t)) which has a unique solution for
all ¢ if assumption 2 holds. It follows from assumption 1 that x(t) intersects
each surface t = 7;(x) only once for ¢ € (to,to + 7. Then for ¢t € (to,t0 + T,
x(t) is also a solution of the following system:

b= AWz +gtz), LA
Ax = Bix + ui(x), t=r71; (5.10)

Then x(t),t € (to,to + T can be represented as

x(t) = ¥(t,t9)xo —l—/ U(t,s)g(s,x(s))ds

to

+ Y vt ui(r), (5.11)

to<Tr<t

It follows from assumptions 3 and 4 that
t
(t)]] < Ke 7000 g | +Ka/ e =) |z (s)|ds
to

S Kae o) (5.12)

t0<Ti*<t
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from which and Lemma 1.7.1 we have
lz(t)]| < K|zo|le” O KaEto) (1 4 [ q) to:t), (5.13)

From assumption 1 it follows that the surfaces t = 7;(x), i € N, are mutually
separated and from (5.13) we have

le®)|| < K||xol| exp {— (’y — Ka— % In(1+ Ka)) (t— to)} . (5.14)

If @ satisfies K ||zo|| < h and assumption 5 holds, then @(t) will not leave the

h-neighborhood of & = 0 for all ¢ > 4. Therefore it follows from assumptions

1 and 2 that «(t) intersects each surface ¢ = 7;(x), ¢ € N, only once. Then

from (5.14) and assumption 5 it follows that the zero solution of system (5.1)

is asymptotically stable. |
Similarly we have the following theorem.

Theorem 5.1.2. Assume that

1. the largest eigenvalue of $(A(t) + AT (1)), Au(t), satisfies An(t) < for
all t > to and the largest eigenvalues of (I + B/ )(I + B;), A, i € N,
satisfy A2 < a?;

2. ng(t,t+7T) is the number of points of 7;(x) in time interval [t,t+ T and
for ||z|| < h the limit

St +T
limin( +7)

T—o0 T =P

exists and is uniform with respect to t > ty;
3. functions 7;(x), i € N, satisfy Lipschitz condition

||TZ'(£L'1) — Tl(iL'z)H < LH:El — .’l:z”7 0<L<x (515)

for all ||z1]| < h and ||x2| < h;
4. for dll ||z|| < h and i € N

[

.Y+ pha<0;
6. for allt >ty and i € N and ||z|| < h we have

lg(t, )| < allel,  [lui(®)] < all]. (5.17)

Then the zero solution of system (5.1) is asymptotically stable for sufficiently
small values of a. X

Proof. Let (t) be an arbitrary solution of system (5.1) that at ¢ = ¢, passes
through a point xp which is in a small neighborhood of & = 0. There exist
h < h and T < oo such that ||z(t)| < h for t € (to,to + T and ||z < h.
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Let 77 be a solution of the equation ¢ = 7;(«(¢)) which has a unique solution
for all 4 if assumptions 3 and 4 hold. This means that x(¢) intersects each
surface t = 7;(x) only once for ¢ € (to,to + T']. Then for t € (to,to + T, (t)
is also a solution of the following system:

',1.: :A(t)m+g(tam)a t#Ti*v
Ax = Bix + u;i(x), t=r71; (5.18)

Thus x(t),t € (to, to + T can be represented as

z(t) :W(t’to)mo+/t U(t,s)g(s,x(s))ds
Y Wt (), (5.19)

to<T}<t

Using the similar proving process of Theorem 4.2.2 and based on assumptions
1, 2 and 5 we know that there exist K > 1, u > 0 with 0 < g < |y 4+ plna]
such that for all tg < s <t <t+T

| (t,s)z|| < Ke #=%)||z|| provided ||z|| < h. (5.20)
From (5.19), (5.20), assumption 6 and Lemma 1.7.1 it follows that
l2(t)]| < e U1 K o || (1 + Ka) ot eKatt=to), (5.21)
from which we have
l(t)] < Kill@oll exp{—[n —pIn(l + Ka) — Ka+¢€|(t —to)}  (5:22)

for any € > 0 with Ky = Kj(e) > 0. Therefore, if a is sufficiently small such
that
p—pln(l+ Ka) — Ka >0

and if @ satisfies K ||xg|| < h, then x(t) will not leave the h-neighborhood

of @ = 0 for all ¢ > tg. Therefore in follows from assumptions 3 and 4 that

x(t) intersects each surface t = 7;(x), ¢ € N, only once. Then from (5.22) it

follows that the zero solution of system (5.1) is asymptotically stable if a is

sufficiently small. |
In parallel we have

Theorem 5.1.3. Assume that
1. the largest eigenvalue of S(A(t) + AT (1)), Au(t), satisfies Ay(t) <~ for
S

all t > to and the largest eigenvalues of (I + B )(I + B;), A;, i
satisfy A2 < a?;

2.

< 05, 1 €N

0<6, < min 7 _ ‘
1S mip, i (2) - max (@)
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3. 7+%1na<0,9=91 ifa>1,and 0 =60 if 0 <a<1;
4. functions T;(x), i € N, satisfy Lipschitz condition

||TZ'(£L'1) — Tl(iL'z)H < LH:El — £B2||, 0<L<x (523)

for all ||z1]| < h and ||x2| < h;
5. for all ||x]] < h and i € N

6. for allt > ty, i € N and ||z| < h we have
lg(t, @)l <allz|, |lui(z)l < allz|. (5.25)

Then the zero solution of system (5.1) is asymptotically stable for sufficiently
small values of a. X
If A(t) and B; are time-invariant, then system (5.1) becomes

z=Azx+g(t,xz), t#m(x),
Ax = Bx + ui(z), t=m(x) (5.26)

whose stability can be guaranteed by the following theorem.

Theorem 5.1.4. Assume that

1. ng(t,t+1T) is the number of points of 7;(x) in time interval [t,t+T| and
for ||z|| < h the limit

oLt +T
limn(tt+ )

T—o0 T =P

exists and is uniform with respect to t > ty;

2.

v = m%f(Re)\j(A), o? m?if{Re)\j[(I + B")(I + B)];
i= i=

3. v+pha<0;
4. for all ||| <h and i €N

7i(x) > 7 ((I + B)x + u;i(x)); (5.27)

5. functions 7;(x), i € N, satisfy Lipschitz condition
||TZ'(£L'1) — Tl(iL'z)H < LH:El — £B2||, 0< L <o (528)

for all ||z1]| < h and ||x2| < h;
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6. for allt >ty and i € N and ||z| < h we have
lg(t, @)l < allzll, [uwi(z)] < allz]. (5.29)

Then the zero solution of system (5.26) is asymptotically stable for sufficiently
small values of a. X
In parallel we have

Theorem 5.1.5. Assume that
1.

v = m%lx Re);(4), o= m?if{ Re);[(I +B")(I + B));
i= i=

0<6; < min 7541(x) — max 7(x) < by, ‘€N

=l <h llzl<h

3. 7+%1no¢<0,9:91 fa>1,and =0, if 0 <a<1;
4. for all ||| < h and i € N

5. functions 7;(x), i € N, satisfy Lipschitz condition
||Ti(.’L'1) — TZ(.’L'Q)H < Lle — CBQH, 0<L < (531)

for all |z1]) < h and ||x2| < h;
6. for allt > to, i € N and ||z|| < h we have

lg(t, )| < allel, [lui(@)] < all]. (5.32)

Then the zero solution of system (5.26) is asymptotically stable for sufficiently
small values of a. X
Furthermore, if the system (5.26) is simplified as

z=Azx+g(t,x), t#m(x),
Azx = u(x), t=74(x) (5.33)

we then have the following theorems.
Theorem 5.1.6. Assume that

1. ng(t,t+T) is the number of points of 7;(x) in time interval [t,t+T| and
for ||x|| < h the limit

ong(tt+T)
fm =P

exists and is uniform with respect to t > ty;
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2. all eigenvalues of A are in the left half s-plane;
3. for all |z|| <h and i€ N

Ti(x) = Ti(x + ui(@)); (5.34)
4. functions T;(x), i € N, satisfy Lipschitz condition
||TZ'(£L'1) - Tl(iL'z)H < LH:El — .’l:z”7 0< L < o0, (535)

for all ||z1|| < h, [Jx2|| < h;
5. for allt > ty, i € N and ||z|| < h we have

lg(t, )| < allel,  [lui(®)] < all]. (5.36)

Then the zero solution of system (5.33) is asymptotically stable for sufficiently
small values of a. X
In parallel we have

Theorem 5.1.7. Assume that
1. forie N

0<60; < min 7.1(®) — max 7 (x) < O 5.37
1S\ mip, i (@) — max (@) < b (5:37)

2. all eigenvalues of A are in left half s-plane;
3. for all ||z|| <h andieN

Ti(z) > (T + ui(2)); (5.38)
4. functions T;(x), i € N, satisfy Lipschitz condition
I Ti(x1) = Ti(x2)|| < Lljzr — 22|, 0<L <oo (5.39)

for all ||z1]| < h and ||x2| < h;
5. for allt > ty, i € N and ||z|| < h we have

lg(t, z)l| < allzl, [ui()] < a]z]. (5.40)

Then the zero solution of system (5.33) is asymptotically stable for sufficiently
small values of a. X

5.2 Methods Based on Two Measures

Let us consider the following impulsive control system:
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&= f(t,x) +u(t,z), t # (),
Ax = U(k,x), t =), (5.41)
z(tf) = =0, k=1,2,---

where x € R" is the state variable, f € C[Ry x R™,R"] is the nonlinearity of
the uncontrolled plant, u € C[Ry x R™,R"] is the continuous control input,
U(k,z) € C|N x R*,R"] is the impulsive control input, 7, € C*[R", (0, 00)],
Tr(x) < Trg1(x) for all k and limg_co 7, () = oo for every @ € R™. Let us
assume that the solutions x(t) = x(t,ty, xo) of system (5.41) exist and are
unique for ¢ > to, and each solution of (5.41) hits any given switching surface
Xk t = () exactly once.

For studying the stability of impulsive control systems with control im-
pulses at variable time, we need to consider the following comparison system:

W= (7 )7 t%[TvaIZc)] k€N,
w(rg™) =4 k( (7)),
w(to)

- (5.42)
where g € C[Ry x R, R] and ¢, € C[R, R] and
O<to<mf<m<i<ii<. . <ri<t<--, khm T = 00.
— 00
A general form of the solutions of (5.42) is given by
wO(tat()va)? te [t()vTil}
wy (t, 78, wy), t e (1,79,
IUQ(t,TS,UJ;—), te (TQaTS]
w(t7t07w0) = (543)
wy(t, 7{:}?7 wl:_-)ij te (lec}’ TI?+1L
wk+1(t, Tk+17wk+1): te (Tk+177-l(cl+2]’
where wy = wo and wy1 (¢, 70,1, wi, ) is a solution of
w = g(t,w) (5.44)

with
wl-ci_+1 = u)k-l-l(wk(TIg-i-lv Tllcjv wlj))v te [71137 Tlg-i-l}'

Theorem 5.2.1. Let us suppose that the following conditions hold:
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1. w € PC[Ry,R] with points of discontinuity at t =7, t = 12, w(t) is left
continuous at t = 17 and
D w(t) < g(t,w(t)), t¢ [, 7], keEN,

w(nt) < u(w(rf)),
’u}(to) S wo (545)

where g € C[Ry x R, R], ¢x € C[R,R] and i (w) is nondecreasing in w;
2. Wmax(t,to, wo) s the mazximal solution of (5.42) on

[to, 00) \ U -
Then
w(t) < wmax (¢, to, wo) fort € [ty, 00 U (8, 72). (5.46)

X

Proof. We use mathematical induction to prove this theorem. Let wmax (¢, to, wo)
be the maximal solution of (5.42), then from the classical comparison theorem
we have for w(ty) < wy

w(t> S wmaxO(tathWO)a te [tOlea]

where Waxo (¢, to, wo) is the maximal solution of (5.44) on ¢ € [ty, 7] with

Wmax o(to, to, wo) = wo.
Then let us assume that
W(t) < Winaxi(t, 70w, t € [12, 78]

K2

where wmdm(t 72, w;") is the maximal solution of (5.44) on t € [77, 7%, ] such
that w( < w+ for some ¢ > 1. Then we have

w(rl) < wmaxi(TfHaTibij)

and since ;41 (w) is nonincreasing in w, we have

w(Tz'b-s-l) < wi-&-l(wmaxi(Tia-;-lvaij)) = w;:-l'

Then it follows classical comparison theorem that
b
’U)(t) < wmax(i-&-l)(taTi-&-hw;l)a te [ Ti+1> Ty ia+2]
where Wiax(i+1) (£, 7241, wi ) is the maximal solution of (5.44) with Wbt <

z+1 for ¢ € [ H—l7 z+2]
Therefore, by using mathematical induction, we have

w(t) Swmaxk(t,T,i’,wz), te [T,?,T;?+1], ke N

This completes the proof. ]
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Theorem 5.2.2. Given any a solution, x4 (t), t € [to,0), of (5.41) with
wa(tg') = x40 and assume x,(t) hits the switching surface X; at moments
18,1 € N Let x(t) = x(t, to, o) be any solution of (5.41) and it hits the

17
switching surface X; at t = 7;, i € N. We assume that

11t ) +ult, )| < Ly on Ry x 82O,
2. for all k € N and for (t,x) € Ry x Sz’a(t)7

Ot (x)
ox

[f(t,2) +u(t,2)] <0

and
7 (2) — i (y)| < Kkl -yl Ky > 0;
3. V(t,x) € C[Ry x Ry, Ry] is locally Lipschitzian in x and for (t,x) €
R, xSp° t), we have

D+V(t7 T — xa(t» < g(tv V(tv T — wa(t»)a

t#£ 78, t#1(x), (5.47)
V(t,:]‘: —y+ U(k‘,.’l)) - U(kay)) < Vk(v(tv T — y)),
t;ﬁTk(.’I:), t;éTk(y) (5.48)

where v € K and g € C[Ry x Ry, R];
4. V(t,x) is nonincreasing in t, B(||x||) < V(¢t,z) and for (t,x) € Ry x
S/?a(t)7

|V(t,x) = V(t,y)| < Laflx — yl|;

5. Wmax(t, to, wo) be the maximal solution of

w=g(t,w), t¢ [ Tk,

w(td) = wo >0 (5.49)
where 7, = min(72, 1), T = max(7y, %) and
Y(w) = vp[w + L1 Lo K87 (w)] + L1 Lo Ky B~ (w).
Then
V(td, xo — Tao) < wo = V(t 2(t) — 24(t)) < Wmax(t, to, wo),

€ [to,00) \ U Tk Th) - (5.50)
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Proof. Let us choose w(t) = V(t,x(t) — x,(t)), w(@T% ) = V(7% T, (7% ") —

(7)), and w(td) = V(t, o — Tao) < wo, since V is locally Lipschitzian
and from (5.47) we have

Dtw(t) < g(t,w(t)), t# 7k, t#7r. (5.51)

Let us consider firstly the case 7, = 7. It follows from conditions 1, 3
and 4 that

WFE) = VT 2() — 2l
=V@ 2@ ) (@) - V@ 2(n) - 2a(7T))
V@ 2 ”) — za (7))
< Lo|le(@ ™) — 2o ") —2(1 ) + 2o (7 )| < (condition 4)

+V (@, 2(1) — xa(Tr) + Uk, (1)) — U(k, 24 (7%)))
< Lolle(m*) — ()|

Fp(V (7", 2(1) — 2a(Tr))) < (5.48)
< Ly Lo(Tk — 1) vk (V (7, (1) — 20 (T5))), (5.52)
—————

condition 1

and from condition 4 we have
V(@ 2(m) — 2o () < L1Lo(Tr — 1) + w(), (5.53)

and from conditions 2 and 4 we have

0 <7 — 7 = T(Ta(Tk)) — Th(x (1))
< Ki|lxa(Tr) — (1) || < (condition 2)
< K~ Hw(mk)) < (condition 4) (5.54)

w(T ") < ve(w(mk) + L1La KB~ (w(ti))) + L1L2f™ (w())

= un(w(m)). (5.55)

By using the similar process we can also get the same estimation as in
(5.55) for the case 77 = 7. Therefore, we have the following inequalities:

DT w(t) < g(t,w(t)), t¢ [ 7xl,
w(T ) < Pr(w(mm)),
(to)gw

Hence, it follows Theorem 5.2.1 that we finish the proof. ]

(5.56)

Corollary 5.2.1. Let us suppose that the following conditions hold:
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1. £(t,0) + u(t,0) =0 and U(k,0) =0 for all k € N;
2. V(t,x(t)) € C[Ry x R*,Ry] is locally Lipschitzian in x and

g(t, V(t, z(t)), t# m(x),
Ye(V(tx)), t=m(z) (5.57)

where g € C[Ry X Ry, R] and ¢y, € C[Ry,Ry] is nondecreasing;

3. x(t) = x(t, to, o) is any a solution of system (5.41) such that V (& , xo) <
wo for t > tg. x(t) hits the switching surfaces Yy at t = T. Wmax(t) s
the maximal solution of the comparison system (3.3) fort > 1.

Then V(t,2(t)) < Wmax(t) fort > 1. X

DTV (t,z(t))

<
Vit,e+U(k,x)) <

Proof. From condition 1 we know that the trivial solution of impulsive control

system (5.41) exists. Then let us choose the prescribed solution of (5.41) as

x4(t) =0, it follows Theorem 5.2.2 that we finish the proof. ]
From Corollary 5.2.1 we then have the following corollary.

Corollary 5.2.2. If in Corollary 5.2.1 we choose

1. g(t,w) =0 and Yx(w) = w for all k € N, then V (¢, 2(t)) is nonincreasing
int and V(t,z(t)) < V(t], @) fort > to;
2. g(t,w) =0 and Yp(w) = dyw, dx, > 0, then we have for t > t

Vit,z(t) <V( to , L) H dg.

to<Tr <t

Theorem 5.2.3. Let us suppose that the following conditions hold:

1. hg € Ho, h € Hy and hg is finer than h;
2. V(t,x) € Vs is locally Lipschitzian in x on every &;, h-positive definite
on S,(h) and
DTV (t,z) <0 on &N S,(h);

3. V(it,x+U(k,x)) <V(t,xz) on & NS,(h).
Then the trivial solution of the impulsive control system (5.41) is

1. (ho, h)-stable if V(t,x) is weakly ho-decrescent;
2. (ho, h)-uniformly stable if V (t,x) is ho-decrescent.

X

Proof. Let us first prove conclusion 1. Since V (¢, x) is weakly ho-decrescent,
there is a ¢g > 0 and a function o € CK such that

ho(t,x) <eo = V(t,x) < alt, ho(t, x)). (5.58)
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From the assumption that V' (t,x) is h-positive definite on S,(h), we know
that there is a 8 € KC such that

B(h(t,x)) <V (t,x) for (t,x) € S,(h). (5.59)
It follows from condition 1 that there are a €1 > 0 and a x € I such that
ho(t, ) < e1 = h(t,z) < k(ho(t, x)). (5.60)

From the assumptions on « and k, given n > 0 and tp € Ry, there are
g2 € (0,&0) and €3 € (0,&;1) such that

a(to,e2) < B(n), k(es) < p. (5.61)

Let us choose € = min(eg,e3). Let x(t) = x(t, ¢, xo) be any a solution of
system (5.41) with ho(fo, o) < €, then from Corollary 5.2.2 we know that
V(t,z(t)) is nonincreasing. Then it follows from (5.58), (5.59) and (5.61) we
have for t > tg

B(h(t,x)) < V(t,z(t) < V(ty, o) < alto, ho(to, o)) < B(n)  (5.62)

(5.59) nonincreasing (5.58) (5.61)

from which we have
ho(to, o) < & = h(t,x) < n for t > 1. (5.63)

Therefore, the trivial solution of the impulsive control system (5.41) is (ho, h)-
stable.

Next, let us prove conclusion 2. Since V (¢, ) is ho-decrescent, (5.58) and
(5.61) hold with a € K independent of ¢. Then we can choose € independent
of to such that (5.63) holds for ho(to, zo) < e. Therefore, the trivial solution
of the impulsive control system (5.41) is (hg, h)-uniformly stable. |

Theorem 5.2.4. Let us suppose that the following conditions are satisfied:

1. hg € Ho, h € Hy and hg is finer than h;
2. V(t,x) € Vy is locally Lipschitzian in @ on G, k € N, h-positive definite
on S,(h), weakly ho-decrescent and

DTV (t,z) < —y(t)¢C(Vi(t,z)) on &N S,(h)

where ¢ € K, V1 € Vo and ~(t) is integrally positive;

V(tt,x+U(k,x)) <V(t,xz) on Xy NS,(h);

4. Vi(t,x) is locally Lipschitzian in © on &, k € N, h-positive definite
and for every piecewise continuous function p(t) with discontinuities at
i = Te(p(t)), k € N, such that for (t,p(t)) € S,(h)

R

t

/ [D*Vi(s,p(5))]+ds (resp. / [D*Vi(s, p(s))]—ds)
0 0
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is uniformly continuous on Ry and
Vl(t+v T+ U(kv ZC)) < ‘/1(t7 GC) (resp. ‘/1(t+7 T+ U(k7 .’I))) > %(tv CC))

on Xy NS,(h).

Then the trivial solution of the impulsive control system (5.41) is (hy,h)-
asymptotically stable. X

Proof. 1t follows from Theorem 5.2.3 that the trivial solution of the impulsive
control system (5.41) is (ho, h)-stable.

Given a p > 0 and tg € Ry, there is a g9 = €¢(tg, p) > 0 such that for any
solution, x(t) = (¢, to, o), of system (5.41) ho(to, o) < €o implies

h(t,x(t)) < p, t>to. (5.64)

We then have the following claim:
Claim 5.2.4a:

tll)rgo inf Vi (¢, x(t)) = 0. (5.65)
If Claim 5.2.4a is false, then there is a 8 > 0 such that for some T" > 0
Vi(t,z(t)) >0 for t > to+ 1. (5.66)
Let us choose a sequence
to+T <ar <by <--<ap<bp<---

such that by — ap > 0 for £k € N. Then from (5.66) and condition 2 we have
the following contradiction:

lim V(t,2(t)) < V(to, xo) — /OO v(8)¢(Vi(s,x(s)))ds < (condition 2)

t—o0 to

<V (t, o) — C(6) /U IR LY
- —. ) (5.67)

Therefore, Claim 5.2.4a is true and (5.65) holds.
We then have the following claim:
Claim 5.2.4b:

tlim sup Vi (¢, 2(t)) = 0. (5.68)
If Claim 5.2.4b is false, then let us suppose that

tlim sup Vi (t, z(t)) >0
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then there is a v > 0 such that
tlirglo sup Vi (¢, 2(t)) > 2v.
Let condition 4 hold with []+ and since (5.65) is true, we can find a sequence
to<ti<th< - <ti<th<...
such that for k =1,2,---, we have
Vi(td, 2(t8)) = v and Vi (th, 2(t2)) = 2v. (5.69)

It follows from Vi (7, @(7i) + U(k,x(7%,))) < Vi(k, z(7)) and (5.69) that
there is a sequence

to<si<sh<--<st<sh<-.

such that for k =1,2,---, we have ¢ < s¢ < sb <% and
Vi(sg, z(s8) = v, Vi(sh,x(st)) = 2v and
v < Vi(t,z(t)) < 2v for t € [s¢, %] (5.70)

from which we have

0<v < Vi(s?,@(sh)) — Vi(sg, z(s%))

Sb
g/k[D+I/1(s,w(s))]+ds, k1,2, . (5.71)

Then in view of condition 4, we have for some £ > 0
sh—si>¢ k=1,2,---. (5.72)

Therefore, from (5.70), (5.72) and condition 2 we have the following contra-
diction:

lim V(t,2(t)) < V(to, z(to)) — /OO v(8)¢(Vi(s,x(s)))ds < (Condition 2)

t—o0 to

< V(to, z(t0)) — C(v) /

Y

UrZa[stos]
(5.70)&(5.72)
= —00. (5.73)

Therefore Claim 5.2.4b is true. It follows from Claims 5.2.4a and 5.2.4b that
tlim Vilt,z(t)) =0

(s)ds

from which and since Vi (¢, (t)) is h-positive definite, we have
tlim h(t,z(t)) =0.

Therefore we finish the proof. |
We then have the following corollaries.
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Corollary 5.2.3. Let us suppose that the following conditions are satisfied:

1. hg € Ho, h € Hy and hg is finer than h;
2. V(t,x) € Vy is locally Lipschitzian in  on &, k € N, h-positive definite
on Sy(h), weakly ho-decrescent and

DTV (t,z) < —y(t)¢C(Vi(t,z)) on &N S,(h)

where ¢ € K, Vi € Vo and (1) is integrally positive;

V(tht, e +U(k,x)) <V(t,x) on Xy NS,(h);

4. Vi(t, ) is locally Lipschitzian in x on &, k € N, h-positive definite and
D*Vi(t, ) is bounded from above (resp. from below) on & N S,(h) and

o

Vi(tt,x +U(k,z)) < Vi(t,x) (resp. Vi(tT,z +U(k,z)) > Vi(t,z))

on X NS,(h).

Then the trivial solution of the impulsive control system (5.41) is (hy,h)-
asymptotically stable. X

Corollary 5.2.4. Let us suppose that the following conditions are satisfied:

1. hg € Ho, h € Hy and hg is finer than h;
2. V(t,x) € Vy is locally Lipschitzian in  on &, k € N, h-positive definite
on S,(h), weakly ho-decrescent and

DV(t,z) < —y(t)¢(V (¢ x)) on & N S,(h)
where ¢ € K and «(t) is integrally positive;
3. V(it,x+U(k,x)) <V(t,z) on Xy NS,(h).

Then the trivial solution of the impulsive control system (5.41) is (hy, h)-
asymptotically stable. X

Theorem 5.2.5. Let us suppose that the following conditions are satisfied:

1. hg € Ho, h € Hy and hg is finer than h;
2. V(t,x) € Vy is locally Lipschitzian in x on &, k € N, h-positive definite
on S,(h), ho-decrescent and

DV (t,x) < —(t)¢(ho(t, ) on &N S,(h)

where ¢ € K and ~(t) is integrally positive;
3. V(tt,x +U(k,x)) <V(t,x) on ZyNS,(h).

Then the trivial solution of the impulsive control system (5.41) is (hy,h)-
uniformly asymptotically stable. X
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Proof. From Theorem 5.2.3 we know that the trivial solution of the impulsive
control system (5.41) is (hg, h)-uniformly stable. Therefore, for p > 0 there
is a g9 = €0(p) > 0 such that for any solution, x(t) = x(¢, to, o), of system
(5.41) we have

ho(to, 330) < &g = h(t,zc(t)) <p for t > ty. (574)

For a given 1 € (0, p), let € = €(n), then we have the following claim:
Claim 5.2.5: There is a T = T(n) > 0 such that, for some # € [to,t0 + T,
we have
ho(tl, .’L'(tl)) < eE. (575)
If Claim 5.2.5 is false, then for any 7" > 0 there is a solution, x(t) =
x(t,to, o), of system (5.41) satisfying (5.74) such that
ho(t7 .’E(t)) Z 6a t € [t()a tO + T] (576)

From conditions 2 and 3 we know that V'(¢,x(¢)) is nonincreasing and from
condition 2 we know that there is an a € K such that, for every x(t) satisfying
(5.74),

| aectho(s.a(s)ds < afeo) (577)
to
From the assumption on v(¢) we know that there is a T3 > 0 such that
to+T1
aleg) +1
v(s)ds > ——F—~—. 5.78
f, e o:7%)
Let x(t) satisfy (5.76), then from (5.77) and (5.78) we have the following

contradiction:

oleo) > /Oo V() (ho(s,2(s))ds < (5.77)

> ¢(e) /t T (s)ds & (5.76)
to+T1
> [ s
> aleo) + 1. < (5.78) (5.79)

Therefore, the trivial solution of the impulsive control system (5.41) is
(ho, h)-uniformly asymptotically stable. [ ]

We then study the case when in the impulsive control system (5.41), the
constrains on f(t,x) + u(t, ) are relaxed as follows. Suppose that f(¢,x) +
u(t, x) is continuous on each &; and for (¢,y) € G411 and each (7, ) € Xy,
k € N, the following limit exists:

im  ft,y) +ult,y) = f(rl,y) +u(f,y).
(t,y)—=(7x,2)
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Theorem 5.2.6. Let us suppose that the following conditions are satisfied:

1. hg € Ho, h € H, V(t,z) € W is h-positive definite on S,(h) and for
(t,z) e 8N S,(h)
DTV (t,z) < 0;

2. for all (1x,x) € Xy NS,(h), V(rH,z+ Uk, x)) <V (g, );
3. there is ann € (0, p) such that h(t,x) < n implies h(7, x+U(k,z)) < p.

Then, the impulsive control system (5.41) is

1. (ho, h)-stable if hg is finer than h and V(t,x) is ho-weakly decrescent;
2. (ho, h)-uniformly stable if hy is uniformly finer than h and V(t,x) is
ho-decrescent.

X

Proof. Let us prove conclusion 1 first. The assumption that V (¢, &) is ho-
weakly decrescent leads to the fact that there are a g9 > 0 and an a € CK
such that

ho(t, &) < g0 = V(t,z) < alt, ho(t, z)). (5.80)

From the assumptions we know that there are § € K, v € CK and ¢; > 0
such that

B(h(t,x)) < V(t,x) for (t,z) € S,(h), (5.81)
and for hg(t,x) < &1 we have
h(t,x) < ~(t, ho(t, x)). (5.82)

Let us choose tg € Ry and £ € (0,7), then there are g2 = e3(to, ) and
g3 = e3(to, p) such that e € (0,2¢), €3 € (0,£1) and

a(to,e2) < B(E), (to,e3) <p. (5.83)

Let us define ¢ = min(eg,e3), then it follows from (5.80) and (5.83) that
ho(to,a}o) < § implies

B(h(to, o)) < V(to, @o) < a(to, ho(to, o)) < B(E)- (5.84)
From (5.84) and the assumption on 3 we have
h(to, 1170) < §

Then we have the following claim:
Claim 5.2.6: Given any a solution, x(t) = x(t, 1, zo), of impulsive control
system (5.41), we have for t > ¢

ho(toﬂbo) <ege= h(t,:c(t)) < &. (585)



5.2 Methods Based on Two Measures 137

If Claim 5.2.6 is false, then there is a solution, @1(t) = 1 (¢, %o, o), of
impulsive control system (5.41) with ho(to, @o) < € and t1 € (73, Tk+1) for
some k such that

h(tl,.’l,'l(tl)) Z 5 and
h(t,x1(t)) < & for t € [to, k). (5.86)

It follows from assumption 3 and £ € (0, po) that
h(nf ei(r)) = b @1 () + Uk, (7)) < p (5.87)
because h(7y, x1(1%)) < & by (5.86). We then can find a ¢ € (73, 1] such that

p > h(tg,.’l)l(tg)) > f and
h(t,z1(t)) < p for t € [to, t2). (5.88)

Let w(t) = V(t,21(t)) for ¢ € [to, t2] and from assumptions 1 and 2 we have

D+’U)(t) S 07 t 7& Tiy te [thtQ]a
w(t) <w(r), i=1,2,--- k. (5.89)

2

Therefore V (¢, x1(¢)) is nonincreasing on [to, t2]. Then from (5.81), (5.83) and
(5.88) we have the following contradiction:

B(E) < B(h(t2, x1(t2))) < V(tz, 21(t2)) < V(to, o) < B(§).  (5.90)

Therefore Claim 5.2.6 is true and the impulsive control system (5.41) is
(ho, h)-stable.
The proof of conclusion 2 can be performed in a similar way. |

Theorem 5.2.7. Let us suppose that the following conditions are satisfied:

1. hg € H, h € H and hy is finer that h.
2. V(t,x) € Vo is ho-weakly decrescent , h-positive definite on S,(h) and
for (t,x) € 8BNS, (h)
DYV (t,z) <0,

and
Vitt,x +Uk,x)) - V(t,z) < —Gy(V(t,z)), (tx)€ XN Sy(h)

where G > 0,5, ¢ = 00, ¥ € C[Ry Ry ], (0) = 0 and $(w) > 0 for
w > 0;
3. there is ann € (0, p) such that h(t,x) < n implies h(z", x+U(k,z)) < p;

Then, the impulsive control system (5.41) is (hy, h)-asymptotically stable. X
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Proof. From condition 2 we have
Virf,z + Uk, x)) < V(m,z), (tx)e ZnSy(h),

from which and Theorem 5.2.6 we know that system (5.41) is (ho, h)-stable.
Therefore, for any a solution, x(t) = x(¢,t9, xo) with ho(to, o) < eo, of
(5.41), to € Ry and p > 0, there is a eg = eo(to, p) > 0 such that ho(tg, xo) <
€o implies, for t > tg

h(t,z(t)) < p.
Let us define w(t) = V(¢,2(t)), then from the assumptions we know that
w(t) is nonincreasing and bounded from below, therefore the following limit
exists:

lim w(t) = w.

t—o0

We then have the following claim:
Claim 5.2.7. w = 0.

If Claim 5.2.7 is false, then there is a solution, x(t) = x(¢, to, o), of (5.41)
such that @ < 0. Let us assume that @(t) hits the switching surfaces Xy, at
Tk, k € N and let

b= w <o (to) v(s).

Then it follows from assumption 2 that
w(r’) —w(m) < —Gp(w(m)) < =0G, k€N (5.91)

from which we have

k
w(nh) <w(td) — GZQ, keN (5.92)
i=1
It follows from (5.92) and the assumption of .~ (; = oo that
klim w(r) = —o0
which is a contradiction. Therefore, Claim 5.2.7 is true and we have

lim h(t, (1)) = 0

t—o0

from which we know that the impulsive control system (5.41) is (ho, h)-
asymptotically stable. ]

5.3 Stability of Prescribed Control Strategies

Let us consider the following impulsive control system:
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T = f(t,:l?) +u(t,z), t # Tk(m)v
Az = U(k,x), t =), (5.93)
z(tl) = o, k=1,2,---.

where & € R” is the state variable, f € C[R; x R™, R"] is the nonlinearity of
the uncontrolled plant, u € C[Ry x R™,R"] is the continuous control input,
U(k,z) € C|N x R*, R"] is the impulsive control input, 7, € C*[R", (0, o0)],
Tk(x) < Tpg1(z) for all k and limy_o 7, (x) = oo for every @ € R™. Let us
assume that the solutions x(t) = x(t,ty, xo) of system (5.93) exist and are
unique for ¢ > tg, and each solution of (5.93) hits any given switching surface
Xk it = 1 (@) exactly once.

Theorem 5.3.1. Let x,(t) = xo(t,to, Tao) be any given solution of system
(5.93) on [tg,00) which hits the switching surfaces at moments 77, k € N,
and let us suppose that the following conditions are satisfied:

1. [|f(t, ) + u(t,2)|| < L1, L1 > 0 and (t,x) € Ry x Sp*";
2. for (t,x) € Ry x Sf“(t) and for all k, we have

(977.;(:1:)
ox

[F(t,2) +ult,2)] <0 and |n.(2) — T (y)| < Ki|z -y

where K > 0 and Zzozl K} converges;
3. V(t,x) € C[Ry x S,,Ry] is nonincreasing in t for fized © and there is
an Lo > 0 such that

V(t,x) = V(ty)| < Loz -y

where (t,z) € Ry xS, and (t,y) € Ry x S,;
4. for (t,x) e Ry xS, and (t,y) € Ry xS, and k € N

V(tv T—y+ U(k7 :l:) - U(k»y)) < V(tv T — y);

[

. forx e S, and for k e N, Uk, z)| < p/3;
6. V(t,0) =0 and there is an L3 > 0 such that

Lz —za(t)| S V(t, 2 — 20 (1), (t,2) € Ry x S35
7. DYVt — xa(t) <0, t £ (@), t £ 78, (tx) € Ry x ST,
Then x,(t) is uniformly stable. X
Proof. From conditions 3 and 6 we have

Vit e —x.(t) = V(L& —2a(t)) V(1,0) < Loflz —za (1) (5.94)

condition 6 condition 3
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from which we have, for (t,z) € Ry x Sf“(t)
Lyl —za(t)| < V[, & — 20 (1)) < Loz — 2a(t)]]. (5.95)
—_———
condition 6

Because Y, Kj converges we know that the sequence {Kj}?° ; is bounded
and the infinite product [~ ; (14 2Ly Lo K} /L3) converges. Hence, there are
two constants K > 0 and Ly > 0 such that K € [0, K] and

H < 2L1L2Kk> <L,

Let us set n € (0,p/3), £ > 0 and tp € Ry and choose a € = €(n,£) > 0 such

that
) 7 L3¢
_ . 5.96
¢ mln<L4+1’L2(2KL4+1)> (5-96)

Let us suppose that @(t) = (¢, to, zo) is any a solution of system (5.93)
satisfying ||z — a0 < e. Let us also suppose that a(t) hits the switching
surfaces X at the moments Tk Then we have the following claim:

Claim 5.3.1a:

lz(t) —xa ()| <m, t>to, t¢ (7,75, KEN (5.97)

where 7, = min(7, 77) and 7 = max(7, 77).
If Claim 5.3.1a is not true, then there is a t; € (7g, Tg41] for some fixed k
satisfying

|2(t1) — za(t1)]| =m >n and
k

l(t) — @a(t)|] <7 for t € [to, 7] \ | J (7, 7] (5.98)
i=1

Let us first consider the case when 7; = 7. In this case we have, in view
of condition 5 and (5.98)

(") — ®a(m ) < [l@(n") — @a(m)]| + UG 2(n)]]
§n+§
< %"’, L<i<h <ne(p/3)] (599

Similarly, in the case when 7; = 7 we have the following estimate

2p

g 1<i<h (5.100)

lz(7") = za (7O < 5
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We then have the following claim:
Claim 5.3.1b:

2p

|lz(t) — ()| < 3 te(nm, 1<i<k. (5.101)

If Claim 5.3.1b is not true, then let us suppose that there is t; € (73, 7)
such that

le(t) — za(t)] < 3 for t € (1, t2). (5.102)

For t € (7, t2] let us use the notation w(t) = V (¢, x(t) —4(t)), then it follows
from condition 7 that

Dtw(t) <0, te (m,ta). (5.103)
Then it follows from (5.95), (5.99), (5.102) and (5.103) that

2pL3

3 = L3||£B(t2) — .’I:a(tz)H = (5102)

< V(t27 SB(tQ) — .’Ba(tg)) = (595)
< V(E,az(ﬁﬂ — aza(ﬁﬂ) < (5.103)

< Lolla(nt) —xa(n )| < (condition 3)
2pL
% = (5.99) (5.104)

From (5.95) we know Lg < Lo, therefore (5.104) leads to a contradiction.
Thus, Claim 5.3.1b is true.
It follows from (5.101) and condition 5 that

l2(7") = 2a (7 )| < l|2(75) —2a(7)] + g <p

condition 5 (5.101)

from which we know that (7, ") € Sff“(t) and therefore there is a t3 € (7, t1]
such that

n<m = |lz(ts) — xa(ts)]| < p and
le(t) — xa(t)|| < p for t € [to, 3] (5.105)

#;: Let usdenote w(7 ) = V(7 2(7 ") —x (7)) for 1 <i < k and suppose
7, = 7 such that
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(i) = V(7 @(z) - @a(7) + UG, (1) - Ui, 2a(7))
+ [ U ts.2() + uts,a(s)ld )

= V(T 2(1) — 2a(7) + Ui, 2(12)) — Ui, (7))

-‘rV(T“ (13) — 2o () + U (1, 2(13)) — U4, (7))
+/‘Ti[f(sa: )+ u(s, z(s )
_V(Tz ( i) — wa(TZ)+U Z ma(Tz)))
< V(Tzv (E) - wa(Tz) + Uv(Z .’L'(E)) (Z wa(Tl)))
+L, ) [f(s,z(s)) +u(s,z(s))]ds < (condition 3)
<V(m, (Q) —za(T0) + U(i, 2(72)) — U (i, 2a (7))
+ L1 Lo(75 — 73) < (condition 1)
< V(7@ 2(1) — 2a(7)) + L1 L2(77 — 73) < (condition 4)
=V (T, 2(1:) — xal 2))

v ( 2() — 2ol — [ 1F(s2a(5)) + uls, a:a<s>>1ds>

V(7 2(11) — alm)) + L1 La(7F — 73)
< V(Tzv (E) - wa(ﬂ))

— [ + uts ()]s

+L, < (condition 3)

+L1 Lo (T — 7i)
< V(7 2(1) — xa(1)) + 2L1 Lo (T — 13) < (condition 1)
< w(n) +2L1 La(T7 — ). (5.106)

Then it follows from condition 2 that 7;(x4(7)) < 7(xq (7)) and

0<7 -1 =7(za(T)) — Ti(x(n))
< 7i(®a(n) — 7i(2(1))
< Ki||lxo(m) — ()| < (condition 2)
< Kiw(n) < (condition 6) (5.107)
Lj

w(r). (5.108)
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#:: Then let us suppose 7; = 77 such that

w(@ ') =

IN

IN

IN

IN

<
<

V(7o) -~ @aln) + UG, 2(7) ~ Ul za(m)

- [l + u(s,wa<s>>1ds>

V(?Zu w(ﬁ) - wa(ﬁ) + U(va(ﬁ)) - U(lawa(ﬂ)))
V(72 (7) — @a(m) + UG, 2(7) - Ul @a(m)

- [l + u(s,wa<s>>1ds>

V(7 2(T) — () + Ul (7)) — Ui, za(12))

V(7 2(T) — o (1) + Ui, 2(7)) — Ui, Ta(m:)))
+Lo|— /T [f(s,2a(s)) +u(s, xa(s))]ds <« (condition 3)
V(T 2(7) — a(n) + Ui, (7)) — Ui, 2a(1:)))

+ L1 Lo (77 — 71) < (condition 1)
V(7 x(7i) — @o(13)) + L1 Lo(T7 — 73) < (condition 4)

v (— o(n) ~wa(n) + [ f(s.a(9) + uls w(s))]ds>

+L1 Lo (T — 7i)
V(7 2(n) — ®a(1)

v (— 2(n) —wa(m) + [ £(ssa() +uls, cc(s))]ds>
~V(2(n) ~ u(n) + Li La(7 ~ 7)

V(F a(n) - 2a(m)

[ () + ulssn(o)lis

+L1Lo(T; — 73)
V (75, 2(1i) — ®a(1)) + 2L1 L2 (75 — 73) < (condition 1)
w(m) + 201 Lo (T — 7). (5.109)

+Lo < (condition 3)

By using the same process leading to (5.107) we have
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< Killz(n) — @a(m) |l < (condition 2)
Kiw(m; .
< Z}(_ < (condition 6) (5.110)
3

which leads to the same estimate in (5.108). Then we have

D+’LU(t) §07 t#?lv te [t07t3]7

201 Lo K;
w(@’) < (1 + L) w(r) (5.111)
Ls —
from which and Corollary 5.2.2 we have
k k
214 L K;
t) < w(ty) H( - > tE[to,ts}\U(Q,ﬁ}. (5.112)
=1 i=1

Then from (5.95), (5.96) and (5.105) we have the following contradiction:

k
Lan < Ls|@(ts) —@a(ts)| < w(ta) < w(t) [ (1 ; M)

i=1 Ls
(5.105) (condition 6) (5.112) a
w(td) La < LaLy||@o — Tao|| < LaLse < Lon. (5.113)
N—_———— N—————
(5.95) (5.96)

Hence, Claim 5.3.1a is true and it follows from (5.96) and (5.107) we have
Kiw(rn) _ Kiw(m)

i Ly = L3
(5.107)
K : 201 LK
< —w(tf) (1+ = ’“>
Ls fiet Ls
LK LoL,K
<. w(td) < T, |0 — a0 |
KLoLse € .
2 5.114
T, <z € N ( )
N—————’
(5.96)

from which it follows that whenever ||xg — ®40|| < €, we have for all i € N,
t>1g and |t—7’i‘ >§
l&(t) — za (D) <.

This proves that x,(¢) is uniformly stable. ]
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Theorem 5.3.2. Let x,(t) = x4(t, to, ao) be any given solution of system
(5.98) on [tg,00) which hits the switching surfaces at moments 7, k € N,
and let us suppose that the following conditions are satisfied:

CIft @) +ut,@)|| < Ly, L1 > 0 and (t,2) € Ry x 8=+
. for (t,x) € Ry X Sfa(t) and for all k, we have

S~

Ot (x)
oz

[F(t, ) +ult,2)] <0 and |n.(2) — T (y)| < Ki|z -y

where Kj, > 0 and >, Ki converges;
3. V(t,x) € C[Ry x S,,Ry] is nonincreasing in t for fized © and there is
an Ly > 0 such that

V(t,z) = V(t,y)| < Lo|lz -y

where (t,x) € Ry xS, and (t,y) € Ry xS,
4. for (t,x) e Ry xS, (t,y) e Ry xS, andk €N

V(tv T—y+ U(k’ 513) - U(kvy)) < V(t’ T — y);

[

. forx e S, and for k e N, Uk, z)| < p/3;
6. V(t,0) =0 and there is an L3 > 0 such that

Ly — za ()] S V(@ — 2a(t), (t.2) € Ry x S5,

7. DTV (t, e — x,(t) < —v(t)C(x — 2o (1)), t # T(x), t # T2, (t,x) €
R, x SZQ(t), where v : Ry — Ry is measurable and ¢ € C[S,, Ry |;

8. for any 6 > 0 there is a & > 0 such that S C Ry and p(S) > 6 implies
fS'y(s)ds > 81, where p is Lebesque measure ;

9. for any €1 > 0 there is an € = €(e1) > 0 such that

e <zl <p=((x) > e
Then x,(t) is uniformly asymptotically stable. X

Proof. From Theorem 5.3.1 and the proof of Theorem 5.3.1 we know that
x4(t) is uniformly stable and there is a g > 0 such that for any a solution,
x(t) = x(t,to, xp), of system (5.93) we have

lLo — @aol| < €0 = ||2(t) — 2 (B)|| < p, t>to (5.115)

To prove that x,(t) is uniformly asymptotically stable, we have the following
claim:

Claim 5.3.2a: For any give n € (0,p/3) and £ > 0, thereisa T =T(n,§) >0
such that

l2(t) —za()| <, t>to+T, [t—70|>& (5.116)
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Since x,(t) is uniformly stable, Claim 5.3.2a can be further simplified as
the following claim:
Claim 5.8.2b: For any give n € (0,p/3) and £ > 0, thereisa T =T(n,&) > 0
such that for some

tl S [t()v tO + T] \ U [T_kv T_k:]
Tk€(to,to+T)

we have
[z(t1) — za(t1)|| < e(n,§).

If Claim 5.3.2b is false, then for any T > 0 there is a solution z(t) =
x(t,to, xg) of system (5.93) with ||xg — ®40|| < €0 such that
e <llat) —wat)l <p telloto+TI\ ) [l (5.117)
TrE(to,to+T)
From (5.94) we have

w(t) < Lo|l2(7i) — o (1)
< Lap < (5.115) (5.118)

Because Y ;- | K}, is convergent, there is an Ly > 0 such that >~ | Ki < L.
It then follows from (5.107) and (5.118) that

o0 o] K
S —m) <Y w(m) « (5.107)
k=1 k=1 3
LyL
< P2 < (5.118) (5.119)
Ls

where w(m) = V(t, 2(7) — Ta(73))-
It follows from condition 9 that there is a K = K (g) > 0 such that

((x) > K for e < ||z| < p. (5.120)

It follows from the assumption on 7(¢) (condition 8), we know that there is
an Ls > 0 such that S C Ry and u(S) > Ls imply

L 201L-L4/L
/’y(s)ds o Leso 2 EaLa/ s (5.121)
s K
Let us set LI
T=Ls+ pLaba +1
L3

and w(t) = V(t,x(t) — x4(t)), where x(t) = x(t,t0, o) is the solution of
system (5.93) satisfying (5.117). It follows the conclusion in (5.108) that
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> 2L LoKy,  2L,LsL
S t) —w(m)] < Y TEAEE < 2 (5.122)
k=1 - = Ls Ls

From (5.94) we have

w(ty) < Lal|xo — a0l
< Logg = (5115) (5123)

From (5.117), (5.119), (5.120), (5.121), (5.122) and condition 7 we have
the following contradiction:

0<wlto+T)<w(td)+ > [wE@") — wm)]

to<Tk <TE<to+T
—|—/ DT w(s)ds
[t01t0+T]\Ut0<q—_k§ﬁ<to+T[lcvﬁ]
<wiH)+ Y @) - w(m)]
to<ri <TR<to+T
- / +(5)C((s) — ma(s))ds < (condition 7)
[t01t0+T]\Ut0<q—_k§ﬁ<to+T[lcvﬁ]
201 LoL
< Layegg + % - K ~(s)ds
m N 3 _ [t07t0+T]\UtO<l§ﬁ<to+T[ﬁxﬁ]
(5-122) condition 7,(5.117)&(5.120)
<0 < (5.121) (5.124)
because let
S = [t07tO+T}\ U [EaT_k]v

to <7k <TE<to+T

we have

wS)=T- > (T

t0<T7kST_k<to+T

>T = (7 — )
k=1
LQP

>T - =* ZKk < (5.119)

L L LyL

> Ly 240 2l (5.125)

L L

Therefore Claim 5.3.2a is true and x,(t) is uniformly asymptotically stable.
[ ]



6. Practical Stability of Impulsive Control

In this chapter, we study the practical stability of impulsive control systems.
The so called practical stability are very useful for designing practical con-
trollers because in many cases, control a system to an idealized point is either
expensive or impossible because of the finite measuring accuracy of sensors
and actuators.

6.1 Practical Stability Based on Single Comparison
System

Let us study the practical stability of the following impulsive control system:

:b:f(tvm)a t # T,
Ax =U(k,xz), t=m,
z(ty) =x0, keN (6.1)

Definition 6.1.1. The trivial solution of system (6.1) is

S1 equi-stable if for each 6 > 0, ty € Ry, there is a & = £(to,0) which is
continuous in to for each & such that ||xo|| < & implies ||x(t)|| < & for
1> 1o;

S2 wuniformly stable if € in S1 is independent of ty;

S3 qusi-equi asymptotically stable, if for each 6 > 0, {h € Ry, there is a
& = &o(to) > 0 and T = T (to,0) such that |xo|| < & implies ||z(t)|] < &
fort >ty +T;

S4 qusi-uniformly asymptotically stable if & and T in S3 are independent of
to;

S5 equi-asymptotically stable if both S1 and S3 hold;

S6 uniformly asymptotically stable if both S2 and S4 hold;

ST qusi-equi asymptotically stable in the large, if for each 6 > 0, n > 0
to € Ry, there is a T = T(to,6,n) > 0 such that ||xo| < n implies
let)|| < é fort >ty +T;

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 193197, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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S8 qusi-uniformly asymptotically stable in the large if T in ST is independent
of to;

S9 completely stable if S1 and S7 hold for allm € Ry ;

SA wuniformly completely stable if S2 and S8 hold for all n € Ry ;

SB unstable if S1 does not hold.

X

Definition 6.1.2. Given (u,v) with 0 < p < v and ty € Ry, and let z(t) =
x(t, to, o), t > to, be a solution of system (6.1), then the impulsive control
system (6.1) is said to be

PS1 practically stable if ||ao|| < p implies |x(¢)|| < v for some ty € Ry and
t 2> to;

PS2 wuniformly practically stable if PS1 holds for every ty € R, ;

PS3 practically quasistable if given 8 > 0, T > 0 and for some t) € R,
lzoll < p implies ||x(t)|| <0, t >to +T;

PS4 uniformly practically quasistable if PS3 holds for every ty € Ry ;

PS5 strongly practically stable if both PS1 and PS3 hold;

PS6 strongly uniformly practically stable if both PS2 and PS4 hold;

PST practically asymptotically stable if both PS1 and ST hold with n = u;

PS8 uniformly practically asymptotically stable if both PS2 and S8 hold with
n=H

PS9 practically unstable if PS1 does not hold;

PSA eventually practically stable if there is such a T = T(u,v) that ||x| < p
implies ||le(t)|| <v, t >ty >T;

PSB eventually strongly practically stable if both PS3 and PSA hold;

PSC eventually uniformly strongly practically stable if both PS4 and PSA hold.

X
Let us define | byl — Izl
. + hy|| — ||x
Dt 2] e+ hyj — el
2 (y) = lim s :
e e + hyl — |z
_ . T+ hy|| — ||x
D £ _—
= (v) h_lirgf h

Assume that there is a ¢ € C[Ry x Ry, Ry ] such that for

Dy (f(t,)) < g(t, =], t# 7, (6.2)

and assume that there are ¢ : Ry — Ry, k € N, such that v (w) is nonde-
creasing in w and

& + Uk, 2)[| < ¢r(ll]]), (6.3)

then we have the following comparison system for the impulsive control sys-
tem (6.1)
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:g(7 ) t;’éTlm
w(n) = dr(w(n), =,
w(ty) =wo >0, keN (6.4)

Theorem 6.1.1. Let us assume that f € Cl(1k—1, 7] x R*,R"] and %’;’m)
is continuous in (Tp—1,7k] X R™ for each k € N, then the practical stability
properties of the comparison system (6.4) imply those of the impulsive control
system (6.1). X

Proof. Let x(t) = x(t, 1, o) be any a solution of control system (6.1), then
we can set w(t) = ||x(t)]|, from the comparison system (6.4) it follows that

w:g(tvw)a t?éTk,

(Tl:_) ( ( %)) l =Ty,
w(ty) = Hwo||, keN (6.5)
Let wWmax(t) = Wmax(t, to, wo) be the maximal solution of (6.4), then it follows

from Theorem 3.1.1 that for ¢ > ¢y
w(t) S wmax(t,to, ||.’BQ||) (66)

This finishes the proof. ]
Let us study the practical stability of the following linear impulsive control
system:

T =Ax, t# Tk,
Ax = Byx, t=Tg,
z(ty) =xo, keN (6.7)

Observe that D (Az) < p(A)||x|| where u(A) is the logarithmic norm of
A. Let us assume that ||(I + Bg)z| < di||x|, then we have the following
comparison system:

w = ,U(A)’LU, t 7é Tk
w(ry) = dyw(ry),  t =T,
w(ty) =wo >0, keEN, (6.8)

whose solution is given by

w(t, t07 U)Q) = Wo H dkeu(A)(t_tO)7 t 2 to. (69)

to<Tr <t

Then we have the following corollary.
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Corollary 6.1.1. Give 0 < u < v and assume that

H di < K

k=1 r
and u(A) < 0 then the linear impulsive control system (6.7) is practically
stable. X

Proof. From the assumption we know that the comparison system (6.8) is
practically stable. Therefore, it follows from Theorem 6.1.1 that the linear
impulsive control system (6.7) is practically stable. [ ]

Since the usefulness of the practical stability of comparison systems, let
us study the practical stability of the following special case of the comparison
system (6.4)

w=g1(t)ga(w), t# 7,
w(rd) = Ye(w(m)), =7k,
w(ty) =wo >0, keN (6.10)

where g1 € C[Ry, R4 ], 92 € C[Ry, Ry ] is nondecreasing and ¢, € C[R4, Ry ],

k € N are also nondecreasing.

Theorem 6.1.2. Assume that

1. given 0 < p < v such that
p < min(v, i (v));

2. for every 6 > p we have

Th+1 i) q
/ g1(s)ds +/ ds <0, keN (6.11)
T 0 92(5)

k

Then the comparison system (6.10) is practically stable. X

Proof. Without loss of generality, let us assume that ty € (7x, 7k+1] and let
wo € [0, 1), then we have the following claim:
Claim 6.1.2: w(t) < v for all £ > t,.

If Claim 6.1.2 is false, then there is such a t; € (to, 7k+1] that w(t;) > v.
We then obtain
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v 1 |
/ ——ds < / ——ds <« (assumption 1)
Pr (V) 92(3) m 92(8)

|
<[ gt =)

w(t) 1
g/m s = () 2 v

< / “n(s)ds < [gr(t) = 1/ ga(w)]

to
Tk+41

< / g1(s)ds
Tk

ft {to € (&, Twy1] & t1 € (to, Thy1]} (6.12)

from which we have the following contradiction to (6.11):
Th+1 Ye(v)  q
g1(s)ds —|—/ ——ds > 0. 6.13
/‘l’k 1( ) v 92(8) ( )

Therefore, if wy < p and ¢ € (7, Ti41] then w(t) < v.

We then use mathematical induction to prove that Claim 6.1.2 is true.
Let us assume that ¢ > k+2, w(t) < v for ¢ € (Tg41, 7:), then for t € (7;, Ti41]
we have

w(t) t
/ L s < / q(s)ds <= [qu(t) = i/ ga(w)]

w(Ti+) 92(8)

IN

Ti+1
/ gl(s)ds. <~ {t S (Ti, Ti+1]} (614)
It follows from w(7;") = ¢;(w(;)) that
w(T,iJr) 1 Pi(w(Ts)) 1
/ ——ds :/ ——ds (6.15)
w(T) 92(s) w(Ts) g2(s)
from which and (6.14) we have
wt)  q w(r;") 1 w(t) 1
/ ds = / ds + ds
w(T;) QQ(S) w(T;) 92(3) w(r;h) 92(5)

/wi(wm)) 1 Tit1 (&) ( )
< ds+/ g1(s)ds < 0. 6.16
w(T;) g2(5) T

Therefore we have w(t) < w(r;) < v for t € (73, Ti+1]. By using mathematical
induction we know that Claim 6.1.2 is true. This proves that the comparison
system (6.10) is practically stable. [ ]

Let us study the practical stability of the following nonlinear impulsive
control system by using first-order approximation
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z=Alt)r +u(t,x), %,
Ax = Byx + ci(x), t =T,
z(ty) =x0, keN (6.17)

where A € PC[R;,R™*"], f € C[(74—1, 7] x R™ and for every x € R", k € N
the following limit exists:

lim  f(t,y) = f(7] ),
(ty)— (7} )

B, € R"*™ and ¢ € C[R*,R"] for k € N.
Let @ (t, s) be the fundamental matrix solution of the following reference

system
&=At)x, te< (Th—1,Tk| (6.18)

Let us assume that

HA ||u(t,z)|| < a(t)||z||?, o > 1, for (t,x) € Ry x R", o € PC[Ry, (0, 00)].

HB |1+ Byl < kk, &k > 0, |lew(x)]] < villzll, v > 0, for k € N and & € R™.

HC (| (t,5)|| < g1(t)ga(s) for Ti—1 < 5 <t < 7k, g1(7%) > 0, go(77) > 0 for
k€N g1 € PCIR+, (0,00)], g2 € PC[R+, (0, 00)].

Theorem 6.1.3. Let us define wy = (i, + kk)g1(7)g2(737 ) and

: o—1
¢(to,t)é/t< 11 wzc) a(s)g7 (s)g2(s)ds.

to<Tp<s
Assume that ¢(to, 00) < oo then the impulsive control system (6.17) is

1. practically stable if for a given Kj >0

a®gtd) [ = <Ki, t>to (6.19)

to<Tr <t

2. strongly practically stable if for a given Ko >0 and T >0

g1(t)g2(td) H wp < Ko, t>tg+T. (6.20)

to <7<t

X

Proof. Let ¥(t,s) be the Cauchy matrix of the following reference system:
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x=A(t)x, t#Tp,
Ax = By, t=rTg,
z(ty) ==z, keN (6.21)

Then the solution x(t) = (¢, ty, zo) of system (6.17) can be represented as

x(t) = D(t, to)xo +/ U(t, s)u(s, x(s))ds

to
+ Y Pt er(@(rr)). (6.22)
to<Tr <t
Let us define
wt = Lz
91(t)

then it follows from (1.32), assumptions HA, HB and HC that

w(t) < lzollg2(td) [ mror(me)ga(ry)

to<Tr <t

4 / IT fron(m)ea(m) | ()7 (s)ga(s)w’ (s)ds

to

s<T<t
+ Y mamwen) [ mg(m)e(nhHwn),
to<tTr<t TEe<Ti <t
t>t. (6.23)

From which, Theorem A.3.2 of [15] and Lemma A.1.1 of [15] it follows that

w(t) < llzollgz(td) [ @ufl = (o = Dlga(t) loll]” olto, 1)}/

toTr <t

(6.24)

for all t > to such that (o — 1)[g2(t3)||zol|]" Lo (to, ) < 1.
Assume that ¢(tp, 00) < oo and (6.19) holds, then let us choose ||zo]| < p
and

. o— o) YV o
[ = min ([2(0 - 1)g3 1(t8‘)¢(t0’ oo)]l/(l ) E21/(1 ))

then it follows from (6.24) that |x(t)|| < v for all ¢ > ¢;. Therefore, the
impulsive control system (6.17) is practically stable .
Since (6.20) shows practical quasi-stability, the second conclusion can be
easily proved. ]
Let us using comparison method to study the practical stability of the
following nonlinear impulsive control system:
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w:f(tvx)a t%ﬂm
Ax =U(k,x), t=mk,
z(tf) ==x0, keN (6.25)

where f € C[(1-1, 7] x R*,R"] and for any @ € R, k € N, the following
limit exists:

lim  f(t,y) = f(7], @)

(ty)—(r @)

U:NxR*"— R" and

0<mn LTy < oo T < T < 00y klim T = OQ.
— 00

Assume that there is a V' € V) such that

DYV(t,x) < g(t,V(t,x)), t+#,
Vit, o+ Uk, x)) <vp(V(t,x), t=s keN, (6.26)

where g € PC[Ry x Ry, R] and ¢ : Ry — Ry, k € N, are nondecreasing.
Then we have the following comparison system for system (6.25):

w:g(tvw)a t#Tkv
w(rt) = Yp(w(m)), t=m keN (6.27)

Theorem 6.1.4. Given 0 < u < v, let us assume that

1. V €V satisfies (6.26) for x € S,;

2. there is such a p = p(v) > 0 that for any x € S, and k € N we have
z+U(k,x) €S,;

3. there are o, 3 € K such that o(p) < f(v) and for anyt € Ry andx € S,
we have

Bllzll) < V(t,z) < af|z]).

Then the practical stability properties of the comparison system (6.27) imply
those of the impulsive control system (6.25). X

Proof.

1. Practical stability. Let us suppose that the comparison system (6.27) is
practically stable; namely, for any solution w(t) = w(t, ty, wo) of (6.27)
we know that wo < a(p) implies

w(t) < B(v) for t > 1. (6.28)

Let us choose wy = a(||xo||) and let x(t) = x(¢,t, o) be any a solution
of system (6.25) then we have the following claim:
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Claim 6.1.4: ||zo|| < p implies ||x(t)|| < v for all ¢ > ¢,.

If Claim 6.1.4 is false, then there is a t; > to such that t; € (7%, Tkt1]
for some k, ||zo|| < w, ||x(@)|| < v for t € [to, 7] and ||x(t1)]] > v. It
follows from condition 2 that if ||@(7)|| < v then ||z(r;)|| = ||z(7%) +
U(k,x(m))|| < p. Thus, there is a ty € (73, t1] such that ||z(t2)] € [v, p).
Let us set w(t) = V (¢, x(t)) for t € [ty,t2] and in view of Theorem 3.1.2,
conditions 1 and 2, we have

V(t, (1)) < wmax(t, to, a([|ol])) (6.29)

where wmax(t,to, wp) is the maximal solution of (6.27). It follows from
condition 3 and (6.29) that

B) < B(lle@)l) < [lz(t)] € [, p)]
< V(ta,2(t2)) < (condition 3)
< Wmax(t2, to, ([l@ol[)) <= (6.29)
< Bv) < (6.28) (6.30)
which leads to a contradiction. Therefore, Claim 6.1.4 is true and the
system (6.25) is practically stable.
2. Strongly practical stability . Let us suppose that the comparison system

(6.27) is strongly practically stable, then form the first conclusion of this
theorem we know that system (6.25) is practically stable; namely,

lzo|l < p implies ||z(t)|| < v for ¢ > to. (6.31)

Given 0 < 0 <v and T > 0, then from the fact that (6.27) is practically
quasi-stable we have

wo € [0, a(p)) implies w(t, to, wo) < B(0) for t > to +T. (6.32)

Given ||z < p, it follows from (6.31) and by using the same procedure
that leading to (6.29) we have

V(t,x(t)) < wmax(t, to, a(||xol])), > to (6.33)
which yields for t >ty + T
Blllz@®)) <Vt z(t) < wmax(t, to, a([|zol])) < B(0).  (6.34)

This proves that ||x(t)|| < 6 for ¢ > to + T. Therefore, the impulsive
control system (6.25) is strongly practically stable.

[ |
We then the following corollary of Theorem 6.1.4.

Corollary 6.1.2. We have the following conclusions:
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Assume that g(t,w) =0 and i, (w) = dyw where d, > 0, k € N and

o0
Hdk < o0
k=1

then the impulsive control system (6.25) is uniformly practically stable.

2. Assume that g(t,w) = y()w, v € C*[Ry, Ry ] and Y (w) = dryw where
dip >0, ke N and
(1) +Indy < y(7h-1) (6.35)
for all k € N, then the impulsive control system (6.25) is practically
stable.
3. Assume that g(t,w) = y(t)w, v € C*[Ry, Ry ] and Y (w) = dryw where
dr > 0, k € N and there is a w > 1 such that
Y(7) + In(wdy) < y(Tg-1) (6.36)
for all k € N, then the impulsive control system (6.25) is practically
asymptotically stable.
X
Proof.
1. Let us prove conclusion 1 first. In this case let us suppose that there is a
K > 1 such that -
H dip < K.
k=1
For any v let us choose p = v/ K, then we have
w(oo) = w(ty) H dg.
to <1 <00
From which we know that for any wy < p we have w(oo) < v. There-
fore, system (6.27) is uniformly practically stable. Then it follows from
Theorem 6.1.4 that conclusion 1 is valid.
2. We then prove conclusion 2. In this case, the solution of system (6.27) is

given by
w(t, o, wo) = wo H di | W=7 >,
to<t<t

Without loss of generality, let us assume that to € (0,71), then it follows
from (6.35) that

w(t, tg, wp) < woe? TV > 4y
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Let us choose i1 and v such that

=ity - BW)
a(p)

then we prove that system (6.27) is practically stable. Then it follows
from Theorem 6.1.4 that conclusion 2 is valid.
3. We then prove conclusion 3. In this case, by using similar process we can

get
woe? ()= (to)

w(t, to, wo) < ——F "1 < t <1y,

which yields
lim w(t,to,wo) =0.

t—o0o

Therefore, system (6.27) is practically asymptotically stable . Then it
follows from Theorem 6.1.4 that conclusion 3 is valid.

Note 6.1.1. The results in this section are adopted from [15] with revisions.
¢
6.2 Practical Stability in Terms of Two Measures

In this section we study the practical stability in terms of two measures of
the following general impulsive control system:

:Jc:f(t,m,ft), t?éTk,
Az = ug(x), t=1k,
z(ty) ==z, k=1,2,--. (6.37)

Let {2 be the admissible control input for w. Given a w; € {2, we denote by
x(t) = z(t, g, o, @) a solution of system (6.37) with x(t7) = .

6.2.1 Definitions and Notations

Definition 6.2.1. Let ho,h € H. Then the system (6.37) is said to be

1. (hg, h)-practically stable if, given (A, «) with 0 < A < «, we have
ho(to, o) < A implies h(t,x(t)) < «, t > &y for some ty € Ry ;
2. (ho, h)-uniformly practically stable if (1) holds for every ) € Ry ;
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3. (ho, h)-practically quasistable if, given (A\,a,T) with A >0, >0,T >0
and some to € Ry, we have ho(to, o) < A implies h(t,z(t)) < o, t >
to+T;

(ho, h)-uniformly practically quasistable if (3) holds for every h € Ry ;
(ho, h)-strongly practically stable if both (1) and (3) hold;

(ho, h)-strongly uniformly practically stable if both (2) and (4) hold;
(ho, h)-practically unstable if (1) does not hold.

NS O

X
Definition 6.2.1 is in terms of two measures which is a more general form
than that in terms of one measure. Definition 6.2.1 reduces to

1. the standard practical stability if h(t, x(t)) = ho(t, z(t)) = ||x||;

2. the practical stability of a prescribed solution x. of system (6.37) if
h(t, x(t)) = ho(t, (1)) = [l — z.|;

3. the partial practical stability if h(t,x(t)) = ||z, 1 < s < n, where
x] = (W, 2® ... 2(®)) is an s-vector whose entries are chosen from z
and ho(t, z(t)) = [|z|;

4. the orbital practical stability of an orbit g if h(t,z(t)) = ho(t, z(t)) =
d(x, ), where d(-,-) is a distance function;

5. the practical stability of an invariant set p if h(¢,z(t)) = ho(t, z(t)) =
d(x, p), where d(-,-) is a distance function;

6. the practical stability of conditionally invariant set p; with respect to
p2, where po C 1, if A(t,x(t)) = d(z, p1) and ho(t, z(t)) = d(x, p2),
where d(-,-) is a distance function.

6.2.2 Comparison System

Let a comparison system be
w(Tl:_) = ¥k ’U)(Tk)), k= 1727 Tty (638)

where g : Ry X R x R — R is continuous in (741, 7%] X R x R and for each
(w,y)E]RXR, k:172a"'7

lim+ g(t7w’g) = g(lellawyy)
(t,0,9) = (7,_1,w,y)

exists, and 9 : R — R is nondecreasing for k =1,2,---.
Lemma 6.2.1. Let us suppose that
1. T >0, mv € Clt1,t1 + T),R] and
DFm(t) < g(t,m(t),v(t)), te[t,t1+T]

where g € C[[t1,t1 + T] x R x R/ R] is nondecreasing in v for every
(t,m) € [t1,t1 + T) x R;
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2. Wmax(t) is the maximal solution on [t,t1 + T| of the following scalar
ordinary differential equation

= g(t,w,w), wt)=w >0 (6.39)

and v(t) < wmax(t) fort € [t1,t1 + T).
Then fort € [t1,t1 +T], m(ty) < wy implies m(t) < Wmax(t).
Note 6.2.1. The proof of this theorem can be found in [14]. ¢

Theorem 6.2.1. Assume that
1. m,v € PC and

DTm(t) < g(t,m(t),v(t)), t#m,
m(T,j) < r(m(tx)), k=1,2,---; (6.40)

2. Wmax (T, to, wo) is the mazimal solution of (6.38) on [ty, 00).

Then m(t) < wmax(t, to, wo) for t >ty if m(tp) < wp. X

Proof. Let wmax(t) = wWmax(t, to, wo) be the maximal solution of the com-
parison system (6.38), then by classical comparison theorem, it is easy to
see that wmax(t) is the maximal solution of (6.39) with ¢ € [7;_1,7k] and
’LU(T,:'__l) = wmaX(T,j'_l), k € N. Then it follows from Lemma 6.2.1 that for
t € (to, 1] we have

m(t) < Wmax1(t,to, wo) (6.41)

where wpax1(t, to, wo) is the maximal solution of (6.39) for ¢ € [ty, 71] with
wmaxl(t;{,to,wo) = wWg. Let wf = 1/)1(wmaxl(7'1,to,w0)), since ¢1 is non-
decreasing, it follows (6.41) and assumption 1 that m(7;") < w]". Then by
Lemma 6.2.1, we have

m(t) S wmax2(ta T1, wi‘r)a te (717 7-2] (642)

where wmaxa(t, 71,w;]) is the maximal solution of (6.39) for ¢ € [r1, 2] with
Wimax2(777, 71, w]) = w. Then by repeating the same process we have, for
k=1,2,-,

m(t) < wmaxk(thk—lvwz__l)a te (Tk—luTk] (6.43)

where wmax k (¢, Tk—1, w,‘i‘_l) is the maximal solution of (6.39) for ¢ € [—1, Tk]

with wmax k(T,j_ 13 Th=1, w,:'_l) = w;:_l. Let us construct the following solution
of (6.38):
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wo, t= to
wmaxl(tythwO)v te (thTlL
wmax2(t77—17wr)a te (7—177-2}7
w(t) =K - (6.44)

wmaxk(ta’rkflv w]j_l)a te (kalv Tk:]7

which satisfies w(t) < wmax(t, to, wo). Since

m(t) < w(t), t>t

we have
m(t) S wmax(tatmwO)a t Z t0~

[ ]
It follows from Theorem 6.2.1 we have the following lemma (Theorem 3.1
of [19], Theorem 3.3.1 of [11]) for later use.

Lemma 6.2.2. Assume that
1. m,v € PC and
D¥mf(t) < g(t,m(t),v(t)), t#m,
m(r) < Yr(m(m)), k=1,2,---; (6.45)
2. Wmax(t,to, wo) is the mazimal solution of (6.38) on [ty,00) such that

U(t) S wmax(tatvaO); t 2 tO;
3. g(t,w,v) is nondecreasing in v for each (t,w).

Then m(t) < Wmax(t, to, wo) for t >t if m(to) < wo. X
For the purpose of designing impulsive controller, some special cases of
Lemma 6.2.2 were found useful and are listed as follows.

Corollary 6.2.1. If in Lemma 6.2.2, we choose
1. g(t,w,w) =0 and Yx(w) = w, k €N, then m(t) < wy fort > ty;
2. g(t,w,w) =0 and Yr(w) = dyw,dy, > 0, k € N, then
m(t) < wy H dy, (6.46)
to<Tr <t
for t > to;

3. g(t,w,w) = —yw,y > 0 and Yp(w) = drw,d;, > 0, k € N, then

m(t) <woe 770N TT di (6.47)

to<Tr <t

for t > to;
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4. A€ CY R, Ry ], A(t) > 0 such that g(t,w, w) = \w,y > 0, and ¥y (w) =
drw,d >0, k € N, then

m(t) < wpe AT dy (6.48)

to<Tr <t

fort > ty;
5. g(t,w,w) = —yw+9,v>0,0> 0 and Yy(w) = dyw,d;, >0, k €N, then

k k k

m(t) < wpe Y(t—to) I_IdZ + %ZHdﬂ (ef'y(tfn) - €7W(t7ﬂ*1))
=1 i=1 j=1
+§ (w - e_w_m) (6.49)

forte (TkaTk-H]'

We then have the following comparison theorem.
Theorem 6.2.2. Let us assume that

1. 0 < p < v are given and p > v;
2. ho,h € H and h(t,x) < ¢(ho(t,x)) with ¢ € K whenever ho(t, ) < u;
3. V€V and there are o, 8 € K such that

B(h(t,x)) <V (t,x), if h(t,x)<p,
Vit,z) < alho(t,x)), if ho(t,x) < (6.50)

4. let
R={wecR"| Ut,a) <~v(t),t>1} (6.51)

where U : Ry X R™ — Ry is continuous on (1p—1, 7] X R™ and for every
ueR" k=12,

lim Ult,y) = U(tg‘_l,ﬂ)

ty)—(t_,,a)

exists, and wmax(t) s the mazimal solution of (6.38). For (t,x) €
(Th—1,7k) X R™ and a(t) € 12,

D*V(t,z) < g(t, Vit,2), Ut a(t), i h(t.w) <p  (6.52)
where g(t,w,v) is nondecreasing in v for each (t,w) € Ry x R and
Virg,z(r))) < ou(V(m,z(m))),  if b z(m)) < p; (6.53)

5. ¢(n) <v and a(p) < B(v);
6. h(t,x) < v implies h(t,x + u,(x)) < p for allk=1,2,---.
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Then the practical stability properties of (6.38) with respect to (a(u),B(v))
imply the corresponding (ho, h)-practical stability properties of the impulsive
control (6.87) with respect to (u,v). X

Proof. Let to > 0 and to € (7, Ti+1] for some ¢ > 1. We have the following
notation for k =1,2,---:

A Titk, if to € (Ti,Ti-o-l),
Tk = . 6.54
¥ {Ti+1+k71f lo = Tit+1. (6.54)

1. (ho, h)-practical stability
Suppose that the comparison system (6.38) is practically stable with
respect to (a(u), 5(v)), then wy < a(w) implies

U}(t,to, ’U)O) < ﬂ(l/)7 t > to, (655)

where w(t, tg, wp) is any a solution of (6.38) on [tp,00). Let us choose
(to, o) € Ry X R™ such that hg(to, o) < p. Then from assumptions 2
and 5, we have

h(to, o) < ¢(ho(to, @o)) < ¢(p) < v. (6.56)

We then have the following claim:
Claim 6.2.2: Let x(t) = x(t,t, xo,w") be any a solution of (6.37) with
ho(to, o) < p, we have

h(t,z(t)) <v, Vt>t. (6.57)

If Claim 6.2.2 is not true, then there are au; and a corresponding solution
x(t) = x(t,to, o, 1) of (6.37) with ho(to, o) < p and a t* > ¢y such
that 7, < t* < 741 for some k, satisfying

h(t*, x(t*)) > v, and h(t,z(t)) <v, tE€ [to, Tk (6.58)
From assumption 6 we know that there is a t; such that 7, < t; <t* and
v < h(t1,x(t1)) < p. (6.59)

Let m(t) = V(t,z(¢)), t € [to, t1], and wy = V(to, o), then from assump-
tion 3 we have
D+m(t) < g(t7m(t)a U(taﬁ'l(t)))a te [tht1}7 3 7é Tis
m(TiJr) S d]l(m(T’L))v 1= 17 27 tee 7k7 (660)

from which and in view of @1 € 2 and ¢g(-,-,v) is nondecreasing in v, we
have

Dtm ( ) < g(t (t)awmaX(t))v te [tOvtlL t# 7,
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where Wmax (t) = Wmax (¢, to, wo) is the maximal solution of (6.38). It then
follows from Lemma 6.2.2 that

m(t) < wmax(t), t € [to,t1]. (6.62)
Then from (6.55), (6.59), and (6.62) we have the following contradiction:

B(v) < V(tr,2(t1)) < wmax(t1) < B(v). (6.63)

Therefore, Claim 6.2.2 is true and we conclude that the impulsive control
system (6.37) is (ho, h)-practically stable.

2. (ho, h)-strongly practical stability
Suppose that the comparison system (6.38) is strongly practically stable
with respect to (a(u),8(v)). This implies that system (6.37) is (hg, h)-
practically stable . We then know that ho(to, xo) < p implies

h(t,x(t)) <v, t2>to, (6.64)

where x(t) = x(t,to, o, x*) is any solution of system (6.37) with
ho(to, o) < p. Given 0 < b < v and a T > 0 and since system (6.38) is
practically quasistable, if 3(b) > 0 we then have

wo < a(p) implies w(t, to, wo) < B(b), t>to+T. (6.65)

Let us choose (tg, o) such that ho(tg, o) < p, then in view of (6.64),
arguments leading to (6.63) yield

V(t,x(t)) < v(t,to, alho(to, o)), t > to, (6.66)
from which and (6.65) we have
Blh(t,z(t) < V(t,z(t) < Bb), t>to+T, (6.67)
from which we have
htz(t) <b, t>ty+T. (6.68)

Thus, the system (6.37) is (ho, h)-strongly practically stable.
3. Other cases can be proven similarly.

[ ]
By choosing different types of functions we have the following corollary
of Theorem 6.2.2.

Corollary 6.2.2.
1. Assume that

g(t,w,w)zo, ¢k(w):dkwv dkzoa k:1727"'7
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and if
H di < o0
k=1

then the impulsive control system (6.37) is (hg, h)-uniformly practically
stable.

Assume that
At
g(t,w,w) = d(—t)w, Ae CURy, R,
¢k(w):dkw, dp, >0, k=1,2,---,
)\(Tk)+lndk S)\(Tk_l), k=1,2,---, (6.69)

then the impulsive control system (6.37) is (ho, h)-practically stable.

6.2.3 Controllability

Theorem 6.2.3. Assume that

1.

©

0 < pu < v are given and p > v. For a given v € PC we define the
following control set

Q={aecR™| Ut,a)<v(t),t>t)

ho,h € H and h(t,x) < ¢p(ho(t,z)) with ¢ € K whenever hy(t,x) < u;
V € Vy and there ezist a, 3 € K such that

B(ht,x)) <V(t,x), if h(t,x)<p,
Vt,z) < alho(t,x)), if ho(t,x) < 3 (6.70)

for (t,x) € (Th—1,7) X R™ and u(t) € 02,
DYV (t,x) < gt V(t,x),U(t,at)), i h(t,xz)<p, (6.71)
where g(t,w,v) is nondecreasing in v for each (t,w) € Ry x R and
V(t,z) < alho(t, @), if ho(t,®) < p; (6.72)

o(p) < v, alp) < B(v) and h(t,x) < v implies h(t,x + w,(x)) < p for
allk=1,2,---;

there exists a control function v € PC such that any solution w(t) =
w(t, tg, wo, w) of the system (6.38) satisfies

wo < afp) implies w(t) < Bv), t>t, (6.73)
and

w(to +T) < B(b), 0<b< v, for some T =T(tg,wo) > 0. (6.74)
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Then there are admissible controlsu = u(t) € £2 such that

1. the system (6.37) is (ho, h)-practically stable;
2. all solutions x(t) = x(t,ty, xo, ) starting in

2 ={xeR"| h(t,z) < p,t >t}
are transferred to the region
2 ={x eR"| h(t,z) <b}

in a finite time T* = T*(to, xo) = T(to, V(to,xo)); namely, the system
(6.37) is controllable.

X

Proof. Let ho(to, zo) < ¢(ho(to, xo)) < p and U(t,a(t)) < v(t),t > to, then
we have ho(to, 330) < (b(ho(to, CBQ)) < V.

Then we have the following claim:
Claim 6.2.3: For any solution @ (t) = ®(t, ty, o, @) of system (6.37), we have

ho(to, o) < p implies h(t,z(t)) <v, t>1p. (6.75)

If Claim 6.2.3 is false, then there exist a u; € {2 and a corresponding
solution x(t) = x(t,to, o, 1) of system (6.37) and a t* > ¢y such that
t* € (7, Ti+1] for some k, satisfying

R(t*,xz(t*)) > v and h(t,xz(t)) <v, tE€ [to,Tk] (6.76)
From assumption 5 we know that there exists a ¢; € (7%, t*] such that
bt @(t)) € [, ). (6.77)
Let m(t) = V(t,x(t)) for ¢ € [to, t1] then from assumption 4 we have

D+m t) S g(tvm(t)7v(t))7 t7é Tis le [t07t1]a
m(t;7) < i(m(r)), i=1,2,---,k, (6.78)

3

which implies by Theorem 6.2.1 the estimate
m(t) S 7(t7t07w071})7 te [t07t1]7 (679)

with m(to) < wop, where y(t, to, wo, v) is the maximal solution of (6.38). Let us
choose wy = V (o, xg), then we can get from assumption 3 and (6.76)-(6.79)
the relation

B(h(t,x(t))) < V(L 2(t)) < y(t to, wo,v), tEto,ta].  (6.80)

Now we are led to the following contradiction, in view of (6.73) and (6.77),
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Bv) < B(h(tr, z(t1))) < (¢ to, wo,v) < B(v), (6.81)

which proves that Claim 6.2.3 is true and the system (6.37) is (hg, h)-
practically stable.
Furthermore, (6.80) holds for all ¢t > ty, and from (6.74) we have

h(to + T, a}(to + T*)) <b, (682)

where T* = T'(to, V(to, xo)). We finish the proof of controllability. [ |

6.2.4 Examples

Let us consider the following comparison system:

W= a(t)w +b(t)v(t), tF#
Aw(r) (k_l) (), d >0, k=1,2,---,

w(to)
where a,b € PC[R;, R]. The solution of (6.83) is given by

exp (ftt ds) ftt exp (— fti a(&)d&) b(s)u(s)ds
+wg exp (ft ds) t € [to, 1],
w(t) =4 exp (f:k_il a(s )ds) ka_il exp (— fjkil a(li)dli) b(s)v(s)ds (6-84)
+di—yw(m) exp (7, as)ds)
te (Th—1,7k), £=2,3,---.

(6.83)

Given 0 < B(u) < B(v) and 0 < B(u1) < B(v) and let us choose v €
PC[R4, R] such that

/T:kl exp (— /le a(lﬁ)d,‘i) b(s)v(s)ds < Y.

If a(t) <0 for t >ty and

1t) H d + ka Hdi < BW),
k=1 k=1 i=k
therefore, if wy < B(w) from (6.84) we have

w(t, to, wo) < B(v), t<to.

It means that system (6.83) is practically stable.
Furthermore, if there is a T' > 0 such that tg + T # 71 and
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i

exp / a(s)ds <01, Z:1a25 7k+17
Ti—1

k Eok
() [T dioi—r + D [T dsos—17 + onr1visr < Bm)

i=1 i=1 j=1

and

then
w(to + T, to, U)o) < ﬂ(ul),

which shows that the system (6.83) is controllable.

6.3 Practical Stability of Linear Impulsive Control
Systems

Consider the following linear nonautonomous impulsive system:

& =Ax + Bu+o(t), t#,
Ax = Bpx, t=1, k=1,2,---,
z(ty) = o, (6.85)

where A and B are n X n and n X m matrices, respectively. By is an n x n
matrix for each k, and o : Ry — R” is piecewise continuous.

Theorem 6.3.1. Assume that

1. 0 < p < v are given;
2.
hm (HI+hA|| -1 < a >0,

IBl| =b, o) <1 and ||Bg| = by, for k=1,2,--;
3. a—b=6>0 and

=

=
_|_
S

O’a|

::1
;_A
_|_
c~
+

>
A
X

Then the system (6.85) is practically stable. X

Proof. Let us choose V(t,x) = ||| and ho(t,x) = h(t,x) = ||| then we
have
g(t7w7w) = (_a’ + b)w +l and ¢k(w) = (1 + bk)w

We then construct the following comparison system:
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w=—déw+I, t;ﬁTk,

w(r,j') =1 +bp)w(r), k=1,2,--+,
w(td) = wo (6.86)

whose solutions are given by

k E k
1
w(t, to, wo) = wo [ [(14b;)e™?7") 4 5 ST + b2t

j=1 J=1i=j
1 k k
5 DT+ ettt s (1 = =0,
Jj=li=j
t € (Th, Tt 1] (6.87)

From assumption 3 we know that wy < p implies w(t, g, wo) < v for t > to.
Thus, followed Theorem 6.2.2 the proof is complete. |

6.4 Practical Stability in Terms of Multicomparison
Systems

In this section we consider the practical stability of the following impulsive
control system:

@Zf(hwfll), t#Tkv
Az = ug(x,w), =71,
o(ty) =m0, k=12, (6.88)

where f € PC[Ry x R* x R™,R"] and u, € C[R* x R™ R"],k=1,2,---.
Let us construct the following D comparison systems:

w:g(t7w7w)a t;éTk,

’LU(T:) = ’lpkz(w(Tk)?w(Tk))? k= 1,2, )
w(ty) = wo (6.89)

where w € RP and

1. g € PC[R; x Rf X RE,RDL g(t,w, v) is quasimonotone nondecreasing
in w for each (¢,v) and nondecreasing in v for each (¢, w);

2. 1, : RE x R? — RP and v, (w,v) is nondecreasing in (w, v) for each
k.
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Let 2 be the admissible control input for w defined by
Q={@acR"| Ult,a) < wma(t),t > to},

where U € C[Ry x R™, RY] and wpax(t) is the maximal solution of the
comparison system (6.89).
The following Lemma can be found in [14].

Lemma 6.4.1. Let us assume that

1. g € C[Ry x Rf_’ X RE,RD], g(t, w,v) is quasimonotone nondecreasing in
w for each (t,v) and nondecreasing in v for each (t,w);
2. Wmax(t) >0, t > to, is the maximal solution of

w = g(tvwvw)7
w(ty) = wo >0, tE [ty,0); (6.90)

3. wi (1) is the maximal solution of

’Lb = g(t7w7wmax)a
w(ty) = wo >0, tE [ty,0). (6.91)

Then Wmax(t) = wi . (£),t > to. X

The following lemma is Lemma 2.2 in [22]. The proof is straightforward
from the classical results in Lemma 6.4.1.

Lemma 6.4.2. Assume that

1. g € C[R} x Rf X Rf,]RD], g(t,w,v) is quasimonotone nondecreasing in
w for each (t,v) and nondecreasing in v for each (t,w);
2. Wmax(t) >0, t > to, is the maximal solution of

’L.l] = g(t7w7w)7
w(ty) = wo >0, t€ [to,00); (6.92)

3. W} (t) is the maximal solution of

max

w g(tawvwmax)a

w(to) =wy >0, te [tQ,OO); (693)
4. m,v € C[Ry,RY],
D+m(t) = g(tv m(t)u v(t))v t > to,

’U(t) = wmax(t); t >ty and m(to) = wyg.
Then m(t) j ’LUmax(t) = wfnax(t) fO’]“ t 2 tO- <

Lemma 6.4.3. Let us suppose that
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1. Wmax(t) is the mazimal solution of the comparison system (6.89) on

[to, OO);
2. W} (t) is the mazimal solution of the following system
w = g(t, w, wmax(t)), t# Tk,
w(T ) = 1/’ ( (Tk) Wiax(Tk)), k=12,
w(ty) = (6.94)
on [tg,00);

3. m,v € PC[Ry,RP] and
Dtm(t) < g(t,m(t),v(t)), t#n,
m(r) 2 p(m(n),v(m), k=12 (6.95)

4' ’U(t) j wmax(t>7 t Z tO;
5. m(to) j wy.

Then
m(t) S wi,.. (1), ¢>1.

X

Proof. Let wmax1(t, to, wo) and w¥ . ;(t,to, wo) be maximal solutions of
(6.89) and (6.94) on [tg, 71], respectively. It follows from Lemma 6.4.2 that
(t) = wmdxl(t7t07 wO) = wmaxl(tatoa w0)7 te [t077'1]. (696)

Then from (6.96), assumption 3 and assumptions on 1, we have

m(r") 2 ¢y (m(n1),v(n))

—< 11’1 (wmdx 1 (7—1); Wmax 1 (Tl))
- 1/’1( maxl(Tl)ﬂwmax:l(Tl)) é ’LUT (697)
Let Wax2(t, 71, w]) and w5 (¢, 71, w]) be maximal solutions of (6.89)
and (6.94) on [11, T»], respectively. By using Lemma 6.4.2 again we have
(t> = wmdx2(t7 71, wii_)
:’wmaxg(tﬂ'hwf), t e [T17T2]. (698)

Let wmax (¢, Tk—1, w;i' andwk (¢ T, w;f_l) be maximal solutions
of (6.89) and (6.94) on [7_1, Tx], respectively. And let

1= Y (Wina (k- 1) (Th—1, The25 W)y )y Winax(h—1) (Th—1, Th—2, Wi _,)),
then by repeating the same process we have

(t) { wmdxk(ta Tk—1, wzfl)

= wmaxk(t77—k—lv wz__l)a te [Tk:—lka]' (699)
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Let us choose a solution of the comparison system (6.89) as

wo, t= to,
Wax 1 (¢, to, wo), t € (to, 1],
Winax2(t, 71, w]), t € (1,72,
w(t) =4 : (6.100)

Winax k(6 Te—1, Wy _1), t € (The1, Th),

we have
m(t) = 'w(if)7 t > 1.

Because Wmax(t, to, wo) is the maximal solution of the comparison system
(6.89), we have
m(t) 2 Wmax(t, to, wo), t > to.

We have the following theorem:

Theorem 6.4.1. Assume that

~

. 0 < p <v are given;
2.V € PC[Ry x R",RY], V(t,@) = (Vi(t,x),Va(t, @), -~ ,Vp(t,@))" is
locally Lipschitzian in x, and there exist o, § € K[Ry,Ry] such that

D
B(|l[]) SZ (tz) <afllzl)), (z)eRy xSp, p>w;

3. for (t,x) € (T, Tky1] X S, and @ € 2 we have
DYV (t,®) 2 g(t,V(t,2), U(t,w));
4. x €S, implies x + up(x,w) €S, and

V(rh z +up(z,w) 2 ¢ (V(m, @), U, @), © €S,

5. alw) < BW);
6. Wmax(t) is the mazimal solution of the comparison system (6.89) on
[t()a )

7. wik .. (t) is the mazimal solution of the following system

w

g(t,w, wmax(t)), t# T,
):"p ( (k) Wimnax(Tk)), k=1,2,--,
w(to) = (6.101)
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Then the practical stability properties of the comparison system (6.89) with
respect to (a(w), B(v)) imply those of system (6.88) with respect to (u,v) for
every u € (2. X

Proof. 1. Practical stability

Let us suppose that system (6.89) is practically stable with respect to
(a(p), B(v)), then we have

D
Zwlg < () implies Y " w;(t,to, wo) < B(v), t >to, (6.102)

=1

where w(t,ty, wp) is any solution of system (6.89) in [y, 00) and wy =
{wio} o

Suppose that ||z < w and we claim that ||x(¢, to, o, u*)| < v with
u* € (2. If this is not the case, then there exists a u; € {2 such that

Hﬁc(tg,to,mo,’u,l)H >, ||.’B(t,t072130,'1111)” <V, (6103)

where ty € (7%, Tp4+1] for some k and ¢ € [tg, 7). From assumption 4 we
know that there exists a t; € (7x, t2] such that

v < Haz(tl,to,:co,ul)H < p. (6104)

We have ||x(t)|| < p,t € [to, t1]. Let m(t) = V (¢, x(¢)),t € [to, t1], w(0) =
V (to, o) and in view of assumption 3 we have

DTm(t) < g(t,m(t),U(t,ui(t))), t€ [to,t1], t# Tk,
m(r,") 2 (m(r),U(mi, ui (), i=1,2,---k,
m(to) = w(0). (6.105)

Since u; € 2 and g(t, w, v) is nondecreasing in v, we have

D¥mt) < glt,m(t), waanld)), 1€ o], ¢ 7,
m(r") 2 b, (m(7), Wnax(3)),  i=1,2,--- k. (6.106)
Thus, by Lemma 6.4.3 we have
m(t) = wmax(t), t € [to,t1]. (6.107)
Assumption 2 and (6.102), (6.104), (6.107) lead to the following contra-

diction:

D D
Z t17 tl < Zwmaxz tl) < ﬂ( )
i=1 =1

Wmax = {wmaxi}i’;l (6108)

which proves that the impulsive control system (6.88) is practically sta-
ble.
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2. Strongly practical stability
Let us suppose that system (6.89) is strongly practically stable with
respect to (a(u), B(v)). Thus system (6.88) is practically stable and we
have

lzo|| < p implies ||&(t, to, zo, u")|| < v, t > to. (6.109)

Given 0 < v; < v and T > 0 and since system (6.89) is quasipractically
stable, we have

Z wip < a(p) implies

D
> wilt,to, wo) < Bv), t>to+T. (6.110)

Let us suppose that ||zg|| < ¢ and because of (6.109), arguments leading
to (6.108) yield

V(t,z(t)) 2 Wnax(t, to, wo), t > to. (6.111)

Then in views of (6.110), (6.111) and assumption 2, it follows that
D
(”-’B(t to,.’l}07 || S Z t m(t t07330, ))

D
S Zwmaxi(tvtOuU’O) < ﬁ(yl)a

i
-

||£B(t, to, o, U )H <, t>to+T. (6112)

Thus, system (6.88) is practically stable.
3. Other practical stability
Proofs are similar.
|
Let VI VI e PCR, x R™, R?], VIt @) and VI (¢, x) are locally
Lipschitzian in . And we have the following two sets of comparison systems:

w=g,(t,w,w), t#7
( ) k( ( k) (Tk))ﬂ k:1727 )
w(to) = w(0) > (6.113)
where 1, : RY? x R? — RY and g, € PC[Ry x RP x RP RP] and g, (¢, w, v)

is quasimonotone nondecreasing in w for each (¢,v) and monodecreasing in
v for each (¢, w).
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gs(t,z,2), t#m
&1 (2(7 ) Z(t), k=12,
z(0) = (6.114)

z
(7))
z(to)
where ¢, : R? xR? — RY and g, € PC[Ry x RY x RP , RP] and g, (¢, w, v)

is quasimonotone nondecreasing in w for each (¢, v) and monodecreasing in
v for each (¢, w).

Theorem 6.4.2. Assume that

1. 0 < pu < v are given;
2. for (t,x) € Ry xS,

D
S vt e) < an(t, ||l

i=1
and for (t,x) € Ry x (S, NS,)

D D

Blllzl) < SV x) < as(fll) + V(¢ @),

i=1 i=1

where oy € CK[R4, Ry ] and g € K[Ry, Ry ];
3. for (t,x) € (Th—1,7Tk] X Sy and @ € 2

DVt 2) < g, (t, VI (1, 2), Ut w));

& + up(z, w)|| < [|lz| for x € S,;
forxes,,

Sia

Vl(T,j',:v—i—uk(%&)) <Y, (Vi(rg,x),U(mg, @), k=1,2,---,

where 1y (w, v) is nondecreasing in (w,v) for allk =1,2,---;
6. for (t,x) € (Th—1, k] X (Su N S,,) and @ € {2,

DYVE(t @) < gy(t, VPt @), U(t,@));
7. forxeS, NS,
V[z](TIj_7m + ’U,k(.’ll, ﬁ)) j ¢k(v[2](7-k7m)a U(tvﬁ'))v k= 17 27 Y

where ¢ (w,v) is nondecreasing in (w,v);
8. ay(to, p) + az(p) < B(v), for all ty € Ry;

D

Zwl < aq(to, ) implies Zwi(t,to,wo) < ai(to, p)
i=1
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for t > ty with some ty € Ry, where w(t,to, wo) is any solution of
(6.118) and

D

Zzl(O) < ag(p) + aq(to, p) tmplies Zzi(t,to,zo) < B(v)

i=1 i=1
for t > to with all ty € Ry, where z(t,ty, zo) is any solution of (6.114).
Then the impulsive control system (6.88) is practically stable. X
Proof. If for any solution x(t, ty, g, &) of system (6.88)
llzo]l < p implies ||z (¢, to, zo, @)|| <v, t > 1o,

is false, then there exist a 4* = @*(t) € 2 and a corresponding solution
x(t,to, o, w”), and owing to assumption 4, there should exist to > t1 > t
such that

||w(t17t07w07&*)H = M, ||.’B(t2,t0,ﬂ:0,'&*)” =V,

< ||m(t,t07330,'1~l/*)H <v,

t1 € (Ti77i+1]7 to € (Tj,Tj+1], te [tl,tz]. (6115)
Then in view of assumptions 3 and 5, we get by Lemma 6.4.3,

VI (&, 2(t)) < wamax1 (t 10, VI (to, 20)),  t € [to,t2],  (6.116)

where Wmax1 (¢, to, wp) is the maximal solution of (6.113) passing though
(to, wo). Based on assumptions 6 and 7 we have

V[2] (t, a:(t)) = wmaxz(t, t1, V[2] (tl, .’L'(tl))), te [tl, tg], (6117)

where wWpmax2(t,t1,21) is the maximal solution of (6.114) passing through
(t1,2z1) and z; = VI3 (¢, 2(t1)). Thus, from assumptions 2, 9, and (6.116)
we get

D D
ZVim (t1,2(t1)) < wmaxi(tr, to, VI (to, ) < aa(to, ),
i=1 i=1
_ D
Wmax1 = {wmax li}i:1~ (6118)

From (6.115), (6.118), and assumption 2, we get

D D
S VBt (t) < as(llz(t, to, zo, @) ) + > VI (11, 2(t))
=1

i=1
< az(p) + aa(to, p).- (6.119)

Thus, from (6.115), (6.117), (6.119), and assumptions 2 and 9, we get
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D
B(v) = Bllla(tz, to, wo, @) ) < Vi k2, 2(12))

D
S Zwmax2i(t27 tlv V[z](tla w(tl))) < ,B(V)7
i=1
_ D
Wmax2 = {wmax2i}i:1 (6120)
which is a contradiction. [ |

We then study the practical stability of the following impulsive control
system:

= f(t,x), t#m, teRy,
Az = U(k,fl]), t:Tlm
x(ty) =m0, k=12, (6.121)

where x € Sy, p > 0. f € C[Ry x S,,,R"] satisfies f(¢,0) = 0 for t € Ry
and there is a constant L > 0 such that ||f(¢,z) — f(¢,y)|| < L||x — y|| for
teRy, z,yeS,, UecCNxS,,R"] and U(k,0) =0 for all k € N.

For a ¢ >0 and D < n let us denote

02 [weR| |w| <.

Let us construct the following D comparison systems:

w=g(t,w), t#,
w(TI:_) :wk(w(Tk))v k:1727 )
w(ty) = wo (6.122)

where w € 2, t € Ry and

1. g € Cl(t, Tk+1) x £2,RP], g(t, w) is quasimonotonically increasing in
Ry x 2, g(¢t,0) = 0 for t € Ry and for any q € {2 the following limit

exists:
lim  g(t,w) =g(7 . q);
(tw)—(7,),q)
2. 1, : 2 — RP is nondecreasing in 2 and 1, (0) = 0 for each k € N. Let
ep = col(1,1,---,1) € RP, then there is such a @ € (0,¢) that for k € N
we have

P (wep) < sep.

Theorem 6.4.3. Assume that there are such an o € Ky and a B € Ky that
fort e Ry and x € S,
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a(flz]) < max Vi(t, ), (6.123)

V(t,z) < Bt |zl)ep, (6.124)
sup [V (t,2)]| <, (6.125)

(t,®)ER 1 XSy,

DTV(t,z) = g(t,V(t,x)), t#mn (6.126)

V(rt,x+ Uk, 2) <9, (V(m, ), kel (6.127)

There are numbers g, vo, u and v such that

sup B(to,pu) <po<vo<av), 0<pu<v, y<mw. (6.128)
toeR 4+

Then we have the following conclusions:

1. if the trivial solution of the comparison system (6.122) is practically sta-
ble with respect to (uo, Vo), then the trivial solution of system (6.121) is
practically stable with respect to (u,v);

2. Let N\o and X\ be such that 0 < Ay < v and a~*(\g) < X\ < v, then
if the trivial solution of the comparison system (6.122) is contracting
practically stable with respect to (N, o, Y0), then the trivial solution of
system (6.121) is contracting practically stable with respect to (X, u, V).

X
Proof.

& Let us prove the practical stability first. Let (t) = x(t, ty, o) be a solution
of system (6.121) such that ¢ty € Ry, x(to, to, o) = o and ||xo|| < . Then
we have

V(t§, xo) < B(to,||zol)ep £ wy. <« (6.124) (6.129)

Let Wmax(t) = Wmax(t, o, wp) be the maximal solution of system (6.122)
with wmax(to, to, wWo) = Wy, then we have

V(t,z(t)) = Wmax(t). (6.130)
It follows from (6.123) and (6.130) that
of(®)) < max Vi(t,x(t)) <« (6.123)
< max Wmaxi(t) < (6.130) (6.131)

1<i<D

which leads to

(l=(®)l) < o~ (@%XD wmaxiu)) . (6.132)
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Since the trivial solution of the comparison system (6.122) is practically
stable with respect to (uo, ) and

0 = wo £ Bto, |zol)ep

< B(to,p)ep <= (||lzoll < )
= Ho€pD, = (6128) (6133)

there is such a function v € Iy that

Wiax(t, to, wo) = y(to, B(to, [|xoll))en, (6.134)
(o, o) < Vo < @. (6.135)

Then from (6.132),(6.134) and (6.135) we have

lz(®)]| < a™" ((to. B(to, @ol)))- (6.136)

Let us define Vl(t()v ||.’I}0||) = a_l(’Y(thﬂ(th ||m0||)))7 then we have

71 (to, )—04 ' (v(to, B(to, 1))
a”H(y(to, o)) <= (6.128)
a” () (6 135)
a ta(v) = < (6.128) (6.137)

and in view of 41 € Ky we know that ||x(t)|| < v,t > to provided ||zo|| < p;
namely, the trivial solution of system (6.121) is practically stable with respect

o (i, ).
& Let us then prove the contracting practical stability . If the trivial solution
of the comparison system (6.122) is contracting practically stable with respect
to (Ao, po, Vo), then there are v € Ky and 7o : Ry — Ry such that for ¢ > ¢
we have

wlnax(tat()vﬁ(t()v ||.’130H)) = 7(t076(t07 ||.’I]0H))’Yo(t)€[),

7 (to, o) v0(t) < vo,
(o, po)yo(to + 8) < Ao for some s > 0. (6.138)

It follows from (6.132) and (6.138) that

()| < o™ (v(to, Blto, l|zoll)v0(t)) = 1 (to, lzol)72(t)  (6.139)

where
7 (to, [lzoll) £ a™ (y(to, B(to. |zoll)))

and

Ya(t) = 71 (to, l=oll)

04_1(V(toﬁ(tmHWOH))%(t))’ xo # 0,
0, o = 0.
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Since v € Ko and 71 (tg, ) < v we have

Y1 (to, p)y2(to + ) = & (11 (to, Blto, 1)) y0(to + 5))
< a (1 (to, po)yolto + ) < (6.128)
<a ') <A = (6.138) (6.140)

Therefore, the trivial solution of system (6.121) is contracting practically
stable with respect to (\, p, v). ]
Similarly we have the following theorem.

Theorem 6.4.4. Assume that there are such an o € Ky and a 8 € Ko that
fort e Ry and x € S,

< .
allle]) < max Vilt,),

V(t,z) < B(|zl)en,

sup [Vt 2)]| <,
(t,w)ER+XSp0

DTV (t,z) X g(t,V(t,x)), t+#m
VS, z+ Uk, ) <, (V(re,z)), keN (6.141)

There are numbers o, vo, u and v such that
Blp) <po<vo<alv), 0<pu<v, r<w.

Then we have the following conclusions:

1. if the trivial solution of the comparison system (6.122) is uniformly prac-
tically stable with respect to (uo, Vo), then the trivial solution of system
(6.121) is uniformly practically stable with respect to (u,v);

2. Let o and X be such that 0 < Mg < vy and a=1(\g) < X\ < v, then if the
trivial solution of the comparison system (6.122) is contracting uniformly
practically stable with respect to (N, o, Y0), then the trivial solution of
system (6.121) is contracting uniformly practically stable with respect to

A\ p,v).
X

Note 6.4.1. The above two theorems are adopted from [2] with revision. 4

6.4.1 An Example

As a demonstrating example, let us consider the following system[22]:
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()= (s ()
(T rmad ) g,

a(m) =[] (20)

hlcg(ul(Tk),UQ(Tk)) B B
" (ikg(ul(Tk),uQ(Tk)) ) , b= k=12 ,

1 (ty) z1(0)
= . 6.142
(28) - (56 (6.142)
where a, b, ek, fi, hi, i are real constants, g(u1,us) > 0, n(t) >0, {(t) >0
Let us choose

1 1
Vi= 5(561 +x2)%, Vo= 5(561 — 1),

then we have
Vit Ve =af+aj = ||z|*
Thus we can choose a(x) = (1 + €)2? and B(x) = (1 — €)2? with a constant
€ (0,1]. We then have
Vi = (1 + 22)*(n(t) + () — sin® t(a1 + 22)* (2 + 23)
+(a+b)(x1 + z2)g(u1,u2)

< (n(t) + C() Vi + |a + blg(us, uz) /2. (6.143)
Similar we have
Vo < (n(t) = C(6))Va + |a — blg(u, uz)\/2V5. (6.144)

Then we have
Vi(rh k() = (e () + za(r)?

[(ex + fi) (@1 + w2) + (i + i) g (ua (), w2 (7))

IN
N — DN — N~

ller + felV/2Vi + \hg + g lg(ur (1), uz ()]

and similarly

llew — frlv/2Va + |hi — | g(ua (1), ua ()]

l\DI»—l

Va(rif, we(r)) <
Let us define
Ui(a) £

[(a+0b)g(ui,u2)]®>,  Us(@) £ =[(a—b)g(uy,uz)]® (6.145)

N| —
DN | =
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then we have

o1, 0) = [n(t) + C(Oun + V220,

o1, 0) = [n(t) — SOy + V22T (@),
(). Uuln)) = (Jew+ by + [ Va0t ) |
o (w(me), Ulu(mk))) = % <|6k — fulV2w2 + ‘hs — - 2U2(U(Tk))) ;

from which we have the following comparison system:
Wi = gi(tw,w) = [(t) + () + 2w 2 o(thwr, t# 7,
Wy = galt,w,w) = [(t) = ((t) +2we £ y(Hwa, t# 7,
wi(r) = Py (w(), w(re))

2

= <|ek+fk|+hk+ > wi (7)) & o (1), k= 1,2,
wa (") = or(w(m), w(mk))

= (lew = ful+ 2 )2 () & dywn(rf) k=12,
wi(to) = 5(1(0) +2(0)) 2 wy
ws(to) = %(zl(O) — 22(0))2 2 ws(0). (6.146)

It is easy to verify that ¢, 1., and ¢y satisfy the assumptions of Theorem
6.4.1. The solution to (6.146) is given as follows:

w, 0 I ckexp{/ ()d},

0<1 <t

wo 0 I dkexp{/ ()d}, t >t

0< 1)<t
and thus we have the admissible control set as
2 ={u| U(u) <w(tto,wy),t>1o}.
Given 0 < p < v, if

¥ 0< ¢ < exp{ f:““ (s)ds} and 0 < dy < exp{ f:““ (s)ds} for
all k=12,

o exp{/t: U(s)ds} < gg:% and exp{/: v(S)dS} < fﬁfj
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then the comparison system (6.146) is practically stable. Furthermore, given
0<wvi <vand T > 0 where tg + T € (7;,7;+1] for some i, and ¥; and ¥,
hold for all k # 4, and

0<¢ < % exp {— /: o(s)ds — /:1‘“ U(s)ds}

i

oea 8 [ [ o),

i

and

then the comparison system (6.146) is strongly practically stable.

6.5 Controllability in Terms of Multicomparison
Systems

From Theorem 2.2 of [22] we have the following lemma.
Lemma 6.5.1. Assume that

1. D*m(t) < g(t,m(t)),t # 7, m(r;") < Y (m(r)), k =1,2,---, where
g € PCIRy x RP RP], g(t,w) is quasimonotone nondecreasing in w,
and 1y, : ]Rf — f is nondecreasing for k=1,2,---;

2. Wmax(t) is the mazimal solution of

w=g(t,w), t#*7k,
(

w(rh) =Y, (w(m)), k=12,
w(to) = Wy Z 0, (6147)
on [to, 00).
Then m(t) =< Wmax(t), t > to, provided m(ty) < wy. X

Theorem 6.5.1. Assume that

1. 0<pu<vand0<wv; <v are given;
2.V € PCRy x RE,RE], V(t,x) is locally Lipschitzian in ¢, Q €
K[RY,Ry], and for (t,x) € Ry x S,, p > v,

Blllzl) < QV(t, ) < a(lzl), o8 €k;
3. for (t,x) € (T, Thy1] X Sp, k=1,2,---, and @ € PC[Ry,R™]
DTV (t,x) 2 g(t, V(t,x),U(t,w));
4. x €S, implies x +ui(xz,u) €S, and
V(rh z +ug(e, ) 29 (V(m, @), U(n, @),  k=1,2,--,
where x € S, and U € C[R; x R™, RY];
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9. a(p) < Bv);
6. given a T > 0 satisfying to+ T # i, there exists a v € PC[R;,RY] such
that any solution w(t, ty, wo,v(t)) of

g(t w,v(t)), L # Tk,
( (Te),v(7k)),  k=1,2,---,

w(r)
w(to)
(6.148)

satisfies
Q(wo) < ap) implies Q(w(t, o, wo,v)) < B(v), t > 1o, (6.149)

and
Q(w(to + T\ to, wo,v)) < B(11). (6.150)

Then there exists an admissible controlw = u(t) such that system (6.88) is
practically stable and all solutions x(t,ly, To, @) starting in 1 = {x| |z| <
u} are transferred to the region (& = {z| ||z| < v1} in a finite time T';
namely, system (6.88) is controllable. X

Proof. Assume that ||zo|| < p and there is a v = v(¢) such that assumption
6 holds. Let @ = u(t) be any control such that U(t,u) = v(t),t > to. If for
any solution x(t, to, zo, @) of system (6.88)

[@o| < p implies [l (t, to, @0, w)|| <v, t>to

is false, there should exist a @*(¢) such that v(¢) = U(¢,u"). Correspondingly,
there should be a solution x(t,to, g, ") and a t* > tg,t* € (7x, Tp41] for
some k such that

lle(t™, to, o, w™)|| > v, ||x(t, to, zo, 0")|| <wv, t € [to, k). (6.151)
Then, from assumption 4 we know that there is a t; € (7, t*], such that
v < ||.’13(t1,t0,.’130,’11*)|| < p. (6152)

Let m(t) = V(t,x(t)) for t € [to, 1] and wo = V (to, xo), from assumption 3
and Lemma 6.5.1, we have

m(t) = wmax(tv to, wo, ’U), te [t07 tl], (6153)

where Wmax(t, to, wo, v) is the maximal solution of (6.148). Then, from as-
sumption 2 we have

(V(t 2))

Qllz(t, to, o, u")[|) < Q
< Q(Wmax(t, to,wo,v)), t € [to,t1]. (6.154)
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Thus, (6.149), (6.151), and (6.154) lead to the following contradiction:

B(v) < B(llz(t1, to, o, w”)|]) < Q(V (t1,x(t1)))
< Q(y(t1, to, wo,v)) < B(v) (6.155)

which proves the practical stability of system (6.88).
Since (6.154) holds for all ¢ > t¢ and therefore by using (6.150), we have

B(llz(to + T, to, o, ")) < Q(v(to + T, to, wo, v)) < B(r1)  (6.156)

and thus ||&(to + T, to, To, " )|| < v1. This means that system (6.88) is con-
trollable. [

6.5.1 Examples
Let a time-varying linear type-1I impulsive control system be
w = A(t)w + B(t)u(t), t#m,
) = (Z@(Tk)%(%)) w(e), k=12,
w(ty) = w:):; 0, (6.157)

where A(t) and B(t) are n x n and n X m continuous matrices on Ry, re-
spectively. @ € PC[Ry,R™] and d;(7) € R for all k£ and . Let @(¢) be the
fundamental matrix of (6.157), then use transformation w = ¢(¢)z we have

2 =@ Y (t)B(t)a(t), t# Tk,

The solution of (6.158) is given by

z(t) = H <I+ Zdi(Tk)ﬂi(Tk)) wo

to<Tr <t
/ (I +Y di(mi uz(m)> &1 (s)B(s)u(s)ds,
to s<T <t =1
t > to. (6.159)

Let us choose @(7x) = 0,k =1,2,---, then from (6.159) we have

(1) = wo + / &1 (5) B(s)it(s)ds. (6.160)

to
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Let us choose @(t) = B(t)T®d~ (t)Th +wv(t), t # 73, with

/too B(s)"&71(s)Tv(s)ds =0
for some vector h, we have
2(1) = wp +/t &1 (s)B(s)[B(s) ' (s)Th+ v(s)|ds.  (6.161)

Given 0 < g < v and 0 < v; < v and choose h such that

> -1 T 55— T — K
1 BB e ) s <

Then from (6.161) and if ||wg|| < p we have

l2®) < p+2E > to.

=V,

||h||

Since |[w(t)|] < ||@(t)]]]|z(¢)|| for t > o by definition, we know that if || @(t)]] <
1 for t > tg, then system (6.157) is practically stable.

If for a given T satisfying to + T # 7 and ||®(t9 + T)| < v1/v, then
w(to + T') < v1. Therefore system (6.157) is controllable.

6.6 Impulsive Control of Nonautonomous Chaotic
Systems

In this section we study impulsive control of nonautonomous chaotic systems
by using practical stability.
6.6.1 Theory
Let a general nonautonomous chaotic system be
= f(t,z,a(t)) (6.162)

where f : Ry x R* x R™ — R” is continuous. € R" is the state variable.
uw : Ry — R™ is an external force which is independent of the system.
Suppose that a discrete instant set {7;} satisfies

O<m<m< <7 <71 <:++, T, = 00 as 1 — 0.
Let
ui(x) = Ax|i—r, £ x(1;7) — 2(73) (6.163)

be change of state variable at instant 7;, then an impulsively controlled system
is given by
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& = f(t,z,u(t), t # 7,
Az = wi(z), =T (6.164)
w(ta_):m(h toZO, ’1,21727

Definition 6.6.1. Comparison system
Let V € Vy and assume that

) t# 7, (6.165)

{D+V(t,w) <g(t,V(t,z),v(t
x)), t=1

V(t,z +uiz)) < dhi(V (¢,

where g : Ry X Ry x Ry — R is continuous and ¢¥; : Ry — Ry is nonde-
creasing. Then the system

w:g(vwﬁvt))v t#Tiv
J(w(r)),i=1,2,--, (6.166)

is the comparison system of (6.164). X
Let the set {2 be

Q={aeR"| I'(t,a) <~(t),t >t} (6.167)

where I' € C[Ry x R™ Ry ] and ~(¢) is the maximal solution of the compar-
ison system (6.166).

Theorem 6.6.1. Assume that

1. g e PCRy xRy xRy, Ry ], g(t,u,v) is nondecreasing in u for each (t,v)
and nondecreasing in v for each (t,u);

2. 1; is nondecreasing for each i;

0<p<v (resp. 0 < v < pu)is given;

4.V € PCIRy xR™, Ry ], V(t, x) is locally Lipschitzian in x, and there exist
a, B € K such that

o

Bllzl) <V(t z) < ax]),
(t,x) eRy xS,,  p>v; (6.168)

5. for (t,x) € (1, Tix1] X S, and u(t) € 12
DYV (t,x) < g(t,V(t,z), ['(t,n)); (6.169)

6. x € S, implies T+ u;(x) € S, and V(7,7 + u;(x)) < ¥ (V(t,x)),
T €Sy

7. () < Bv) (resp., alu) > B(v)).



6.6 Impulsive Control of Nonautonomous Chaotic Systems 189

Then, the practical stability properties of the comparison system (6.166), with
respect to (a(u), B(v)), imply the corresponding practical stability properties
of system (6.164) with respect to (p,v) for everyu(t) € £2. X

Proof. Set h(t,x) = ho(t,z) = ||z||, from Theorem 6.2.2 we immediately get
the conclusion. ]

Remark 6.6.1. This theorem can also be viewed as a special case of Theorem
3.1 of [22]. Theorem 6.6.1 is very powerful because it translates the stable
problem of an nth-order impulsive differential equation into that of a first-
order impulsive differential equation. In many cases, this translation provides
us an easy way to study the stability of a high-order impulsive differential
equation. In next theorem, we present the stability criterion for a first-order
impulsive differential equation, which is the general form of the comparison
system of impulsively controlled chaotic systems we will study. ¢

Theorem 6.6.2. Let .5 be

§max é S.ug{Ti-i-l - Ti}~ (6170)
1€

For a given (p,v), (0 <p<v) or (0 <v<p),

1. Let
gt,w,v) =w+0, ¢$>0, >0, t#m,
1/)1(7.1)) =dw, d;>0, t=7,1=1,2,---
w(ty) = wo > 0. (6.171)
2.

o0 0 o0 oo
oP(t—t0) | pp(t—T5) o(t—Tj-1)
wl | die + - d; e i —e J
};[1 ) ZH

i=1i=j

+ ‘%(1 — ePPmax)| <y (6.172)

Then the system (6.171) is practically stable with respect to (u,v) for every
v(t). X

Proof. The solution of the comparison system (6.171) is given by|[27]
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k k
w(t, to, wo) = wo [ [ dse?) + % S [ (e¢(t—r,-> _ e¢(t—7j—1))

k k
9
< wy H dyett=to) 1 3 Z Hdi ePt=75) _ ph(t—m5-1)
=1

1= Jj=1li=j

_|_

0
5(1 — €¢(t7k))‘ )

te (Tk,Tk+1]. (6173)
We have

‘%(1 - e¢(t_7k))’ < ’%(1 — efAman) | (6.174)

Since wy < p we have w(t, to, wy) < v. [ ]

6.7 Examples

In this section we present some examples of impulsive control of nonau-
tonomous chaotic systems by using practical stability.

6.7.1 Example 1

First, we study the following chaotic system:

i=y—f(z)
{y = Ziﬁl’ — Cy + nsin(wt) (6.175)

where f(-) is a piecewise linear function given by
1
f(x):bx+§(a—b)(|x+1|—|x—1|) (6.176)

where a < b < 0. We choose the parametersas: e = 1, ( = 1.015and w = 0.75,
n =0.15,a = —1.02, and b = —0.55. The uncontrolled system is chaotic with
a chaotic attractor shown in Fig. 6.1.

The impulsively controlled chaotic system is given by

i=y— f(z)
y:—ex—(y+nsin(wt)}’ t# i,

x(7;") = diz(m)

+

, di >0, t=m. 6.177
y(r;") = diy(ms) } i ( )
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-15 . . . . .
-15 -1 -0.5 0 0.5 1 15

x(t)

Fig. 6.1. The chaotic attractor of the uncontrolled chaotic system (6.175).

To give conditions for the practical stability of the impulsively controlled
system (6.177), we first construct a comparison system for (6.177). We will
use Proposition 6.7.1 to show that the practical stability of the comparison
system implies that of (6.177). Finally, we will use Theorem 6.7.1 to show
that the comparison system is practically stable.

Proposition 6.7.1. The practical stability of impulsively controlled chaotic
system (6.177) with respect to (u,v) is implied by that of the following com-
parison system
9@t w,v) = ¢w +0,¢ = max{le + [al[,[1 = ([}, O=]nl, t#m,

1/)1(10) =dw, d; >0, t=7,1=1,2,---,

w(ty) = wy >0 (6.178)
with respect to (v2p,v).
Proof. Choose a Lyapunov function as[53]

V(t,x) = |z| + |y (6.179)

then we have

DYV (t,x) = @sgn(x) + ysgn(y)
= ysgn(z) — f(z)sgn(z) — exsgn(y) — Cly| + nsgn(y) sin(wt)
< lallz| = Cly| + (ysgn(x) — exsgn(y)) + nsgn(y) sin(wt)
< (e+la])lz|+ 1 = Qlyl + [n]
< max{|e + |a|],|1 = ¢|) + |n]- (6.180)
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Notice that — f(z)sgn(z) < |a||z| due to a < b < 0, hence
g(t,w,v) = dw+0 (6.181)

where ¢ = max{|e + |a||,|1 — {]) and 6 = |n|.
Since

V(r" &) = &iV(m, z(n)) (6.182)

we have ¥;(w) = d;w.
It is well-known that |z| + |y| > y/x2 + y?. Since

202 +52) = 2| + [yf?) > |2l + 2oyl + [yl> = (|| + |y])? (6.183)

we have |z| + |y| < v/2y/22 + y2. We then have a(x) = v/2x and B(x) = x.

We find all conditions in Theorem 6.6.1 are satisfied. |
Theorem 6.7.1. Letd; = d > 0 be constant for alli =1,2,-- -, the impulses
are equidistant with a fived interval 6 = 141 — 7 for alli=1,2,---, and
1.
1
5 In(d) + ¢ < 0, (6.184)
2.
0 1 0
R B TN 1 N o N1 N I & N -1
¢|1 e?|de 1—de¢5+¢|1 e”’| < v,
i.e,
01— e?|
R S | 1
¢1—de¢‘5<y7 (6.185)
then the impulsively controlled chaotic system (6.177) is practically stable
with respect to (u,v) for any p < oo. X
Proof. Let
t—1
§(t) = | —— | n(d) + 6t — o)
t— to t— to t— to
= In(d o t—tg)— 6
el K e  RR CRE )
t—t
< | = 01 (In(d) + 6¢) + 66 (6.186)

where | x| denotes the largest integer less than or equal to .
Since 3 In(d) + ¢ < 0 we have
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tlim E(t) = —o0 (6.187)
then
k t—t,
lim [ de?®1) = lim el =] @Fet—t0) = Jiy O =0, (6.188)
t—oo t—o0 t—oo
=1

from which we see that the first term in (6.172) becomes zero for any p < oo.
For ¢ € (73, Tk+1] we have

k k
lim 0 Z H d|e?t=Ti) — gd(t=Ti-1))|
i

k—o0

k k
= % kli_{rgo 11— e?| ZHdedﬁ(t*Tj)
i=li=j
0 i k k
= & im 1= 3L
i=li=j
0 LI
< gt =l Jim D e
j=1
= %Il - ed’élde‘“ﬁ- (6.189)

The last equation is satisfied if de”® < 1, i.e., +In(d) + ¢ < 0.

Since wy can be any finite value, it follows from Theorem 6.6.2 that the
comparison system is practically stable with respect to (v/2u,v) for any p <
oo. It follows from Proposition 6.7.1 that the impulsively controlled chaotic
system (6.177) is practically stable with respect to (u,v) for any u < oo.

]

Remark 6.7.1. Since p is used to decide the range of initial conditions, The-
orem 6.7.1 guarantees that no matter how far the initial condition is away
from the origin, the impulsively controlled chaotic system can be practically
stabilized around the origin. ¢

6.7.2 Example 2

We then study the following chaotic system:

y=-y+efly) —Cf(x)

where f(-) is a piecewise linear function given by

{ &= —x+ef(z) — (fy) +nsin(wt) (6.190)
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1
f@) = 5(e+1] = |z —1). (6.191)

We choose the parameters as: € = 2, ( = 1.2, w = 7/2, and n = 4.04. The
uncontrolled system is chaotic with a chaotic attractor shown in Fig. 6.2.

-2t

Fig. 6.2. The chaotic attractor of the uncontrolled chaotic system (6.190).

The impulsively controlled chaotic system is given by

i =—z+ef(x) = (f(y) +nsin(wt) _
J=-y+efly) —Cf(z) } T

?

y(r") = diy(<Ti) } » >0, t=T (6.192)

Theorem 6.7.2. The practical stability of impulsively controlled chaotic sys-
tem (6.192) with respect to (u,v) is implied by that of the following compar-
ison system

gt,w,v) =¢w+0, p=c—1+|C|, O=n|, t#7
qpi(w):diw, d;i >0, t=7, i=1,2,---,
w(td) = wg >0 (6.193)

with respect to (v2p,v). X

Proof. Choose a Lyapunov function as[53]
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Vit,z) = |z|+ [yl, (6.194)
then we have
DTV (t,x) = @sgn(x) + ysgn(y)
—|z| + ef (x)sgn(z) — Cf (y)sgn(z) + nsgn(z) sin(wt)

—lyl + ef (y)sgn(y) + ¢ f(x)sgn(y)
(e = T4 [CD (2] + [y]) + [nl, (6.195)

IN

hence
g(t,w,v) = dpw + 06 (6.196)

where ¢ = € — 1+ |¢| and 6 = |n|. The rest part of the proof is the same as
that in Proposition 6.7.1. |

6.7.3 Example 3: Duffing’s Oscillator
A Duffing’s oscillator is given by
T =y,
y =1z —1° — ey + 0 cos(wt). (6.197)

We choose the parameters as: € = 0.25, § = 0.3 and w = 1. The uncontrolled
system is a chaotic system whose chaotic attractor is shown in Fig. 6.3.

-15 -1 -0.5 0 0.5 1 15

Fig. 6.3. The chaotic attractor of the uncontrolled Duffing’s oscillator.

The impulsively controlled Duffing’s oscillator is given by
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=1y }’ t%n’

=1z — 2% — ey + 0 cos(wt)

?

+

, di >0, t=m. 6.198
e >=diy<n>} g (6.198)

To give conditions for practical stability of the impulsively controlled sys-
tem (6.198), we first construct a comparison system of (6.198). We then use
Proposition 6.7.2 to show that the practical stability of the comparison sys-
tem implies that of (6.198). Finally, we use Theorem 6.7.3 to show that the
comparison system is practically stable.

Proposition 6.7.2. The practical stability of impulsively controlled Duff-
ing’s oscillator in (6.198) with respect to (u,v) is implied by that of the
following comparison system

g(t,w,v) = pw+0, ¢=max{l —¢,1+2?}, t#m,

z/;l(w) =dw,d; >0, t=7, 1=1,2,--,

w(td) =wo >0 (6.199)
with respect to (v2p,v).
Proof. Choose a Lyapunov function as[53]

V(t,z) = |z| + |yl (6.200)
Then we have
DTV(t,z) = dsgn(x) + ysgn(y)

= ysgn(x) + zsgn(y) — z°sgn(y) — ely| + O sin(wt)sgn(y)
< (1= @)y + (1 +2%)|z| + |0 sin(wt)]

< max(l—e,1+22)V(t,x) + 0] (6.201)
Hence
g(t,w,v) = max(1 — e, 1+ 2*)w + 0] = pw + 0 (6.202)
where ¢ = max(1 — €,1+ 22) and 6 = || because of 6 > 0. The rest part of
the proof is the same as that in Proposition 6.7.1. ]
Theorem 6.7.3. Letd; = d > 0 be constant for alli =1,2,---, the impulses
are equidistant with a fized interval 6 = 1,41 — 7 for alli=1,2,---, and
1.

%ln(d) +6<0, (6.203)
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2.
: 1 :
— o®0|dp?6 _ %
0/9|1 — e?°|de T +0/¢]1 —e®°| <,
i.e,
0|1 —e??|
- 6.204

then the impulsively controlled Duffing’s oscillator is practically stable with
respect to (u,v) for any p < oo. X

Proof. Since the comparison systems in (6.178) and (6.199) has the same
form, the proof is similar to that of Theorem 6.7.1. |

Note 6.7.1. The practical stability in terms of two measures is adopted from
[19, 17]. The theory of practical stability in terms of multicomparison systems
is adopted from [22]. The practical stability of control and synchronization
of nonautonomous chaotic systems was presented in [50, 46, 30, 44]. ¢



7. Other Impulsive Control Strategies

In this chapter we study some other impulsive control strategies includ-
ing: partial stability of impulsive control systems, and stability of integro-
differential impulsive control systems.

7.1 Partial Stability of Impulsive Control

In this section we study the case when only a part of the state variables
of an impulsive control system is stable; namely, partial stability. Let @ =
(1, Tm, Tmi1,,Tn) | be an n-vector, then we can split = into an m-
vector and an (n—m)-vectoras y = (21, ,Tm) ' and 2 = (Tymi1,- -, Tn) .
We have the following relation: & = (y",2")T. Let us define

Sy = {y e R | [ly| < p}

T, 28T xR, n>m. (7.1)

7.1.1 Control Impulses at Variable Time

In this section we study the following impulsive control system:

z = f(t,x) +ut,z), t # m(x),
Az =U(k,x), t=m(x), (7.2)
m(ta'):wm k=1,2,---

where f : Ry x R" — R™ is the uncontrolled plant, u : R x R* — R" is the
additive continuous control input, 7, : R* — Ry, U : N x R® — R” is the
impulsive control input. In this section, all results are based on the following
assumptions:

1. f+u € CRy x,,R"] and satisfies Lipschitz condition in & with a
constant L; namely,

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 1§93217, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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[f(t,@1) + u(t, ®1) — f(t, ®2) — u(t, 2| < Lz — @2,
teRy, xi,z2 €K, (7.3)

and f(¢,0) +u(t,0) =0 for all t € Ry ;
2. U € C|N x ¥, R"], U(k,0) = 0 for all k € N;
3. there is a pg € (0, p) such that

xe, =>z+Ulkx)erl, ke
4. 13, : CPH,, Ry ], k € N and for each & € ¥4, we have
0<mn(z)<m®)<- - <m(x)<---, klgr;m(m) = 00;
5. every solution of system (7.2) hits any switching surface X}, at most once;

6. every solution x(t, to, o) of system (7.2), for which the estimate ||y(t, to, Zo)|| <
po < pis valid for t € J™(tg, xo), is defined for all ¢ > tg.

Theorem 7.1.1. Assume that
1. VeV and o € K and

a(llyl) < V(t z) for (t,y) € Ry >k, (7.4)

V(t,x) <0 for (t,y) € & (7.5)
where the function V : & — R is defined by

Vi) = (20, few) +ult.w)) +

V(T + Uk, ) < V(t,z)
for (t,x) € Dy N (Ry x*,,), keN (7.6)

Then, the solution = 0 of system (7.2) is

1. partially stable with respect to y ;
2. uniformly partially stable with respect to y if for some 8 € K and for
each (t,z) € Ry x ", we have

V(t,z) < B([|z|). (7.7)
X

Proof. Let us first prove conclusion 1. Given ty € Ry and n > 0, then there
is a € = (to,n) > 0 such that

Sup [V (tg, )| < min(a(n), a(m)).
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Let xo € "4, ||xo|| < € and x(t, 19, zo) be a solution of system (7.2), then
from (7.5) and (7.6) we know that V (¢, &) is nonincreasing in J* (¢o, @o). It
follows from (7.4) that

a(lly(t. to, zo)l) < V(t. ) < V(to, zo) < min(a(po), a(n))  (7.8)
from which and from the assumptions on a we have
y(t,to, o) < min(n, po) for t € I+ (to, o). (7.9)
Since each solution @(t, ty, o) of system (7.2), for which the estimate
ly(t, o, o) || < po < p

is valid for ¢t € J*(to, o), is defined in all ¢ > to, it follows from (7.9) that
It (to, xo) = (to,o0). Thus, (7.9) is true for ¢ > t5. And we conclude that the
solution & = 0 of system (7.2) is partially stable with respect to y.
We then prove conclusion 2. It follows from (7.7) that € is independent of
to such that
B(e) < min(a(n), alp))-

Therefore, the solution & = 0 of system (7.2) is uniformly partially stable
with respect to y. |

Definition 7.1.1. The set
Blto) £ {=o | Jim y(t, 40, z0) = 0}
is the basin of attraction of the origin with respect to y at 1. X

Definition 7.1.2. Lett,s €c R,V € Vy, v € K, then we define the following
set:

B (t,s) = {x W, | V(T z) <~(s)}. (7.10)
X
Theorem 7.1.2. Assume that V € V1, o, 3,7 € K such that

olyll) < V(L) < B(llzl) for (1, 2) € Ry x%, (7.11)

V(t,.’L’) < _7(||$H) fOT (t,iL') € 67 (7'12)

V(tt,x +Uk,x)) < V(t,x) for (t,z) € X N (Ry X W,,), k € N.
(7.13)

Then we have the following two conclusions:
1.

tli{?o ||y(t7 th wOH =0

uniformly in (o, o) € Ry x 8,(to,€) if € € (0, po);
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2. the trivial solution of system (7.2) is uniformly asymptotically stable with
respect to y.

X

Proof. Let us prove conclusion 1 first. Given £ € (0, p), then from (7.11) we
have, for t € Ry

Bo(t,€) = {z € T, | V(t+,x) < a(€)} C e C ¥,

Given tg € Ry, &g € Bu(to,€) and let x(t) = x(t,tp,x0) be a solution of
(7.2), then by using the similar procedure of the proof of Theorem 7.1.1 we
have J*(to, o) = (to,o0) and x(t) € "¢ for t > to. Given 1 > 0 then we
can choose §; = 61(n) > 0 and d2 = 62(n) > 0 such that G(61) < a(n) and
b2 > (&) /~(61). We then have the following claim:
Claim 7.1.2: There is a t; € (to, to + 2] such that V(¢1,z(t1)) < a(n).

If Claim 7.1.2 is not true, then for ¢ € (to,to + 62] we have V (¢, z(t)) >
a(n). It follows from (7.11) that ||x(¢)|| > 61 for ¢ € (to,to + 62]. Then from
(7.12) and (7.13) we have

to+062
V(to + 62, (to + 8)) < V(£5 m0) — / A(ll(s)])ds

to

< Oé(f) - 7(61)62 <0 (714)

which is a contradiction to (7.11). Therefore, Claim 7.1.2 is true. From the
proof of Theorem 7.1.1 we know that V' (¢,«(t)) is nonincreasing, then for
t > tg + 62 we have

a(lly(t, to, zol]) < V(E,2(t)) < V(t,z(t)) < a(n)

from which we know that for ¢ > tg + 62

||y(t7 to, .’Bo) || < n.

This proves conclusion 1.

We are then going to prove conclusion 2. It follows from Theorem 7.1.1
that the trivial solution of system (7.2) is uniformly stable. Let us choose
¢ > 0 such that (e) < a(§) and in view of (7.11) we have {z € 4, | ||z| <
e} C€B,(t,&). This means that the trivial solution of system (7.2) is uniformly
attractive with respect to y. |

Theorem 7.1.3. Assume that there are V,\W €V and o, 3,7 € K such that
1. for (t,x) € Ry x K, we have

a(llyl) <V(t,z), Blyl) <W(t z);
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2. for (t,x) € Ty N (Ry xK,,), k €N, we have
Vit x+Uk,x)) <V(tx)
and
Wtttz +U(k,x)) <W(t x)

(resp. W(t*, xz +U(k,x)) > W(t,));
3. for (t,x) € & we have V(t,x) < —y(W(t,x));
4. W(t,x) is bounded from above (resp. from below) on .

Then we have the following two conclusions:

1. the basin of attraction with respect to y is B(ty) 2 8,(to, &) if £ € (0, po)

and top € Ry ;
2. the trivial solution of system (7.2) is asymptotically stable with respect to

Y.
X

Proof. Let us prove conclusion 1 first. Given o € Ry, £ € (0,p0), xo €
B+ (t0,&) and let x(t,t0, o) be a solution of system (7.2), then by using the
same procedure in the proof of conclusion 1 of Theorem 7.1.2 we have

It (to, o) = (to, 00), @(t) € K for t > to.

We then have the following claim:
Claim 7.1.3:
tlim lly(t, to, zol| = 0 for xg € By (o, £).

If Claim 7.1.3 is false, then there are g € 8,(t0,€), w1 > 0 and ws > 0
such that

T; — Ti—1 > w1 and |ly(7, to, o)|| > wo for i € N.
Then it follows from assumption 1 that
(W (rt ()| > B(we), icN (7.15)

where x(7;7) = x(r;) + U(i,2(7;)). Let us choose the case that W (t,x) is

i

bounded from above from assumption 4, then there is an L > 0 such that

sup W(t,x) < L. (7.16)
(t,2)€®G

Let us choose wg > 0 such that

1),

w3 < min (wl,

then it follows from (7.15), (7.16) and assumption 2 that
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W(t,z(t)) > W(r",z(r;")) + t W(s,z(s))ds <« (assumption 2)

W () - W (s, 2(s))ds

B(w2) — L(7; — t) < (7.15)&(7.16)
ﬂ(WQ) — Lw;g

(AVARLYS

> B(w2)/2, t€[r—ws, Tl (7.17)
Then, it follows from assumptions 2 and 3 and (7.17) that

0<V(rf,z(r)) < (assumption 2)

< V(tg . @o) + / V(s,z(s)))ds

to

<Vt @) — / Y (W(s,m(s)))ds < (assumption 3)

to

ko
Ve -3 [ AWisals)ds <0k
i=17Ti=®s

< V(tg, o) — kwsy(B(w2)/2) <= (T.17) (7.18)

which leads to a contradiction if k is big enough. Therefore, Claim 7.1.3 is
true. In the case when W (t,x) is bounded from below , by using similar
process we can get the same conclusion. Thus, conclusion 1 has been proved.
We then prove conclusion 2. From Theorem 7.1.1 we know that the trivial
solution of system (7.2) is stable with respect to y. Since B, ¢ is a neighbor-
hood of & = 0, it follows form conclusion 1 that the trivial solution of system
(7.2) is attractive with respect to y. Therefore, the trivial solution of system
(7.2) is asymptotically stable with respect to y. [ |
Then from Theorem 7.1.3 we have the following corollary.

Corollary 7.1.1. Assume that there are V € Vy and a,v € K such that
a(llyll) < V(t,z) for (t,x) € Ry x K,

V(t,x) < —y(V(t,x)) for (t, ) € &, (7.19)
and
VT, z+Uk,x) <V(tx)
for (t,x) € Xy N (Ry x*,,), keN (7.20)

Then we have the following two conclusions:

1. the basin of attraction with respect to y is B(ly) 2 By (to, &) if & € (0, po)

and to € Ry ;
2. the trivial solution of system (7.2) is asymptotically stable with respect to

Y.
X
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7.1.2 Control Impulses at Fixed Time

We then use comparison system to study partial stability of the following
impulsive control system:

T = f(t,fl?) + u(t,az), t 7é Tk
Az = U(k,x), t =g, (7.21)
z(t§) = zo, k=1,2,---

where f : Ry x R* — R” is the uncontrolled plant, v : Ry x R* — R”
is the additive continuous control input, and U : N x R* — R"™ is the im-
pulsive control input. In this section, all results are based on the following
assumptions.

1. f+u € C[Ry x4, R"] and satisfies Lipschitz condition in  with a
constant L; namely,

||f(t,$1) —l—u(t,a:1) - f(t,ﬂ:z) - u(t7$2)H < Lle - w2||7
teRy, x, 22 €%, (7.22)

and f(¢,0) + u(t,0) =0 for all t € Ry ;
2. U € C|N %, R"], U(k,0) = 0 for all k € N;
3. there is a pg € (0, p) such that

zxe, =+ U(kx)el, keN,

O< << T1p < -, lim 73, = o0; (7.23)

k—oo
5. every solution ®(t,to, o) of system (7.21), for which the estimate
ly(t, to, o)l < po <p (7.24)
is valid for t € 3T (to, o), is defined for all ¢t > t.
Let us set a comparison system of system (7.21) as
w = g(t,w), t# T,

w(ry) = Py (w(mk)), t = 70, (7.25)
wty)=wo€ 2, keN

where g : Ry x 2 — RP 4, : 2 — RP, and §2 is an open subset of
RP. Let w = (w1, , Wy, Wpt1, - wp) ', wy = (w1, - ,wp)" and w, =
(wpt1, - wp) " and for every solution w(t, ty, wo) of system (7.25), for which
the estimate

l[wy (¢, to, wo)|| < po < p (7.26)

is valid for ¢ € 3% (tg, o), is defined for all ¢ > .
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Lemma 7.1.1. Let us assume that

1. g € C[Ry x 2,RP] is quasimonotone increasing in Ry x §2;

2. ¢y, k € N are monotone increasing in §2;

3. Wmax : (to, T) — RP is the mazimal solution of the comparison system
(7.25) with Wmax(ty) = wo € 2 and to € Ry w(T,j') e R ifm € (to,T);

4. m € PC|(to, T1),RP], Ty < T such that

(t,m(t)) € Ry x 2 fort e (to,T1),

m(7;") € 2 provided T, € (to, Th), (7.27)
m(ty) < wo, (7.28)
Dtm(t) < g(t,m(t)) fort € (to,T1), t# 7k, (7.29)
m(r;") < . (m(m)) for 7, € (to, T1). (7.30)
Then m(t) < Wpax(t) for t € (to, T1). X

Proof. Let us assume that ¢y < 71 and let ¢ € (to, 71]N(to, T1). Then it follows
from classical comparison theorem and assumption 4 that m(t) < Wpax(t)
and m(71) < Wmax(71). From assumption 2 and (7.30) we have

m(ri") < 1 (m(m))
= ¢1(wmax(7-1)) = wmax(Tf—)- (731)

By using the similar procedure we have m(t) < wmax(t) for t € (7, Tk41] N
(to,T1), k € N. Therefore we finish the proof. [ ]

Theorem 7.1.4. Let us assume that

1.V Ry xR, = RP, V ={V;}2 |V € is locally Lipschitzian in x
and

sup V(¢ z)]] < K < oo,
(t,2)ER{ X,

2 ={wecRP | ||w|<K}; (7.32)

2. g is continuous, quasimonotone increasing in Ry X 2 and g(t,0) =0 for

allt € Ry,
3. ¢, k € N are monotone increasing in 2 and 4,(0) =0 for all k € N;

4. for some a € K we have

olllyl) < max Vi(t, @), (t,x) € Ry > X, (7.33)
DYV (t,x) = g(t, V(t,)) for t #m, x €K, (7.34)
V(le_7w + U(k,iL’)) = 1/),9(V(T/97£B))

forx e, kel (7.35)

Then we have the following conclusions:
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1. if the trivial solution of the comparison system (7.25) is stable with respect
to wy, then the trivial solution of the impulsive control system (7.21) is
stable with respect to y;

2. if the trivial solution of the comparison system (7.25) is asymptotically
stable with respect to wy then the trivial solution of the impulsive control
system (7.21) is asymptotically stable with respect to y .

X

Proof. Let us prove conclusion 1 first. Given (t, o) € Ry x4, and let x(t) =
x(t, to, zo) be a solution of system (7.21). Let m(t) = V (¢, 2(t)) be defined
on (tp,71) and the maximal solution Wmax(t) = Wmax(t,to, V(t5,xo)) of
system (7.25) be defined in (o, 7). Then from (7.33) and Lemma 7.1.1 we
have for t € (to, Tl) N (to,Tg)
a(lly(t, to, wo)[|) < max Vi(t, x(t))
1<i<p

< ; s : .

> 112?%(1) wmaxz(ta t07 V(to ) 330)) (7 36)
Given 7 > 0 such that a(n) < K and n < p, since the trivial solution of
system (7.25) is stable with respect to wy, there is a ¥ = ¥(to,n) > 0 such

that
max [V (&7, 2o)| <9

1<i<D
implies

max Wmaxi(t to, V(3 , o)) < a(n) (7.37)
1<i<p

for t € (tg,T3). It follows from (7.26) that Th = co and (7.37) is valid for all
t > to.

From the properties of V' we know that there is a e = e(tg,n) > 0 such
that € < min(a(n), a(po)) and if ||xg|| < € then

< (td : .
0< 1Ign¢agXDV1(t0 , o) <V (7.38)

It follows from (7.36), (7.37) and (7.38) that
lly(¢, to, xo)|| < n provided ||| < e,t € (to, T1). (7.39)

From (7.24) we know that 77 = co and therefore (7.39) is valid for all ¢ > ¢,.
We then finish the proof of conclusion 1.
The proof of conclusion 2 can be constructed in a similar way. ]
Similarly, we have the following Theorem.

Theorem 7.1.5. Let us assume that
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1.V Ry xR, = RP, V ={V;}P |V € is locally Lipschitzian in x
and
sup ||V (t,2)]] < K < oo,
(t,w)€R+X>I<p
Q={weR? | |w| <K} (7.40)

2. g is continuous, quasimonotone increasing in Ry x 2 and g(t,0) = 0 for

allt € Ry,
3. ¢y, k € N are monotone increasing in 2 and ¢, (0) =0 for all k € N;

4. for some a € K we have

ollyl) < max Vi(t,x), (t,x) € Ry X, (7.41)
DYV (t,x) < g(t,V(t,z)) fort # 7, x €, (7.42)
V(r  x+Uk,2)) = p(V (7, @)

forx e, kel (7.43)

5. for some B € K and for all (t,x) € Ry x M, we have

max Vi(t,2) < 5(]2]). (7.44)

Then we have the following conclusions:

1. if the trivial solution of the comparison system (7.25) is uniformly stable
with respect to wy then the trivial solution of the impulsive control system
(7.21) is uniformly stable with respect to y;

2. if the trivial solution of the comparison system (7.25) is uniformly asymp-
totically stable with respect to wy then the trivial solution of the impulsive
control system (7.21) is uniformly asymptotically stable with respect to
Y.

X

7.2 Impulsive Control of Integro-differential Systems

In this section let us study a kind of impulsive control strategy that can be
modeled by the following impulsive integro-differential equation:

dj:f(t7m7Tm)a t#Tka
Az = U(k,z(7%)), t = T, (7.45)
w(tg_) = o, to >0, keN
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where f : Ry x R® x R* — R” is continuous on (7, 7x+1] X R* x R",
U:NxR*"— R".

To — /tu(t,s,az(s))ds

to

where u : Ry x Ry X R* — R™ is continuous on (7x, 7k+1] X (7k, Tet1] X R™.
We assume the existence and uniqueness of the solution of system (7.45) and

0<T << <<, lim 7, = oco.

k—oo

7.2.1 Comparison Results

Let us first present the following well-known comparison results for later use.

Lemma 7.2.1. Let us assume that

1. 90,9 € C[Ry x Ry, R], go(t,w) < g(t,w), wmax(t,to, wo) is the right
mazimal solution of

i = glt,w), wlto) = wo >0
on [to,00) and vmax(t, t1,v0) is the left mazimal solution of

= go(t,v), U(tl) =y >0

on [to,tl];
2. V(t,x) € C[Ry x R*,Ry] is locally Lipschitzian in x and for t > ty,
T e =,
D_V(t,x) < g(t,V(t,))
where

E2{xcC[R,R"] | V(s,2(5)) < Umax(s,t, V(t,x)),s € [to, 1]}

is the minimal class of functions along which D_V (t,x) can be conve-
niently estimated.
3. let x(t) = x(t, to, xo) be any solution of the following system

= f(tvvam)7 CL‘(to) = Zo, tO Z 0 (746)

on [tg,00) such that V(to, o) < wo.

Then, V(t,2(t)) < Wmax(t,to,wo) fort > to. X
Similarly, we can construct a comparison system as
= g(ta )7 t 7é Tk
(T )= Yr(w(m)), t = T, (7.47)

’LU(t 0>0 tQZO



210 7. Other Impulsive Control Strategies

In this section we assume that g : Ry x Ry — R is continuous on (74, 7g+1] X
R and the limit
lim g(t,u) = g(T,;ﬂw)

(tu)— (i w)
exists and let wmax (¢, to, wo) be the maximal solution of system (7.47) on
[t07 OO)
Theorem 7.2.1. Let us assume that assumption 1 of Lemma 7.2.1 holds on
each |1, Tk+1) X Ry and

1. go € Cl[7, Te+1) X Ry, R;
2. let us define

Z' & {x € PCRy "] | V(s,2(s)) < vmax(s, £, V(t,2)), s € [to, 1]}

then V (t,x) € Vo is locally Lipschitzian in x and for t > ty, t # 1, and
x € &' we have
D_V(t,z) < g(t,V(t,z));

3. Vit ez + Uk, x)) < ¢p(V(t,x)) for t = 7, Y : Ry — Ry is nonin-
creasing.

Then, for any a solution, x(t) = x(t, ty, xo), t € [ty,0), of system (7.45) we
have
V<t7 :l:(t)) < wmaX(t7tva0)at > to,

provided V (tT,xq) < wp. X

Proof. Without loss of generality, let us suppose that ty € (73, 7x41] for some
k € N. Let x(t, ty, o), t € [tg,00) be any a solution of (7.45) and set m(t) =
V(t,z(t)). It follows from Lemma 7.2.1 that for ¢t € (ty, 71] we have

m(t) < Wmax 1(t; tOv UJ())

where wWmax1(t, to, wp) is the maximal solution of the following differential
equation

w = g(t, w) (7.48)

on (to, 1] such that wmaxl(tg'7 to, wp) = wp. Because ¥ (w) is nondecreasing
in w and m(7) < Wmax1(71,to, wo), then from assumption 3 we have

m(7-1+) < d)l(wmaxl('rl,to, UJO)) £ wf
Again, from Lemma 7.2.1 we have for ¢ € (7, 7]
m(t) < Wmaxa(t, 71, w])

where Wpayx2(t, 71, w] ) is the maximal solution of (7.48) on (71, 7] such that
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+ +\
wmax2(7—1 , T1, Wy ) =w; .

By repeating the same process we have
m(t) S wmax(k+1)(tv7—k7w]:_)v te (Tku Tk+1]

where Wiax(k+1) (, T, wy") is the maximal solution of (7.48) on (7, Tk41] such

that

+ +Y
wmax(k+1) (Tk s They Wi ) = Wy .

Therefore if we choose the following solution of (7.47)

wo, t= to,
Wmax 1(t, to, wo), t € (to, 11,
wmax2(t77—lawii_)7 te (7—177—2]7
w(t) =14 - (7.49)

wmax(k—i—l)(t Tkawk) te (Tk, Tk+1]7

then we have
m(t) S w(t)7 t Z tO«

Because wax(t, to, wp) is the maximal solution of (7.47), we have

m(t) S wmax(tat07w0)a t Z tO-

Corollary 7.2.1. In Theorem 7.2.1, let us assume that

1. go(t,w) = g(t,w) = 0 and Yp(w) = w for all k € N, then V (¢, x(t)) is
nonincreasing in t and V (t,x(t)) < V(t5,xo) for t > to;
2. go(t,w) = g(t,w) =0 and Y (w) = drw, d, > 0 for all k € N, then

Vit,o(t) < V(g z0) ] din t>to;

to<TR <t

3. go(t,w) =0, g(t,w) = )\(t)w, A€ CHR., Ry, )\(t) > 0 and i (w) =
drw, di, > 0 for all k € N, then

V(t,a(t)) < rOAOV(E @) [ drn > to;
to<Tp <t

gO(t’w) = g(t’w) = -

where X\(t) > 0 is continuously differentiable on Ry,
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lim A(t) = oo

t—o0

and Yy (w) = dyw, d, > 0 for all k € N, then

via) < gz T i 1210
<) to<Tr <t

aeat

w=—aw, a>0
eat

go(t7w) = g(t,U}) = -
and Y (w) = dpw, di, > 0 for all k € N, then

ato

Vt,x(t)) <

- eat

Vits,xo) [ di. t>to;

to<T<t
6. go(t,w) =g(t,w) = —a(w), a € K and y(w) =w for all k € N, then
V(t,a(t) < ¢ e(V(tg, @) — (t—to)], t>to.
where p(w) = 1/a(w).

X
We then present some special cases of =’ because their constructions are
quite important to the proof of stability.

1. When go(t,w) = 0, then vmax (s, t1,v0) = vo. Therefore
E' ={x e PCIR,,R"] | V(s,z(s)) < V(t,x(t)),s € [to, ]}

2. When .
A(t)
tw) = -2
gO( 7w) )\(t) w,
then ()
t
Umax (S, 1, 00) = UO@? s € [to, t1].
Therefore

' ={x e PCRy,R"] | V(s,(s))A(s) < V (L, z(t))A(), s € [to, 1]}
3. When go(t,w) = —a(w), a € K, then
Umax(8, t1,v0) = ¢ [p(v0) = (s = t)], s € [to, 1]
where p(w) = 1/a(w). Because vmax(s,t1,v0) is increasing in s to the

left of ¢1, given an sy < t; and setting ((w) = vmax (S0, t1,w), we find
that ¢ € K. Therefore

= = {w € PR, B | V(s,2(s)) < ((V(1,2(1))), s € [i0, ).
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7.2.2 Stability in Terms of Two Measures

Theorem 7.2.2. Let us assume that assumption 1 of Lemma 7.2.1 holds on
each [, Tk+1) X Ry and

1
2

D v A

9o € Cl[mk, Th+1) X Ry, R];
let us define

' 2 {x c PCIRL,R"] | V(s,2(5)) < vmax(s,t, V(t,x)),s € [to, 1]}

then V (t,x) € Vo is locally Lipschitzian in © and for t > ty, t # 1%, and
x € £ we have

D_V(t,z) < g(t,V(t,z));
V(tt,e +U(k,x)) < Yp(V(t,x)) fort = 7, ¥r : Ry — Ry is nonin-

creasing;

. ho,h € H and hg is uniformly finer than h;
. V(t,x) is h-positive definite and hg-decrescent;
. there is a po > 0 such that (t,x) € S,,(h) implies that (t,x+U(k,x)) €

S,(h) for all k € N.

Then the stability properties of the trivial solution of the comparison system
(7.47) imply the corresponding (hg, h)-stability properties of the impulsive

control system (7.45). X
Proof.
1. Stability: Assume that the trivial solution of the comparison system

(7.47) is stable. From the assumption that V (¢, x) is h-positive definite,
we know that there are 6 > 0 and 3 € K such that

h(t,x) < 6= B(h(t,x)) < V(t,z). (7.50)

Given 0 < 1 < 61 = min(é, po, p) and ¢y € Ry, since the trivial solution
of the comparison system (7.47) is stable, given 3(n) > 0, there is a g9 =
eo(to,n) > 0 such that for any solution, w(t, t,wp), of the comparison
system (7.47)

wo € [0,60) = w(t,to,wo) < ﬂ(?]) for t > tg. (751)

Let us set wy = V(tg, o), then from conditions 4 and 5, we know that
there are a €1 > 0 and « € K such that

h(to, .’130) < 6, V(tg_, .’130) < Oz(ho(to, .’130)), (to, .’130) S Sgl (ho) (752)

Let us choose e = e(tg,n) € (0,e1) such that a(e) < g9 and ho(to, o) < €.
We then have the following claim:
Claim 7.2.2:

ho(to, o) < e = h(t,z(t)) <n, t>to (7.53)
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where x(t) = (¢, to, zo) is any a solution of system (7.45).

If Claim 7.2.2 is false, then there are a solution, x1(t) = x1(¢, to, o), of
system (7.45) with hg(tg, o) < € and a t; € (7%, Tk+1) for some k such
that

h(t1,z(t1)) > n and h(t,z(t)) <n for t € [ty, Tx]. (7.54)

From n € (0,61) we have n € (0,pp). Then we have h(r,,z(r) +
U(k,2(m))) < p. Therefore there is a to € (73, 1] satisfying

1 < h(ta, z(t2)) < p. (7.55)
It follows from Theorem 7.2.1 that
V(t,:c(t)) < ’u}max(t,to,()&(ho(to,mo))), t e [to,tg} (756)

Then we have the following contradiction:

B(n) < B(h(te, 2(t2))) < V(t2, 2(t2)) < B(n). (7.57)

Therefore, Claim 7.2.2 is true and the trivial solution of system (7.45) is
(ho, h)-stable.

Uniform stability: Assume that the trivial solution of the comparison
system (7.47) is uniformly stable . Then ¢ is independent of ty. Therefore,
the trivial solution of system (7.45) is (hg, h)-uniformly stable.
Asymptotic stability: Assume that the trivial solution of the comparison
system (7.47) is asymptotically stable . Then from the first part of this
proof we know that the trivial solution of system (7.45) is (ho, h)-stable.
Let us set n = 61 and 3 = €(to, 61), we then have

ho(to, o)) < €2 = h(t,x(t)) < p for ¢t > to. (7.58)

Given n € (0,61), B(n) > 0 and ty € Ry, from the fact that the trivial
solution of the comparison system (7.47) is attractive, we know that there
are a €3 = €3(tp) > 0 and a T = T'(to,n) > 0 such that

wo € [0, 83) = w(t,to, ’wo) < ﬁ(n) fort>tg+T. (7.59)

Let us choose g9 = min(ez,¢3) and let ho(to, o) < &g, then from (7.58)
and the arguments leading to (7.56) we have

V(t,z(t)) < wmax(t, to, a(ho(to, x0))) for t > to (7.60)
from which we have
B(h(t, z(1)) < V(t,z(t))
S wmax(ta tOv a(hO(t()v .’Bo)))
< pBn), t>to+T. (7.61)

Therefore we know that h(t,z(t)) < n for t > to + T, which proves that
the trivial solution of system (7.45) is attractive. This means that the
trivial solution of system (7.45) is (hg, h)-asymptotically stable.
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4. Uniform asymptotic stability: Assume that the trivial solution of the com-
parison system (7.47) is uniformly asymptotically stable . Then ¢y and
T are independent of ¢y. Therefore, the trivial solution of system (7.45)
is (hg, h)-uniformly asymptotically stable.

From Theorem 7.2.2 we have the following corollaries that are convenient
to use in designing impulsive controllers.

Corollary 7.2.2. In Theorem 7.2.2, let us assume that go(t,w) = g(t,w) =
0, Y(w) = diw, di, > 0 for all k, then the trivial solution of system (7.45)
is (ho, h)-uniformly stable if

H di < o0.
k=1
X
Proof. The proof is immediately followed from Corollary 7.2.1. |

Corollary 7.2.3. In Theorem 7.2.2, let us assume that go(t,w) =0, g(t,w) =
Aw, A € CHRy, Ry ], A(t) > 0, ¢¥p(w) = dyw, di > 0 for all k, then the
trivial solution of system (7.45) is

1. (ho, h)-stable if
A7) + Indg < AM(7k—1) for all k; (7.62)
2. (hg, h)-asymptotically stable if there is a v > 1 such that

AM7g) + In(ydg) < A(mk—1) for all k. (7.63)

Proof. The comparison system (7.47) becomes

W= A(t)w, t # Th,

w(rt) = dpw(my), t = T, (7.64)

w(td) = wo > 0.
The solution of (7.64) for t > t¢ is given by

w(t, to,wo) = wp H deN D=2 to), (7.65)

to<Tr <t

Without loss of generality, let us suppose that to € (0,71). Because A(t) is
nondecreasing, from (7.62) we have for ¢ > tg

w(t, to, wo) < we ™A, (7.66)
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Let us choose

c— geMmH(tl)

then we can prove the trivial solution of (7.64) is stable. This proves conclu-
sion 1.
From (7.63) it follows that for t > ty

1
w(t, tg, wp) < _kaeA(T1)—>\(to)’ t € (Th—1, Tk (7.67)
Y

from which we have
tlim w(t,to, wo) = 0. (768)

This proves conclusion 2. ]
Then let us consider the following impulsive control system:

= Ax + ftto u(t, s, x(s))ds, t # T,
Ax =U(k,z(m)), t = 1%, (7.69)
z(t]) = xo, to >0, keN

which is a special case of system (7.45). Let us suppose that
[u(t, s, z)l| < y(t, s)[|lz] on Ry xS,

and other assumptions are the same as those for system (7.45).
Let us construct a Lyapunov function as V (¢,x) = ||z|| and choose the
set

E ={x e PCRy,S,] | [2(s)l| < (D)l s € [to, ]}

Then we have

D_vwm>s(MA»+/fwu@w>vua»

to

where p(A) is the logarithmic norm of A given by

s T+hA|-1
nA) = fimy h '

Therefore we have go(t,w) = 0 and g(¢,w) = A(t)w where

t
A0 = () + [ o(t5)ds.
to
Then we can choose different impulsive control laws U (k, ) to make the triv-
ial solution of comparison system (7.64) stable. For example, we can choose
a kind of U(k,x) such that ¢, (w) = dyw, di > 0 for all k € N, then the
stability properties can be found by using Corollary 7.2.3.
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7.2.3 Practical Stability

Based on the comparison theorem (Theorem 7.2.1) and the similar technology
presented in Section 6.1, we can prove the following theorem[15] concerning
the practical stability of system (7.45).

Theorem 7.2.3. Let 0 < p < v be given and there is such a p = p(v) > 0
that if x € S, thenx+U(k,x) € S, for each k € N. Let us assume that there
are a, 8 € K such that a(p) < B(v) and

Allzl) <V(t,z) < a(lzl) for (t,z) € Ry x Sp.

Then the practical stability properties of the comparison system (7.47) imply
the corresponding practical stability properties of control system (7.45). K

As an example, let us study the practical stability of system (7.69). Let
us suppose that

[u(t, s, z)[| <~(t s)||lz] on Ry x R

and other assumptions are the same as those for system (7.45).
Let us construct a Lyapunov function as V (¢, ) = |z/e*!, @ > 0 and
choose the set

= = {w e PCIR, K" | [la(s)[e™* < lla(D)l|le™, s € [to, 1]}.

Then we have

D_V(t,x) < (w +p(A) + /t’y(t, s)ew(ts)ds) V(t,x)

to

where p(A) is the logarithmic norm of A. Therefore we have g(t, w) = A(t)w
where .
At) = @ + p(A) +/ y(t,s)e” ) ds.

to
Then we can choose different impulsive control laws U (k, ) to make the triv-
ial solution of comparison system (7.64) stable. For example, we can choose a
kind of U (k, ) such that ¢, (w) = drw, d > 0 for all k € N, then the stability
properties can be found by using Corollary 6.1.2 and Theorem 7.2.3.

Note 7.2.1. Section 7.1 is adopted from [28]. Section 7.2 is adopted from [17].
¢



8. Impulsive Computational Verb Control

Computational verbs and computational verb systems[31, 32, 35, 34, 33, 36,
38, 40, 39, 42, 41, 43] are revolutionary paradigms working together with
fuzzy systems[54, 55, 56] for the purpose of embedding experts’ knowledge
that coded in human natural languages into machine intelligence. In this
chapter we present impulsive control strategies based on newly developed
computational verb control systems. Control with computational verb, or
verb control is a systematic way to integrate human experts’ knowledge of
dynamical processes into control systems. Since so far there is no reference
addressing verb control systems, in this chapter we shall first present verb
control system without impulsive control strategy to give the reader the flavor
of verb control systems. Since the basic knowledge of computational verb
systems had been well-established in the references listed above and especially
in [43], we do not repeat the definitions and examples of computational verbs
in this chapter.

The basic structure of a verb control system is shown in Fig. 8.1.
Observe that a typical verb control system consists of a verb recogni-
tion block(verbification), a set of verb control rules and a wverb collapse
block(deverbification). The verb recognition block is used to verbify a dy-
namical output of the plant. The outputs of a verb recognition block are
called observing verbs. The verb inference engine and verb rule base are used
to choose controlling verbs with respect to the reference signal which is used
to shift the equilibrium points of the controlled system. The verb collapse
block(deverbification) is used to transform the controlling verbs into control
signals.

The design of verb control system may include: the definition of input
and output variables, the selection of data manipulation method, the design
of outer systems of computational verbs and the verb control rule design.
The source of knowledge to construct the verb control rules is the control
experiences of human experts. The control experience consists of a set of
conditional “IF-THEN” statements, where the IF-part contains conditions
modeled by observing verbs and the THEN-part provides actions expressed
by controlling verbs.

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 2[93235, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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noise

— outputs

verb recognitio
(verbification)

observing verb
L verb collapse <: verb inference <:|
(deverbification engine
reference
signal
verb control
rule base

Fig. 8.1. The block diagram of a typical verb control system.

8.1 Design of Verb Controller with Fuzzy Errors

In a typical verb controller, we usually know error e(t) between the output
of the plant and the reference signal and changes in error r(t) £ é(t). The
control input u(t) is generated by the deverbification block. Without loss of
generality, let us assume that e(t), r(¢) and w(t) are normalized into inter-
val [—1,1]. Thus, the associative universe of discourse of e(t), r(t) and u(t)
confined within [—1,1].

The structure of verb controller with respect to e(t), r(t) and u(t) is
shown in Fig. 8.2. Observe that a verb controller consists of three parts: a
“verbification” block, a “verb inference engine” and a “deverbification” block.
The details of each block will be addressed in this section.

Verbifications Block

In the verbification block the observed waveforms of e(7) and r(7) in a time
period 7 € [t — A, ¢] are used to determine which verb can be used to model
the dynamics of the control error at time moment ¢. For simplicity, we use
e(t — A,t) and r(t — A,t) to denote the waveforms of e(r) and r(7) with
T € [t — A, t]. Then the universe of discourse of e(t — A, t) and r(t — A, t) are
respectively given by

UdA) = [t — At] x [-1,1], Un(A)=[t— A8 x[-1,1].
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verb control

rule base
() » P observing verb inference
verbification—p verbs engin

—> cocterrcgléng | deverbification —»@

Fig. 8.2. The block diagram of a typical verb controller.

To reduce redundant information in these values, let us partition the values
of e(t) € [-1,1] and r(t) € [—1,1] into two sets of fuzzy values T, and T,
respectively. We also suppose both term-sets T, and 7T} have the same number
of linguistic members on both positive and negative sides

TG = {E—K7"' aE—13E07E17"' 7EK}
T, ={R-k, - ,R_1,Ro, R1, -+, Rk }. (8.1)

Therefore, the universe of discourse of e(t) is partitioned into 2K + 1 sections
and each section is modeled with a fuzzy value E;,©1 = —K,--- ,0,--- , K that
are characterized by membership functions pg,(e(t)). Similarly, the universe
of discourse of r(t) is also partitioned into 2K + 1 sections and each section
is modeled by a fuzzy value R;,i = —K,---,0,--- , K that are characterized
by membership functions ug, (e(t)).

Let Vierbification denote the set of computational verbs used to model
the dynamics of fuzzy values pg,(e(t — A,t])) and pg,(e(t — A,t])),i =
—K,---,0,---, K. Then we can use the following steps to verbify the control
€rrors:

1. Decompose any verb V; € Vierbification into verb rules described by simple
verbs. For example, suppose fluctuate is a verb in Vierbification, we need
to use the following relations to define three possible decompositions:
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fluctuate
£ a center verb
£ a center verb
+[(a node verb) o (adverbial defining small value change)]

£ (a focus verb) o (adverbial defining value range). (8.2)

2. Use similarity criteria to determine which verb in Vierbification can be
use to model the dynamics of control error. This step needs to run
verb similarity test for each possible decomposition of every element in
‘/vcrbiﬁcation-

Verb Inference Engine

In this block, we use verb reasoning to implement a verb inference engine for
choosing different controlling verbs. Let Veontrol denote the set of controlling
verbs, and let VY € Vierbification and VJQ € Viontroo We then have the verb
inference rules as

IF the control error V7, THEN the control VY;
IF' the control error V3, THEN the control V3;

IF the control error V§,;, THEN the control V§,. (8.3)

Observe that there are M verb IF-THEN rules in this verb inference engine.
In this set of verb rules, V?,i = 1,2,---, M are not necessary to be M
distinguished verbs. Similarly, V¢,¢ = 1,2,---, M are also not necessary to
be M distinguished verbs. The output of this block is a controlling verb that
can be used to determine the value of control signal in the deverbification
block.

Deverbification Block

In this block controlling verbs collapse into a control signals that used to
control the plant. The definition and construction of collapses of verbs can
be found in [43, 41].

8.2 Design of Verb Controller with Verb Singletons

In this section we present a design example with the lifetime of each verb as
A = 0. In this case, the verbs become verb singletons which are described
by a sample of the outer system and a sample of the changing rate of the
outer system. Let us suppose that the verb controller is implemented by a
digital computer with a sampling interval 6, then we design different blocks
of a verb controller as follows.
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Normalization

Assume that the range of the measured control error é(nd) = é&(n) is
[-1/GE, —1/GEg], then the normalized control error e(n) = Ggé(n) € [—1, 1].
In a digital implementation, we define the change of control error as 7(n) =
é(n) — é(n — 1). Assume that the range of 7#(n) is [-1/Gr, —1/GEg], then we
normalize 7(n) into r(n) = Gr7(n) € [-1,1].

Verbification

The inputs of the verification block are e and r. The output of this block is
an observing verb. Let us partition the universes of discourse of e and r into
2K + 1 adjectives for each; namely,

Te={E_k,,E_1,Ey, Er,-- Bk}

T, ={R-g, - ,R-1,Ro, Ry, -, Rk} (8.4)
where F; and R; are adjectives for describing the values of e and r, respec-

tively. Then the verbification is given by the following set of rules called
verbification rules:

R;;: IF e, is B; AND r, is R;, THEN the control error Vf+j. (8.5)

Observe that we need 4K + 2 verbs to model the control error and the verb-

ification rule is symmetric with respect to e and r because Vy, ; = Vi ;. This

design is just for the convenience of analysis. We then use the membership
function of each adjective to calculate the following membership values for
e(n) and r(n)

Ei(e(n)) = pg;(e(n)) € [0,1],  Ri(r(n)) = pr,(r(n)) € [0,1],
i=—K, -0, K. (8.6)

We then calculate the firing level of verb VY, ;. ¢; ; as
¢iy = F(Ei(en), Bj(rn)) (8.7)

where F : [0,1] x [0,1] — [0, 1] can be any function for implementing a verb
similarity judgement. For example, we can choose F as

F(z,y) = min(z,y). (8.8)
We then need to calculate the final choice of the observing verb as

Sk e W(6is, V)
DS TR

V, = (8.9)
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where W is a weighting operator that impose an adverbial upon the verb
Vi Observe that the observing verb V, is a compound verb that generated
by 4K + 2 verbs V', ;. For designing simple verb controller, we can choose W
as simple abverbial. For example, we can use the following simple operation:

K K
Die K Zj:—K ¢i,j-7:V§’+j
Fv, = K K
Zi:—K Zj:—K i

which means that the outer system of the observing verb is the center of
gravity of activated verbs VY ..

(8.10)

Verb Inference Engine

Verb inference is based on a set of verb rules that connect observing verbs
V¢ to controlling verbs V§ by using rule set (8.3). The output of this block is
a compound verb given by

TP AV V), V)
WIS (V2 V)

Vu = (8.11)

where S is an operation to determine the similarity between two verbs and

A is an operation to determine the contribution of each verb rule to the final
choice of controlling verb V,.

Deverbification

This block outputs a control signal based on V,. It functions as a collapse
map.

8.3 Examples of Verb Control Systems

In this section, I present examples of verb control of a chaotic circuit called
Chua’s circuit[5] that consists of two linear capacitors C; and Cy, a linear
inductor L, two linear resistors R and Ry, and a piecewise-linear negative
resistor. This chaotic circuit is described by the following state equation:

= & [Glo2 = v1) = fw)]
2 = &G —v2) + i3 (8.12)
&a — — L [va + Rois]
where G = 1/R and f(-) is the piecewise-linear characteristic of the negative
resistor defined by

f(vl):val—F%(Ga—Gb)(\vl +E|—|n—E|) (8.13)
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where F is the breakpoint voltage. The output of this chaotic system is given
by

y(t) = v1(t) (8.14)

Since the structures of verb controllers for controlling this chaotic circuit are
very simple, we do not need to design them block by block. I will present
some design examples.

Example 8.3.1. In this example, the goal of verb control is to keep the chaotic
system staying in the range of y > 0. To do this, a human expert can intu-
itively (and immediately) find the following verb rule:

‘ if y(t) goes across zero from positive side, then capture it back.

The control signal can be written as
u = -7:capture (815)

We choose Feapture @

_ 0, ifr(t) <h
Feapture = { —0.01(y(t) — 0.5)/C1, else (8.16)
where h is a threshold, r(t) is given by
1 T
o) = 5 | It =) = FolT = )lir (8.17)

where T' is the window length of the outer system of go. Fg is given by
observing the uncontrolled chaotic system.
The verb-controlled chaotic system is given by

o = L[G(vo —v1) — f(v1)] +u
Bz = (G —va) + i3]

G = —1v2 + Rois]

[y

0, if r(t) <h

u = fcapture = { —OOI(y(t) _ 05)/017 else (818)

The simulation result is shown in Fig. 8.3. The parameters for this sim-
ulation is as follows: Cy = 5.56nF, Co = 50nF, G = 0.7mS, L = 7.14mH,
G, = —081mS, G, = —0.5bmS, E = 1, Ry = 0, h = 1.189918, and
T = 0.3ms. The fourth order Runge-Kutta method with fixed step-size of
lus is used. Figure 8.3(a) shows the uncontrolled waveform of v;(t). Ob-
serve that almost half of the time, the chaotic system enters the region of
v1(t) < 0. After observing this uncontrolled waveform, we find that before
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y(t) goes across zero from the positive direction, there exists a typical un-
stable oscillation. This typical observation is then stored as a waveform of
the outer system of go. Figure 8.3(b) shows the observed outer system of go
(across 0). This waveform can be stored into a computer by a few space yet
it is not necessary to know the underlying model of this waveform, which is
usually done by other control strategies such as model identification. Figure
8.3(c) shows the controlled waveform of v1(¢). Observe that there still exists
some negative peaks due to the transient of the verb feedback control loop.
Figure 8.3(d) shows 7(t), which is used to construct Feapture-

25 T
2+ |
15
1
0.5
>0 0f i
-0.5F b
1l i
15 i
2 4
-25 1 1 1 1 1 1 1 1 1
0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
time(s)
(a)
25
2L 4
15 =
S
w
1k 4
0.5 ,
0 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
time(us)
(b)

Fig. 8.3. Verb control of chaotic circuit to a desired region. (a) The waveform of
v1(t) of the free chaotic system. (b) The computational verb go observed from the
free waveform of v;(t). (c) The controlled waveform of v (¢). (d) r(¢).
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25

15

-1 1 1 1 1 1 1 1
0.01 0.011 0.012 0.013 0.014 0.015 0.016 0.017 0.018 0.019 0.02

time(s)

(c)

16

14r b

1.2 . . 4

0.6

0.4r

0.2 4

0 1 1 1 1 1 1 1 1 1
0.01 0.011 0.012 0.013 0.014 0.015 0.016 0.017 0.018 0.019 0.02
time(s)

(d)
Fig. 8.3 (Continued).

*

Ezxample 8.3.2. In this example, we control the chaotic system to a fixed
point. We can use different control laws. For example the following control
law, which control the chaotic system to a fixed point, is constructed by
changing the second part of (8.18) into

0 if r(t) <h

U= Feapure = { ~0.01[y(t) — 0.01(r(t) — h)]/Ct, clse (8.19)

with h = 1.189918. The simulation results are shown in Fig.8.4. Figure 8.4(a)
shows the controlled waveform, which approaches to —0.002663. Figure 8.4(b)
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shows the corresponding r(t), which approaches to 1.453270. All other con-
ditions are kept the same as those in Example 8.3.1. *

0.5

-1.5r b

-2 1 1 1 1 1 1 1 1 1
0.01 0.011 0.012 0.013 0.014 0.015 0.016 0.017 0.018 0.019 0.02

time(s)
(a)
1.6 4
141 q
1.2 4
g . |
0.8 4
0.6} B
L L L L L L L L L

0.4
0.01 0.011 0.012 0.013 0.014 0.015 0.016 0.017 0.018 0.019 0.02
time(s)

(b)

Fig. 8.4. Verb control of chaotic circuit to a fixed point. (a) The controlled wave-
form of v (t). (b) r(t).

8.4 Linear Verb Control Systems

We define a linear verb control system as a verb control system where all
observing verbs and controlling verbs are modeled by linear systems. In this
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case, the evolving systems of observing verbs and controlling verbs are sets of
linear ordinary differential equations or linear difference equations. We also
assume a simple structure such that the inner system of all observing verbs
is the same and only let the choice of different measurements happens in the
outer systems of observing verbs.

8.4.1 Using Different Controlling Verbs

The verb control rules are given by

IF the plant V', THEN the controller VY;
IF the plant V¥, THEN the controller V§;

IF the plant VP, THEN the controller V;;
ELSE the controller V§.

where VP i =1,2,...,v, are verb statements constructed by observing verbs.
Vei = 0,1,...,v, are verb statements constructed by controlling verbs. Let
the plant be

{:Bp = Az, + Bu, (8.20)

y = Czyp, — outer system of V', i=1,2, ..,
where , € R", u € R™, and y € R' are state variables, control input and
output, respectively. A € R**" B € R*™™ and C € R*" are constant
matrices. Notice that all observing verbs have the same inner system and
outer system. However, there will be different collapse maps for different
observing verbs when verb logic is used to determined which controlling verb
is activated.
Let the evolving system of the i-th controlling verb be

u = Cjx; + D;y, « outer system of V7,71 =0,1,...,v ’
where x; € R™ is the state variable of V;. A; € R *™ B, € R**™, (C; €
R™*" and D; € R™*! are constant matrices.

When the controller is governed by the i-th controlling verb V¢, the closed
loop system is given by

&,] [A+BD,C BC] [=,] _ e
[i’i]_[ BC A ||| T EFE) (8.22)
\‘/—/

T &

where K € R(vtni)x(ntn1) and §K; € RTm)x(4n1) can be viewed as the
standard parameter matrix and the perturbing parameter matrix for the verb
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control system. Suppose that all controlling verbs share K as their common
part and K is asymptotically stable, then the stability of the entire verb
control system is guaranteed by the following theorem.

Theorem 8.4.1. Let P be the unique positive definite symmetric solution of
K'P+PK+Q=0 (8.23)

where @ is a positive definite symmetric matriz and K is asymptotically
stable. If all controlling verbs satisfy the following condition

|6K TP + PSK |2 < Amin(Q) (8.24)
where 6K is any of 6K;, then the linear verb control system is stable. X

Proof. Followed Lyapunov’s Theorem we know if K is asymptotically stable,
we can construct the following Lyapunov function:

V(z)=za'Pzx (8.25)
with V(x) > 0 for all & # 0 and V(x) — oo as ||z|| — oo. Take the derivative
of V(x) with respect to @ along solutions of (8.22) we have

V(z)=a Pz+a'Pi
=2 (K" +6K")Px+x P(K + 6K)x
=z (K'P+PK)x+x' (§K'P+ P§K)x
= 2'Qr+x'(6K'P+ PéK)x <« (8.23).

(8.26)
From condition
|6K TP + PSK |2 < Amin(Q) (8.27)
and the fact
" (6K TP+ PSK)x| < ||z |2]|6K " P 4 PSK||2||x|2
< |lz|3I6K TP + POK | (8.28)
we have
2" (BK"P 4+ PSK)x < Apin(Q)z " . (8.29)
From Rayleigh principle we have
' Qx> Anin(Q)x " (8.30)
Thus from (8.29) and (8.30) we have
x' (KP4 PéK)x < x'Qx (8.31)
then from (8.31) and (8.26) we immediate have V (z) < 0. |

Remark 8.4.1. This theorem tells us that if the parameter perturbations in-
troduced by every controlling verb satisfy condition (8.24), then the entire
verb controlled system is asymptotically stable. ¢
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8.4.2 Using Single Controlling Verb

In this section we discuss a kind of verb control rule whose controlling verbs
are the same with different adverbs to give different constrains. This kind of
verb control rule is given by

IF the plant V¥, THEN the controller V¢ adverby;
IF the plant VI, THEN the controller V¢ adverbs;

IF the plant V2, THEN the controller V¢ adverb,;
ELSE the controller V¢ adverby.

In this case, the structure of the controlling verb V° is the same for THEN-
rules and the ELSE-rule. We usually use the adverbs to change the parameters
of the controlling verb as those modeled in [33] as follows:

A=A+ 6A;Bi=B+6B;,Ci=C+6C;,D; =D +6D;. (8.32)

Then the verb controlled system is given by

[:i:p]: {AJFBDCB?] {BéDiCB(SC’Z} {wp} (8.33)

x; BC A 8B;C  §A;

K OK;

i

We would like to find the range within which an adverb can change the
controlling verb such that the entire control system still in stable region. First,

let p;j,j = 1,2,...,m, denote all tunable parameters by adverbs adverby,
adverbs, ..., adverb,,, then we can write 6 K; as
m
8Ki =Y p;E; (8.34)
j=1

where E} € R(?+n1)x(n+n1) 5 4 square matrix which has only 1s and 0s as its
entries. Let F; be any of E;,z =1,2,...,v, then the stable range for designing
different adverbs can be guaranteed by the following theorem.

Theorem 8.4.2. If the following condition is satisfied:

2P = S B Pt PE[3

(8.35)

then the adverb modified controlling verbs are within stable regions. X
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Proof. From the condition

- Amin (@)
2
Y R (8.36)

we have
> 03 Y (IE[ P+ PEjll2)* < Xpin(Q) (8.37)
p] J j1l2 — “‘min . .
j=1 j=1
Since

(1E] P+ PE;j|l2)* 2 Y (Ips /|1 Ef P+ PEjll2)*  (8.38)

m
>_7;

Jj=1 j=1 j=1
we have
> (IplIIE] P+ PEjl2) < Amin(Q)- (8.39)
j=1
Since
> pi(Ef P+ PE)|| <Y (IplIlE] P+ PEjl|2) (8.40)
j=1 5 j=1
we have
Y pEfP+PY piE|l < Auin(Q) (8.41)
Jj=1 Jj=1

2

followed Theorem 8.4.1 and (8.24) we know that the linear verb control sys-
tem is asymptotically stable. |

8.5 Impulsive Verb Control Based on Basin of Stability

In this kind of impulsive control problem, we assume that the basin of stabil-
ity of the plant is expressed as a kind of verb knowledge of human experts.
Under normal operating conditions, the plant stays within the basin of sta-
bility. However, in many applications some system faults can result in abrupt
changes of state variables such that the entire plant is kicked outside the
basin of stability pseudoimpulsively. In many applications such as the con-
trol of transient of power system, the controller needs to captures the plant
back into the basin of stability impulsively. In this kind of applications, there
is virtually no time for a controller to do computation, instead the knowl-
edge of the basin of stability should be stored as a kind of look-up table and
the control signals are generated by simple control rules. This is a kind of
impulsive verb control problem whose verb control rule is given by:
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IF the plant stays within the basin of stability of target, THEN the controller
does nothing;

IF the plant leaves the basin of stability of target, THEN the controller cap-
tures it back impulsively.

Ezxample 8.5.1. In this example let us design impulsive verb controller to con-
trol Van-der-Pol oscillator. This example had been reported as a conventional
impulsive control problem in [4]. A Van-der-Pol oscillator with impulse effects
induced by system faults is given by

#(t) = y(t
it) = Zwn(t) — ay(t) + AP0 } tAT a> 08>0 (84
2;6 _ Z:((:g)) } ,t=7, keN (8.43)

where {7/"} are the moments of the impulse effects induced by system faults,
ng (") and n,(7f") are the impulsive changes of two state variables caused
by the system faults. The stability basin of the system (8.42) is given by

Qé{(x,y) x2—|—y2§%}. (8.44)
Whenever the state variables leave {2 because of the impulsive system faults,
the plant is considered unsafe and should be captured back into 2. There
are many different kinds of impulsive control strategies to perform this kind
of control, we only present one example as in the following impulsive verb
control rules:

IF the plant (8.42) leaves 2, THEN the controller generates control impulses;
IF the controller generates control impulses, THEN control impulses capture
the plant (8.42) back into 2.

The outer system of observing verb leave is given by
Fieave(t) 2 Freave( (1), y(t)) = (1) +y*(2). (8.45)

Let {7¢} be the moments of control impulses, then the outer system of gen-
erate is given by

]:generate é fgenerate(ﬁeave(t)) :

{Tic = t, 1f ﬁeave(t) Z dOé/B,

no control impulse, if Feave(t) < da/f (8.46)

where d € (0, 1) is a scaling factor that is used to provide a small time advance
for the controller to act before the entire system blows up. The outer system
of the controlling verb capture is given by
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Az(tE) = —z(7E), if |2(7C)| > d\/a/ B,
Az(t€) =0 otherw1se
fca ure é fca ure TZC : p ’ 8 47
pure = Fapue(T) 1 Ay(52) = —y(a0), i ly(7C)| > dy/a]B
Ay(tE) =0, otherwise.

1.2

16 18 20

15

Fig. 8.5. The simulation results of impulsive verb control of Van-der-Pol oscillator
subjected to impulsive state changes. (a) Waveforms of x(¢)(thin-solid), y(¢)(thick-
solid) (b) z(t) versus y(¢) plot.

Remark 8.5.1. Although we use crisp representation for the outer systems
(8.45), it can also be fuzzy because the computational verb leave can also
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have a fuzzy collapse[43]. For simplicity, we only use the simplest verb impulse
control law (8.47). Some other verb impulse control laws are possible when
we introduce different optimal criteria such as minimum power or minimum
shock. ¢

We then present some simulation results in Fig. 8.5. The parameters are
given by a =1, =1, w =3 and d = 0.8. Observe that the frequent system
faults cause many impulsive state changes, which are plotted as dashed verti-
cal straight lines, to both x(¢) and y(t). The verb impulsive control signals are
plotted as solid vertical straight lines that may overlap with the dash lines.
Observe from Fig. 8.5(b) that the verb impulsive control is quite efficient to
keep the plant within the basin of stability. *



9. Impulsive Control of Periodic Motions

In this chapter we will design impulsive control strategies that can perform
the following two kinds of tasks:

1. Stabilize impulsive systems to periodic solutions by using periodic control
signals. The applications of this kind of controller to nanoelectronics will
be presented in Chapter 11.

2. Using impulsive control signals to stabilize periodic motions.

9.1 Linear Periodic Impulsive Control

Let us first study the cases when plants and impulsive control laws are linear.

9.1.1 Autonomous Cases

Let us study the following linear T-periodic impulsive differential equation:

&= A, t £ 1, 01)
Ax =Bz, t=1,, k€ ’

where A € PC[R,C™"*"], A(t+T) = A(t) for t € R, By, € C**", det(I+By,) #
0, 7, < Tgy1 for k € Z. We assume that there is a ¢ € N such that for k € Z
we have

Bk+9 = Bk, Tk+g = Tk- (92)

Theorem 9.1.1. The fundamental matriz, X (t), of system (9.1) can be rep-
resented in the following form

X(t)=0()et, teR (9.3)
where © € PCHR,C™*™] is non-singular and T-periodic, A € C*™ is a

constant matriz. X

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 237-287, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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Proof. Let Y(t) = X(t+T), then Y (¢) is a fundamental matrix, we have

Y() X(t+T) B
= S S AR+ D)X (4 T) = AQY (), t# T,

AY(Tk) = AX(Tk —‘rT) = AX(Tk+g)
= B]H_QX(T]H_Q) = BkX(Tk + T) = BkY(Tk). (94)

From the second conclusion of Theorem 1.6.2 we know that there is a unique
non-single matrix M € C**" (called the monodromy matriz of system (9.1)
) such that

Xt+T)=X({t)M. (9.5)
Let us choose
A= % In M,
Ot) = X(t)e 1 (9.6)

then it is easy to see that (9.3) holds, O(t) is non-singular, © € PC'[R, C"*"]
and Me=4" = I. We then have

Ot +T)=X(t+T)e 2D = X (t)Me T~ = O(1), (9.7)
which proves that ©(t) is T-periodic. |

Remark 9.1.1. If system (9.1) is real and let us define

Ay 2 % In M2, Oy(t) & X (t)e "2, (9.8)

then we have
X(t) = Oy(t)e??, (9.9)
where Ay and ©2(t) are real and ©z(t) is 2T-periodic. ¢

Theorem 9.1.2. All monodromy matrices of system (9.1) are similar and
therefore have the same eigenvalues. X

Proof. Let My and My are two monodromy matrices of system (9.1) with
respect to fundamental matrices X;(t) and X(t), respectively. We then have

Xi(t+T)=X1(t)M1, Xo(t+T)= Xo(t)Mo. (9.10)
Then from the second conclusion of Theorem 1.6.2 we have
Xo(t) =X1(¢)S, Xo(t+T)=X1(t+T)S, detS#0 (9.11)

from which we have
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X1(t+T)S =Xt +1T)

= Xo(t) M, < (9.10)
= X1(t)SM, < (9.11). (9.12)
Then from (9.10) and (9.12) we have
X1(t)M1S = X1(t)S Mo, (9.13)
from which we have
M,S = SM,, (9.14)
which leads to
My = SM,S™! (9.15)

because S is non-singular. This proves that all monodromy matrices of system
(9.1) are similar. Since similar matrices have same eigenvalues, we complete
the proof. |

The eigenvalues p1, - - - , iy, of the monodromy matrix are called multipli-
ers of system (9.1) and the eigenvalues Ay, - , A, of the matrix A are called
characteristic exponents and it follows from (9.6) that

1
/\i:fln,ui, i=1,---,n. (9.16)

For any monodromy matrix, M, of system (9.1) we have

det M = ﬁ,ui = ﬁdet(I—F B;) exp </T TrA(s)ds) . (9.17)
0

i=1 i=1
As a direct consequence to Theorem 9.1.1 we have the following corollary.
Corollary 9.1.1.

1. p € C is a multiplier of system (9.1) if and only if there is a non-trivial
solution, £(t), of system (9.1) such that

§(t+T) = pt(t), tek

2. System (9.1) has a nontrivial pT-periodic solution if and only if the pth
power of some of its multipliers are equal to 1.

X
Theorem 9.1.3. System (9.1) can be reduced to
y=ANy (9.18)
by using transformation
x =0(t)y. (9.19)
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Proof. 1t follows from Theorem 9.1.1 that
X(t) = O(t)ert. (9.20)
By using transformation (9.19) we have, for ¢t # 7y
Oy +O(t)y = A(t)z = A(t)O(t)y (9.21)
from which and (9.20) we have

X(t)e My — X (t)Ae My + X (t)e My = A@t) X (t)e My

A(t) X (t )6 Aty X(t)Ae My + X (e~ My = A X (e My,
X() g = X (04,

e My = Ne My,

g =eMAe My = Ay (9.22)

from which we immediate have (9.18).
For t = 75, we have

O )y(ry ) — O(1)y(1) = BrO (1) y(7k), (9:23)
from which and (9.20) we have
X(rH)e "™y (nh) = X(n)e " ™y(m) = BrX (me)e™ " ™y(n). (9.24)
In view of X (7;7) = (I + Bx)X (1) we have
X(rhe "y (nh) = X (e "y () (9.25)
which leads to
y(r) = y(7). (9.26)

Therefore, the impulse effects disappear by using transformation (9.19). This
completes the proof. [ |
We then have the main theorem for the stability of system (9.1) as follows.

Theorem 9.1.4. System (9.1) is
1. stable if and only if oll of its multipliers ;, i =1,--- ,n, satisfy
il <1

and those p; with |p;| =1 are simple;
2. asymptotically stable if and only if all of its multipliers g, i =1,--- ,n,
satisfy
il <1
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3. unstable if

il > 1
for somei=1,--- n.
X
Proof. We have the following relation:
1 .
Tln\uﬂ:Re)\i, i=1---,n. (9.27)

Then it follows from Theorem 9.1.3 we immediately have the conclusions. B

Remark 9.1.2. From Theorem 9.1.4 we know that it is important to find the
multipliers in order to determine the stability properties of system (9.1). In
order to do so, let us first fix a ty € R and choose an arbitrary fundamental
matrix X (¢) of system (9.1) and then find the eigenvalue of the following
matrix

M =U(ty +T,tg) = X(to +T)X (to). (9.28)

There are two useful special cases listed as follows.

1. if X(0) = I, then we can choose M = X (T);
2. if X(0) = I, then we can choose M = X (T™).

¢

Example 9.1.1. Consider the following linear periodic impulsive control sys-

tem
T 0 w
()= (02). t#msr
N——

—
A

A(;j):(a?wg) (;”) t=r1o+kT, keZ, T>0. (9.29)
—_——

-
B

It follows from Remark 9.1.2 that the monodromy matrix of system (9.29) is
given by

M=W(ro+ T4 1) = (I + B)erT
(1 0 cos(wT) sin(wT)
o (a/w b+ 1) (— sin(wT) cos(wT))
B ( cos(wT) sin(wT') )
~ \&cos(wT) — (b+ 1) sin(wT) £ sin(wT') + (b + 1) cos(wT')
(9.30)
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whose eigenvalues are the multipliers p,, p = 1, 2 that are given by the roots
of

- (% sin(wT') + (b +2) cos(wT)) uw+b+1=0. (9.31)

Then we consider the following cases.

1. T-periodic solutions.
If at least one root of (9.31) is equal to 1, then system (9.29) had non-
trivial T-periodic solution. In this case, in view of (9.31), we have the
following condition:

g sin(wT") 4+ (b+ 2) cos(wT) = b+ 2. (9.32)

If we need to design impulsive control laws such that the T-periodic
solution is stable, the second multiplier should be less than one, in this
case, we have the following condition

b+1] < 1. (9.33)

Then from (9.32) and (9.33) we can choose the parameters for the impul-
sive controller to achieve an asymptotically stable T-periodic solution. We
will show that the controlled system (9.29) may have infinite many stable

T-periodic solutions. Let x(t) = (x(t),y(t))" be a T-periodic solution of

system (9.29) with initial condition zy = (z(r5 ), y(7d )" = (z0,%0) ",

then we have an additional condition to define this T-periodic solution;
namely, Mxg = xg, from which we have

[cos(wT') — 1]z + sin(wT)yo = 0,
(g cos(wT) — (b+ 1) sin(wT)) o

+ (g sin(wT) + (b + 1) cos(wT) — 1) Yo = 0. (9.34)

We have the following three kinds of situations:
a) wT'=2pm,pe N
Condition (9.32) holds and (9.34) becomes the following stable initial
condition line:

L o + byo = 0. (9.35)
w
For t € (1%, Tk+1) we have

x(t) = xg cosw(t — 1) + yo sinw(t — 7%),
y(t) = —xosinw(t — 1) + yo cosw(t — %), (9.36)

! Any trajectory starting from an initial point located on the stable initial line will
generate a stable periodic solution.
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therefore z(7;41) = g and y(7x+1) = yo. This means that at t = 7541
the impulsive control is zero.

In the simulation shown in Fig. 9.1 we set w =7, T = 2, a = 1,
b = —1.5. The initial conditions for the solid and dashed curves are
given by (zo,y0) = (2,—-3) and (zo,y0) = (—2,—2), respectively.
Observe that the trajectories approach two limit cycles. The dotted
straight line is the stable initial condition line.

Fig. 9.1. The simulation results of controlling periodic impulsive systems: Case 1.

b) wT'#2pm,pe N, a=0and b= -2.
Condition (9.32) holds for all T > 0 and wT # 2prw. In this case
we have a multiple multiplier at 1 2 = 1, condition (9.33) can not
be satisfied. Therefore the periodic trajectory is not asymptotically
stable. From (9.34) we have

[cos(wT) — 1]zo + sin(wT)yo =0,
sin(wT)zo — [cos(wT) + 1]yo = 0, (9.37)
from which we have
cos(wT) + 1
sin(wT)
_cos(wT) +1
~ sin(wT)

[cos(wT) — 1] Yo + sin(wT)yo = 0,

Yo, (9.38)

which leads to the stable initial condition line:

_ cos(wT) +1

sin(wT) Yo, (9-39)
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which is equivalent to

—x0 + cot(wT'/2)yo = 0. (9.40)
In the simulation shown in Fig. 9.2 we set w = 3, T = 2, a =
0, b = —2. The initial conditions for the solid and dashed curves

are given by (zo,y0) = (2,—0.2818)(on the stable initial condition
line) and (xo,y0) = (—2,—2)( not on the stable initial condition
line), respectively. Observe that only the solid trajectory forms a T-
periodic. Since the initial condition of the dashed trajectory is not
on the stable initial condition line, the observed solution is not T-
periodic. This can be verified by the two positions of impulses shown
as two vertical straight dashed lines. Also, the stable initial condition
line is shown as a dotted line.

Fig. 9.2. The simulation results of controlling periodic impulsive systems: Case 2.
c) wT' # 2pm,p € N, a # 0 and from (9.34) we know that the stable

initial condition line is given by

_cos(wT) — 1

sin(wT) o (9-41)

Yo =
with parameter satisfying
(g cos(WT) — (b+ 1) sin(wT)) sin(wT)
= (% sin(wT) + (b + 1) cos(wT') — 1) [cos(wT) — 1]

and (9.33).
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In the simulation shown in Fig. 9.3 we set w =3, T = 2, a = —0.2,
b = —1.5323. The initial conditions for the solid and dashed curves
are given by (xo,y0) = (2, —3) and (x0, yo) = (—2, —2), respectively.
Observe that the trajectories approach two limit cycles. The dotted
straight line is the stable initial condition line. Observe that the con-
trol impulses make (z(7;),y(7;")) approach a point on the stable

initial condition line.

Fig. 9.3. The simulation results of controlling periodic impulsive systems: Case 3.

2. 2T-periodic solutions.
To study 2T-periodic solutions, we need to consider the eigenvalues v,
p=1,2, of matrix M2. It is easy to see that v, = ,uf), p = 1,2, then from
(9.31) we have

vi+ve = pi + p5 = (i + p2)® — 2papn
2
- (g sin(wT) + (b+ 2) cos(wT)) —2(b+ 1),
vivy = pips = (b+1)% (9.42)

Therefore, v, p = 1,2 are roots of the following equation:

U2 {(g sin(wT) + (b+2) COS(wT))2 —2(b+ 1)] v

+(b+1)2=0. (9.43)

System (9.29) has non-trivial 27-periodic solutions if and only of v = 1
is a solution of (9.43), thus we have

(& sin() + (b +2) cos(wT))2 — (b+2)2. (9.44)
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Then the stable initial condition for 27T -periodic solutions are given by
M?xy = xo; namely,

sin(wT) (gﬂfo —(b+ 2)y0> =0,
(b+2) (% cos(wT) — (b+1) sin(wT)) Zo
+ ((b + 1)% sin(wT) + b(b + 2) cos(wT)) yo = 0. (9.45)

The rest of analysis is similar to that of T-periodic cases.

9.1.2 Nonautonomous Cases

In this section let us consider the following impulsive control system with
impulses at fixed time:

{:i: = A(t)x +u(t), t # m, (9.46)

Arx =Brx+cy, t=1,, keEZ

where A € PC[R,C"*"], A(t+T) = A(t) fort € R, u € PC[R,C"], u(t+T) =
u(t), By € C**™ det(I 4+ Bg) #0, ¢, € C*, 1, < T11 for k € Z. We assume
that there is a o € N such that for k € Z we have
Bt = Br, Chto=Cky Thto =Tk (9.47)
Let X (t) = ¥(¢,0) be the normalized fundamental matrix of system (9.1)
at t = 0, then the solution, x(t) = x(¢,0, x), of system (9.46) is given by
t
z(t) = X (t)xzo +/ X)X (s)u(s)ds
0

+ > XX rex (9.48)

0< <t
where xy = x(0). If ®(t) is T-periodic, then we have x(T) = x(0); namely,
T
[I — X (T)]x(0) :/ X(T)X(s)u(s)ds
0

+ > XX ek (9.49)
0< 1, <T
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Case det[I — X (t)] # 0.
Definition 9.1.1. Let us define T'(t,s) as

X[ - X(T)] 1 X"Ys), 0<s<t<T,
Xt+T[I - X(T)] X 1(s),0<t<s<T,

T(t,s) &
Y(t—kT,s—1T), ET <t < (k+ 1T,
IT<s<({(+1T, k,leZ,
(9.50)
which is called the Green’s function for the periodic solutions of system (9.46).
X
Remark 9.1.3. T (t, s) has the following properties
L. Y(t,t7)=2(t,t7)=1for t # 7, and t € R;
2. Yt+T,5)=7(t,s) fort € R and s € R;
3.
aY(t, s)
=AYt
82— AT ()
for t # 7, and s € R;
4. T (i, s) = (I + By)Y (7%, s) for s # 71;
5.
Y(rh,nh) = lim+ Y, 75) =+ Bp)Y (i, 770 ) + I
t—T,
¢

Theorem 9.1.5. Assume that I — X (t) is non-singular and system (9.1) has
no non-trivial T-periodic solution, then system (9.46) has a unique T -periodic
solution

T
or(t) = /0 T(tsus)ds + 3 Tt )er, (9.51)

0< 1, <T

which satisfies

T o
ler@)] <L (/0 lu(s)llds + ||Ck||> ; (9-52)
k=1

where

L= sup |T(s)]. (9.53)
t,s€[0,T]
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Proof. Since I — X (t) is non-singular we know that det[] — X (¢)] # 0 and
M = X(T) is a monodromy matrix of system (9.1), we know that all mul-
tipliers of system (9.1) are not equal to 1. Furthermore, this means that
system (9.1) does not have non-trivial T-periodic solution. Then, (9.49) has
a unique solution

T
z(0)=[I - X(T)]* (/O X(T)XY(s)u(s)ds

+ Y XX e | - (9.54)
0<7<T

Therefore system (9.46) has a unique T-periodic solution

xr(t) = X[ - X (T))™* (/0 X(T)X(s)u(s)ds

+ ) XX e
0<7x<T

+ /O XOX()uls)ds + 3 XOX (i )ew,  (9.55)

0<m<t

which is exactly (9.51) and from which we immediately have the estimate in
(9.52). ]

Remark 9.1.4. If all multipliers, p;,i = 1,--- ,n, of system (9.1) satisfy |u;| <
1, then @ (t) is exponentially stable. ¢

Case det[I — X (t)] = 0. In this case, system (9.1) has non-trivial T-
periodic solutions. Let us construct the following adjoint equation of (9.1)

y= _A*(t)ya t =Ty,
{Ay — (I+B) By t=m, kel (9.56)

The following lemma will be used in the proof of Theorem 9.1.6. Other-
wise, it also provides some conclusions on the relations between the solutions
and fundamental matrices of the mutually adjoint equations (9.1) and (9.56).

Lemma 9.1.1. Assume that A € PC[R,C"*"], By € C**™ and det(I +
By) #0 for all k € Z, then we have the following conclusions:

1. Let x(t) and y(t) be any solutions of mutually adjoint equations (9.1)
and (9.56), respectively, then for t € R we have

x*()y(t) = =" (0)y(0) = ¢ (9.57)

where S 18 a constant.
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2. Let X(t) and Y (t) be fundamental matrices of mutually adjoint equations
(9.1) and (9.56), respectively, then for t € R we have

Y*()X(t) = C, (9.58)

where C € C"*™ is a constant matrix.

3. If X(t) is a fundamental matriz of (9.1), C € C**™ is a nonsingular
constant matriz and (9.58) holds, then Y (t) is a fundamental matriz of
(9.56).

X
Proof. Conclusion 1: For t € (1, Tk4+1] we have
LW _ 5 (ty(1) + 2 (30
[A)z()]"y(t) — " (1) A" (t)y(t
= [A()z(t)]"y(t) — [A)= ()] y(t) = 0. (9.59)

Therefore z*(t)y(t) =  for each k € Z and t € (14, Tp11). Fort =77, k € Z
we have

a* (r)y(r) = [+ Br)x(m)]*[[ — (I + By) ™' Byly(m)
= [(I + Br)z(m)]"(I + Bp) " y(mk)
=" (mu)y(m), k€L, (9.60)
then we know that ¢, = ¢ for all k € Z.
Conclusion 2: Can be proved by using the similar procedure as that for con-

clusion 1.
Conclusion 3: For t # 74, k € Z, it follows from (9.58) that

v .
=AY (). (9.61)

For t = 74, k € Z we have
V() = [X*(m) e
= (T+ B X ()]
= (I + By)~'Y (), (9.62)
from which we have
AY (rp) = [T+ B})™ ' = IY(1) = —(I + B{) " 'B;Y(m).  (9.63)

This proves that Y (¢),t € R is a matrix solution of system (9.56). Since
Y (t),t € R is nonsingular, it is a fundamental matrix of system (9.56). W

The following lemma will be used in the proofs of Theorems 9.1.6 and
9.1.7. It can be easily proved based on standard matrix theory.
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Lemma 9.1.2. Assume that

Az = a, (9.64)
Ay =0, (9.65)
Az =0, (9.66)

where A € C**" | a,x,y,z € C", then

1. The mutually adjoint equations (9.1) and (9.56) have the same number
of linearly independent solutions and

m =n —rank A =n —rank A*.

2. If z1, -+, zm are m linearly independent solutions of (9.66), then (9.64)

has a solution if and only if zfa =0,i=1,--- ,m.
3. If zfa =0, i =1,--- ,m, then there is a unique solution x1 of (9.64)
such that yix1 =0 fori=1,--- ,m, wherey,, i =1,--- ,m are linearly

independent solutions of (9.65). Let Z = (z1,--- ,zy) € CV™, Y 2
(Yio- 5 Y,,) €ECY™™ and B2 A— ZY™, then we have

xr = B 'a.

Furthermore, B is nonsingular and there is a constant L > 0 independent
of a such that ||z1|| < L||a]|.
X

Theorem 9.1.6. Let system (9.1) have m linearly independent T-periodic
solutions @1(t), -+ ,@,,(t) with 1 < m < n, and let ¥(t,s) be the Cauchy
matrixz of system (9.1) and

Lp(t) = (@), (1)), (9.67)
then
1. System (9.56) has m linearly independent T-periodic solutions iy (t), - - - |
Y, (1);
2. System (9.46) has a T-periodic solution if and only if
T
/ riawdt+ S I =o0. (9.68)
0 0<m,<T

Furthermore, let x4(t) be a particular T-periodic solution of system
(9.46), then each T-periodic solution of system (9.46) has the form

o(t) = @a(t) + Z ipi(t), (9.69)

where ¢4 =1,--- ,m are constants;
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3. If (9.68) holds, then system (9.46) has a unique T-period solution mp(t),
which satisfies the condition

I;(0)zr(0) =0, (9.70)
and is given by
T o
xr(t) = / T(t,s)u(s)ds + ZT(t,T;r)ci, (9.71)
0 i=1

where

)+ P(t,s),0<s<t<T,

), 0<t<s<T,

) ET <t < (k+1)T,
IT<s<(+1T,
k,leZ

U(t,0)P~ (T, s
(1,0 P~10(T, s
Y(t,s) =4 Yt —kT,s—1T)

(9.72)
is the generalized Green’s function and
P2 (I—M—Tyu0)I;(0) (9.73)

is monsingular.
Furthermore, there is a constant L > 0 independent of u(t) and ¢ such
that

sup [|lzr (t)]] < L ( sup |lu(t)]] +m%X||Ck||> : (9.74)
teR te[0,T) k=1

3

X

Proof. Conclusion 1: Since system (9.1) have m linearly independent T-
periodic solutions ¢ (), -, @,,(t) with 1 < m <n, we know that

(I-M)x=0 (9.75)

has m linearly independent solutions @1,---, @, such that ¢,(0) =
i =1,---,m. Then from Lemma 9.1.2 we know that the following adjoint
equation of (9.75)

(I -M*)y=0 (9.76)

also has m linearly independent solutions y;, - - ,vy,, such that there are m
linearly independent T-periodic solutions (), - ,p,,(t) of system (9.56)
satisfying ¥,(0) = y,, i=1,--- ,m.

Conclusion 2: System (9.46) has a T-periodic solution x(t) if and only if the
equation
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T o
(I — M)x(0) = / U(T, s)u(s)ds + ZW(T, Her £ a (9.77)
0 k=1

has a solution «(0). From conclusion 3 of Lemma 9.1.2 we know that the
above condition is equivalent to

yia=0fori=1,---,m, (9.78)

or in the following matrix form

T
r3(0) /0 BT, spu(s)ds + S W(T e | =0, (9.79)
0< 7, <T

Let &(t) = (I,(t), [,(t)) be a fundamental matrix of system (9.1) where
each of (n —m) columns of I',(¢) is a solution of system (9.1), then we have

U(T,s) =d(T)D " (s), I;(0)=1T}(T) (9.80)
and from Lemma 9.1.1 we have
I (T)D(T) = I (s)B(s). (9.81)
From (9.79) and (9.80) we have

T
Ii(T) /()@(T)@‘l(s)u(s)ds—&— > 1)@ e | = 0. (9.82)
0<1,<T

From (9.81) and (9.82) we have

T
/O [ (5)8(s)0  (Shuls)ds + S T(r)B(r )8 (rf )ex = 0(9.83)
0<1,<T

from which we immediately have (9.68).
Conclusion 3: Assume that (9.68) holds and let us construct the following
system:

T
(I—M)mT(O):/O (T, s)u(s)ds + Z (T, 1)ey,
0<,<T

I (0)xr(0) = 0. (9.84)
It follows from conclusion 3 of Lemma 9.1.2 that P 2 T — M — Iy (0)I73(0)

is nonsingular and system (9.84) has a unique solution

T
xr(0) =P la=P! / U(T, s)u(s)ds + Z (T, 7 ey | (9.85)
0 0<7,<T
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Therefore, system (9.46) has a unique T-periodic solution corresponding to
z7(0) as

T
2o(t) = U(t,0)P~ /O W(T,syu(s)ds + S W(T,)e
0<r,<T

+ /O (L, syuls)ds + S Wit 7)ey (9.86)

o< <t

which is exactly (9.71).
It follows from conclusion 3 of Lemma 9.1.2 that there is a constant K > 0
such that

T
lzr(0)]| < K / U, us)ds+ S W(Trie|  (9.87)
0 0<m,<T
from which and (9.86) we have estimation in (9.74). ]

Conclusions Based on Bounded Solutions.

Theorem 9.1.7. If system (9.46) has a bounded solution then it has at least
one T-periodic solution. X

Proof. Assume that @1 (t),t > 0, is a bounded solution of system (9.46), then
for t € Ry we have

21(t) = U (t, 0)21 (0) + /0 Ut syu(s)ds+ S Wt )er  (9.89)
0< <t

where W(t, s) is the Cauchy matrix of system (9.1). Let M £ ¥(T,0) be a
monodromy matrix of system (9.1) and set a as

T
at / U(T, s)u(s)ds+ Y _ (T, )ex (9.89)
0 0< T, <T
then we have
z1(T) = Mxz1(0) + a. (9.90)

Since system (9.46) is T-periodic, we know that
x,(t) £z (t+pT), peN (9.91)

are also bounded solutions of system (9.46), then it follows from (9.90) that

x1(pT) = MPx1(0) + ”Z_: M'a. (9.92)
=0
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We then have the following claim:
Claim 9.1.7 System (9.46) has at least one T-periodic solution.

If Claim 9.1.7 is not true, then system (9.46) has no T-periodic solution.
Therefore, the equation

(I-Mx=a (9.93)

has no solution. Then from the reverse of conclusion 2 of Lemma 9.1.2 we
know that there is a z € C" such that

(I —M")z=0and z*a #0, (9.94)
from which we have
z=M'z, z=(M " zforkeN (9.95)

Then from (9.92) we have
p—1
z'@ (pT) = 2" MPx1(0) + Y 2" M'a. (9.96)
=0

from which and (9.95) we have

p—1
2@ (pT) = [(M?) 2" MY (0) + Y (M) =" M'a
=0
p—1
= 2" M PMPx1(0) + Z 2*M~'M'a
i=0
= z"z1(0) + pz*a (9.97)

from which and (9.94) we have the following contradiction to the boundedness
of @1 (t):

lim z*x;(pT) = cc. (9.98)

p—0o0

Therefore, Claim 9.1.7 is true.

We then have the following corollary.
Corollary 9.1.2.

1. Assume that system (9.46) has no T-periodic solution, then all of its
solutions are unbounded for t > 0 and t < 0.

2. Assume that system (9.46) has a unique bounded solution for t > 0, then
this solution is T -periodic.

X



9.1 Linear Periodic Impulsive Control 255

First-order Cases. Let us then consider the following first-order linear im-
pulsive T-periodic control system:

{a’c =a(t)z + u(t), t = 7,

Ax =byx+cp, t=1, k€L (9.99)

where a € PC[R,C], a(t+T) = a(t) for t € R, u € PCIR,C], u(t+7T) = u(t),
b € C, 14+bx #£0, ¢, € C, 7, < Tgy1 for k € Z. We assume that there is a
o € N such that for k € Z we have

bito = bk, Ckio=Ck, Tkto = Tk- (9.100)

Then the Cauchy matrix for the following autonomous system

z=a(t)z, t = 1%,
{A:L‘Zbkw7t=7'k, kel (9.101)

is given by

W(t,s)zexp</:a(7')d7> I] t+0k), —o0<s<t<oo.(9.102)

s<T<t

The multiplier of system (9.101) is given by

qu(if,ﬂ')zexp(/

Te

a(T)dT> [T+ o). (9.103)

0 k=1

Then we have the following cases.

1. p # 1. In this case, system (9.99) has the following unique T-periodic
solution:

zr(t) = W(tggr)ﬁ </Tg @ (7, s)u(s)ds + ZW(T;, T,j)%)
o k=1

+ /t (t,s)u(s)ds + Z w(t, 7). (9.104)

To To<TE<t

It is easy to see that
a) if |u| < 1, then xp(t) is exponentially stable;
b) if |u| > 1, then xp(t) is unstable.

2. u = 1. In this case, all solution of system (9.101) are T-periodic, there-
fore all solutions of the following adjoint equation to (9.101) are also
T-periodic:

. 9.105
Ay:—li—’“bzyjzm, keZ. ( )

{f/ =—a*(t)y, t=T,
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And the function
¢ 1
Y1 (t) = exp (— \/T0 a* (T)dT) H m (9106)
To<TE<t

is a T-periodic solution of system (9.105) with y(7,7) = yi(7g") = L.
Furthermore, if the following condition holds:

To 0
[ viutde+ 3 i) =0 (9.107)
0 i=1
then all solutions of (9.99) given by

(t) = W(t, o) + / Ut spu(s)ds+ S Wt e

0 To<TE <t

(9.108)

are T-periodic and stable.
3. 0=1,b,=0b, ¢, =cfor k € Z. In this case, (9.103) can be simplified as

1= exp (/T a(T)dT> (1+0). (9.109)

If we further assume that g =1, then (9.107) can be simplified as
T1 t
/ exp (—/ a(7)d7> u(t)dt + ¢ =0. (9.110)
70 70

9.2 Parameter Perturbation Methods and Robustness

In this section we provide theoretical basis for two kinds of impulsive control
strategies for controlling periodic motions; namely,

1. Given a periodic motion, how can we design impulsive periodic motion
controllers that are robust to parameter drift?

2. How can we use parameter perturbation methods to design impulsive
periodic motion controllers?

9.2.1 Linear Control Systems

Let us study the following impulsive control system with parameter pertur-
bations:
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Ax = Brx + ¢ + q(x,8), t=m, tER, keZ, ’

wherez € S, CR*, £ € 12 (=£,€) is a small parameter perturbation that
may be caused by some adaptive impulsive control algorithms or parameter
drift.

A e PCIR,R™™], A(t+T) = A(t) fort € R, uw € PC[R,R"], u(t +T) =
u(t), By € R**™, det(I 4+ By) #0, ¢ € R”, 7, < T4 for k € Z. We assume
that there is a o € N such that for k € Z we have

Biyo = By, Cito=Ck, Thio=Tk +1. (9.112)

P € Clme, Tht1] X Sy x AR,k € Z,for any k € Z, x € S, and £ € 3,
we have

im  plty,e) < oo, and p(t + T,@,€) = p(t,x, ).
(t»y7€)_’(7—:)w7£)
q;, : C[S, x 3,R"] and
Qk+g($7 f) = qk($7 5)7

forall k € Z,x € S,, and £ € 3. Let x be a nonnegative function such that
forteR ke€eZ,xeS, and { €3,

lim x(€) = x(0) =0
and

Ip(t, 2, )l < x(©), llar(e, Il < x(§)- (9-113)

Let us suppose that the following reference system has no T-periodic
solution:

= A(t)x, t # 1,
{A:I::Bkw,t:Tk, teR, keZ. (9.114)

Let £ = 0, then system (9.111) has the same form as system (9.46) because
it follows from (9.113) that p(t,«,0) = 0 and g;(x,0) = 0. It follows from
Theorem 9.1.5 that system (9.111) has the following T-periodic solution when
E=0:

T o
or(t) = /0 T(t, s)uls)ds + 3Tt e, (9.115)

k=1

where 7(t, s) is the Green’s function defined in (9.50). Then we have the fol-
lowing theorem to provide sufficient conditions for the existence of T-periodic
solutions of system (9.111).
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Theorem 9.2.1. Assume that
1.

po = Ssup <p;  (9.116)

t€[0,T]

T )
/0 Y(t,s)u(s)ds + Z T(t, 7 ek

k=1

2. System (9.114) has no T-periodic solution;
3. Let w be a nonnegative function such that for k € Z, x,y € S,, and
gsput
Jimy (&) = =(0) =0

and

Ip(t, 2, &) —p(t, y, Ol < @(@)lle—yl, llgx(z, &) —ax(y, | < @(E)llz—yl.

Then, there is a & € (0,€) such that for |£] < & system (9.111) has a unique

T-period solution asz(t) satisfying

l25:(t) = 22 (t)]| < p— po (9.117)

and
lim x5.(t) = xp(t) (9.118)
X

uniformly on t € R.

Proof. Let U be the Banach space of T-periodic solutions € PC[R, R"] with

norm
[zlls = sup [lz(t)].
te[0,T]

Let us define

p1=p— po,
O(@r 1) 2 e | o —arls < o},
L= sup ||T(t9) (9.119)
t,s€[0,T]

and an operator O : U(xr,p1) — U as
T
Ofx) 2 / T(t, 5)[u(s) + p(s, 2(s), €)lds

+ 377 ler + gr(z (), €)]. (9.120)
k=1

From (9.115), (9.116) and (9.119) we know that if @ € U(zr, p1) then
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(@) < llz(t) — zr ()] + [zr @)

<pi+ sup Jer(@) < (9.119)
t€[0,T]
T )
=p1+ sup / Y(t,s)u(s)ds + ZT(t, ek < (9.115)
tel0,T] ||/0 =1
=pi+tpo=p < (9.116). (9.121)

Given x,y € U(xr, p1) then we have

[0(z) — O(y)ls = sup
t€(0,T]

T
/0 Y(t,5)[p(s, 2(s),€) — (s, y(s), )]ds

3T ) lay(@ (). €) qk<y<m>,an
k=1
< L(T + )w(©)llz - yllos, (9.122)

and

0(x7) — 7|5 = sup
te[0,T]

T
/0 T(t, 8)p(s, mr(s), €)ds

—|—Z T(t, T’j)qk(mT(Tk),E)H

k=1
< L(T + 0)x(8)- (9.123)

Let us choose a & € (0, é) such that

n=L(T+ o) sup w(§) <1,
[€1<éo

L(T + o) Sup x(€) < pr(L—n). (9.124)

Assume that |£] < &, then it follows from (9.122), (9.123) and (9.124) that

10(z) — O(y)lss < nllz — ylls,
10(x) — ®rlls < pr(1—n). (9.125)

Then from Banach’s fixed point theorem we know that the operator O has a
unique fixed point :ch € U(xr, p1) satisfying

T
Z6 (1) = / (1, 9)[u(s) + p(s, 2 (s), €)ds

+ T er + au (@ (), €] (9.126)
k=1
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It is clear that :E‘%(t) is a T-periodic solution of system (9.111) and satisfies

estimate (9.117) because

5. (t) € U(zr, p1)
= [0 — ez, <o

= sup Hw‘%(t) —wT(f)H <p
t€[0,T]

= |[25.(0) = 2r(®)]| < o1 = o~ 0. (9.127)

a:%(t) is a limit of a uniformly convergent sequence of T-periodic functions

satisfying
T
zi(t) = / T(t, 5)[u(s) + pls, i1 (s), €)]ds

+ Tt er + g(@ioa (1), €)], i €N (9.128)
k=1

from which we know that @;(t) = O(z;_1(t)). And we also know that a.() =
O(:ch(t)), then we have

sup || @i+1(t) — a:‘%(t)”

teR
= |z - 250
= |o@i®) - o),

O(@i-1(1) - 0@} (1)

IN
S

x;(t) — x%(t)HU < [from the first inequality in (9.125)]

IN A

ni

21(t) —25.(0)

<o (Jl21(t) = 2r®)ls + () — 22 )] )
<2n'p1(1 —n) provided |¢] < &, i€ N
{} [from the second inequality in (9.125)] (9.129)

Then we have the following estimate:



9.2 Parameter Perturbation Methods and Robustness 261

|25 (t) — 2 (1) = sup
teR

T
/O T(t, 5)p(s, Ta(s), €)ds

+ ZT(t,T;)qk(ng(Tk),f)H

k=1
< L(T + 0)x(€) (9.130)
from which and (9.129) we have the conclusion (9.118). [ ]

The following definition and lemma will be used in the proof of Theorem
9.2.2.

Definition 9.2.1. A set ® C PCI[0,T],R"] is quasiequicontinuous in [0,T)]
if for any 6 > 0 there is a € > 0 such that if x € ®), t1,t2 € (76—1, 7] N[0, T,
k€ Z, and [t1 — ta] <e, then ||x(t1) — x(t2)| < 6. X

Lemma 9.2.1. A set ® C PC[[0,T],R"] is relatively compact if and only if

1. ® is bounded for each x € ©);
2. ® is quasiequicontinuous in [0,T].

X
Theorem 9.2.2. Assume that
1.
T 0
o= sup / T(t, syuls)ds + 3 T(t i )en|| < o (9.131)
tel0,77 ||/ 0 1

2. System (9.114) has no T-periodic solution.

Then, there is a & € (0,€) such that for |€| < & system (9.111) has a unique

T-period solution :Itgw(t) satisfying

|5 (t) — 2z ()] < p = po- (9.132)
X

Proof. Let U be the Banach space of T-periodic solutions € PC[R, R"] with
norm
[]les = sup |[=(£)]]-

t€[0,T7]
Let us define
p1 = p— po,
O(xr,p1) £{x €U | |z —zrlls < p},
L= sup [|T(t9)| (9.133)

t,s€[0,T]
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and an operator O : U(xy, p1) — U as
T
O) 2 [ T(t.5)fuls) +pls.2().€)lds
+> 770 er + g, (®(m), €))- (9.134)

k=1

We know that U(xr, p1) is nonempty, bounded, closed and convex. It follows
from the condition in (9.121) that if 2(t) € U(xr, p1) then [|z(t)|| < p for all
t € R. Let us choose & € (0,¢) such that

L(T + ¢) sup x(§) <p1 (9.135)
lel<éo

then we have

|0(x) — @rlls = sup
t€[0,T)

T
/0 1(t,s)p(s,x(s),&)ds

+ Tt 1) g (@(m), €)

k=1
< L(T + 0)x(§) < p1, provided [§] < &,  (9.136)

from which we know that O(x) € U(xr, p1) and therefore O(x) : U(xr, p1) —
U(xr, p1). It follows from (9.115), (9.131) and (9.136) that

10(@)[ls < [[O(®) — @7l + le7]ls < pr+po=p (9-137)
from which we know that U(zy, p1) is uniformly bounded.

Let us set @ € U(xr, p1), t1,t2 € (Tm—1,Tm|N[0,T], m=1,--- 0+ 1 and
t1 < to, then from the definition of 1°(¢, s) in (9.50) we have
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[0(z(t1)) — O(z(t2)) ||
ty
| ) = Tt o)l futs) + pls,a(s). lds
0

<

+ / (b1, 8) — T(ta: 9)][u(s) + pls, 2(s), €)]ds

+/j<||r<t1, )+ 17t )[) [ee(s) + p(s, 2(5), €)1

4

Z tlaTk t277-]:_)][ck +qk(m(7—k)a§)}H

k=1

/O[X(tl) X (L) = X(T))7' X7 (s)[u(s) + p(s, 2(s),€)]ds

_|_

T
+ / [X(t14+T) — X(ta + D) — X(T)] X 1(s)

% [u(s) + pls, 2(s), €)]ds]

+ / U )+ 17, 9)]) [[ea(s) + p(s, (), €)1 ds

+HZ (1) = X ()| = X (7)) X ()]
x[ex + qk<w<m>,s>]H
H| DX+ T) = X (12 + DI = XD X (7))

x[ex + qk(w(m),ﬁ)]H (9.138)

from which we know that for any 6§ > 0, there is a € > 0 such that if (to—¢1) <
g, then [|O(x(t1)) — O(x(t2))|| < 6. Thus, it follows from Definition 9.2.1 that
U(xr, p1) is quasiequicontinuous. Then from Lemma 9.2.1 we know that the
following set is relatively compact in U:

©={yel|y=0(x),x € B(xr,p1)} (9.139)

Therefore, the operator O(z) has a fixed point :ng(t) € U(xr,p1) that is
T-periodic and satisfies

+ T er + au (@ (), €] (9.140)
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It is clear that m%(t) is a T-periodic solution of system (9.111). |

9.2.2 Nonlinear Control Systems

Let us study the following nonlinear impulsive periodic motion control system
with parameter perturbations:

&= f(t,@) +ut)+pt, @) +olt,z), t#mn,
Ax =U(k,x) + e + q,(x, &) +vi(t,x), t =7, teR, keZ,

(9.141)

wherezx € S, CR", £ €3 = (—é, §~) is a small parameter perturbation that
may be caused by some adaptive impulsive control algorithms or parameter
drift.

J € CY(mk, Tig1] x Sp, R?] for all k € Z and

of(t
lim  f(t,y) <oo, lim of(t.y) <oo, f(t+T,x)= f(t, x)
(ty)— (@) (ty)—(rf2) OT

forkeZ,xeS,andt € R
u € PCIR,R"|, u(t+T) = u(t). p € Cl(1k, Tk+1] X Sp x I, R"], k € Z, for
any k € Z, x € S, and £ € 3, we have

(ty.e)— (7 2,6)
v € C(Tk, Tht1] X Sp, R and

lim  v(t,y)<oco, k€EZ, €S,
(ty)— () @)

v(t+T,z)=v(t,z),tcRxeS,
Ur € CYZ x S,,R"] and

Ulk+o,x)=Uk,x)forkeZ,xeS,.

cp € R*, 1, < Ty for k € Z. We assume that there is a ¢ € N such that
for k € Z we have

Ckto = Ck, Tkto =Tk T T. (9142)
q;, : C[S, x 3,R"] and

qk+g(m7 g) = qk(m7 6)7
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forallk € Z,z € S,, and £ € 2.
vy, € C[S,,R"] and
Vitolx) =vi(x), KEZ, €S,
Let x be a nonnegative function such that fort € R, k € Z, ¢ € S,, and
§ed,
Jim (6) = x(0) =0

and
Ip(t,z, I < x(&), llgp(z I < x(§).

Let @w be a nonnegative function such that for k € Z, =,y € S,, and
§ed,
glin%) w(§) =w(0)=0

and

lp(t, z,8) —p(t,y, &) < @)z -yl llgp(z, &) —a,(y, I < @)z -yl

Assume that xr(t) is a T-periodic solution of the following reference sys-
tem:

:B:f(t,m), t?éTk,
{Am:U(k:,w),t:Tk, teR keZ, (9.143)

and
v(t,zr(t)) =0, vg(xr(r)) =0, teR keZ,
[v(t,z) —v(t, y)|| < Ki(e)|z—yll, teR [le—zr@)]| <e lly—zr{)] <e,
where K;(g) > 0 and
lim Kl(é') =0.
e—0
[vr(@) —vr(y)|| < Ka(e)lle—yll, k€2, [e—wr(m)| <& lly—zr(n)l <,
where Ks(g) > 0 and
liI%Kz(E) =0.
£—

Let T'(¢,s) be the Green’s function of the following T-periodic linear im-
pulsive system:

8f(t7 wT(t))

(b = Twu t 75 Tk
£

Theorem 9.2.3. Assume that

1. The T-periodic solution, xr(t), of the reference system (9.143) satisfies
lzr(®)]l < po < p,t €R;
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2. System (9.144) does not have nontrivial T-periodic solution;
3. Let & € (0,€) and g9 € (0,p — po), such that n < 1 with

N2 L|TKy (o) + 0Ka(eo) + TKs(eo) + 0Ka(eo) + (T + o) |slup w(f)]
£1<€o
where
L= sup [T(t9),
t,s€[0,T]
Ks(e) = sup Oft, zr(t) +y) _ of (t,zr(t)) ‘ :
te[0,7], |yl <e oz ox
K4(6) — sup 8U(l<:, mT(Tk) + y) . aU(k,.’ET(Tk)) H .
ke, |lyll<e Ox Ox
4.

sup
t€[0,17,1€]1<&0

T
/O T(t, 5)[u(s) + p(s, xr(s), €)]ds

+ Y Tt m)ler + apler (), )| < eo(l —mn).

0< 7, <T

Then for each & € (=&, &) system (9.141) has a unique T-periodic solution

a:%(t) satisfying

25 (t) — @r(t)]| < e fort € R, (9.145)
glir% w%(t) = xp(t) uniformly ont € R. (9.146)
X

Proof. Let © = xr(t) + y, then we can change system (9.141) into

. wy +o(t,y) + u(t) + p(t, xr(t) + y,€)

+’U(t, xT(t) + y)v t 7& Tk
8U(k,mT(rk))

Ay = gy y +or(y) + ¢k + qi(xr (k) +9,6)
+Uk($T(Tk) + y), t =71y, (9.147)
where
olt,y) = ftar(t) +y) — far(t) - L0,

or(y) = Uk(xr(me) +y) — Ur(xr () — Wy (9.148)
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Let U be the Banach space of T-periodic solutions & € PC[R, R"] with norm

[zlls = sup [lz(®)]]-
t€[0,T]

Let us define U(g) = {y € U | ||ly|ls < 0} and the operator O : U(gg) — U
as

T
O() & / T(t, 5)[o(s,u(s)) +u(s) + p(s, 2r(s) + y(s), €)
Lo(s,er(s)) +u(s)ds
+ Y YT ok(y(m) + ek + g (@ (n) + y(7), €)
0<1,<T
Fo(er (1) + y(72))]- (9.149)

It is easy to see that the operator O(x) is a contraction and therefore has a
unique fixed point y, (t) € U(gp) which implies the estimate (9.145). From the
fact that y,(¢) is a solution of system (9.147) we know :c?p(t) =xp(t)+y,(t)
is a T-periodic solution of system (9.141). Using the similar process as that
used in the proof of Theorem 9.2.1 we can get the conclusion in (9.146). W

9.2.3 Control Impulses at Variable Time

In this section let us study impulsive control of periodic motions when con-
trol impulses are at variable time. Let us consider the following T-periodic
impulsive control system:

T = ‘f(t’w’g)’ t% 7] (.’B,f),
{Af”:U(k‘,wyf)J:T:(w,&), teR, ke, (9.150)

where & € R” is the state variable, £ € J & (=£,€) is a small parameter
perturbation that caused by parameter drift. We assume that thereisa T > 0
and o such that

(2, &) < Tey1(x,€), Thio(x,§) = (2, §) + T
forallk € Z,z € R* and € € 1. f € CY(7k, Tk+1] x R* x 3, R"] for all k € Z
and OF(t
lim f(ty,8) < oo, lim 0ft.y.9)
(ty)— (7] ) (ty)—(rfa) O

fE+T,x &) = ft,z,6) for k € Z, z € R*, ¢ € Jand t € R U €
C'Z x R™ x J,R"] and

< o0,
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Uk+o,2,8) =U(k,xz,§) for ke Z,x e R*, £ € 2.

Let us assume that control system (9.150) has a T-periodic solution
xr(t) with impulse moment at {7/ }¢_, when ¢ = 0 and for each k =
1,--, 0, T(z, &) is differentiable in some neighborhood of the point (x,¢) =

(xr(rL),0) and

xr TT
Wﬂf,m(rg),o) £1. (9.151)

We then have the following reference system with respect to @y (t):

of(tor(.0)

Y= 9z Y,
Ay — {aU(kva(Tg)vo)
ox
OU (k, zr (1), 0

# (P o (rT).0) + £(T 2 0.0

- - 6Tk(mg(rg),0)
_f(T 7wT(T )70) z Yy,

k k 1— aTk(wgiTg)’O)f(Tg,mT(Tg), 0)
t=r1t. (9.152)

Theorem 9.2.4. Let x(t, xo, &) be the solution of system (9.150) satisfying
(0,20, &) = xo and assume that

1. The reference system (9.152) has no nontrivial T-periodic solution;

2. There is a € > 0 such that for any £ € (—¢,¢€) and &y € R, ||lxy —
z7(0)|| < e, the solution x(t,xo, &) of (9.150) is defined on t € [0,T];

3. In some neighborhood of (t,x,&) = (T,2r(0),0), x(t, zo, &) is continuous
with respect to (t,xo,&) and differentiable with respect to xy.

Then, there is a & € (0,€) such that for € € [—&, &) system (9.150) has a

unique T-periodic solution x5 (t). X

Proof. Without loss of generality let us assume that 7 (z7(0),0) < 0 <
i (27(0),0), then since xr(t) is T-periodic, we have

72 (xr(T),0) < T < 75, (zr(T),0).

It follows from assumption 3 that there is a €1 € (0,¢) such that for |z —
z7(0)] < &1 and [] < €1 we have

70 (0,€) <0 <7 (20,8), 75 (&(T,20,£),6) <0 <7 (x(T,20,£),6).
Let us define the function

z(w()?é-) é Lo — m(T7 wOvé-)
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on set
(9] X {(150,5) eR*x21 | ||£BQ — (BT(O)H <e1, |§‘ < 81}.

x(t, o, &) is T-periodic if and only if (T, xg, ) = xo; namely,
z(xo,§) = 0. (9.153)

It is clear that z(a7(0), &) = 0 and it follows from assumption 3 that z (o, &)
is continuous with respect to (xg, §) and differentiable with respect to xg for
every (xo,&) € 2 and

0x(T, z1(0),0) .

154
(9.’120 (9.’1:0 (9 o )

Oz (t,xz7(0),0

Since y(t) = a0 ) satisfies (9.152) with initial condition y(0) = I, we

know that Ox(T, 1(0).0)
L(L,XT )
T)= ————~
y(T) 02y
is a monodromy matrix of system (9.152). From assumption 1 we know that
the following matrix is nonsingular:

_ 6:1:T (iL’T (0) s 0)

1
82]30

=1 —y(T).

It then follows from implicit function theorem that there is a & € (O,f) N
(0,e1) such that for any & € (—&,&), (9.153) has a unique solution
xo = xo(§) satistying xo(0) = 7 (0). Thus, system (9.150) has a T-periodic
solution

[ |

Remark 9.2.1. Let the impulse moments of @¥.(t) be {5}, then from the

conditions of continuity in Theorem 9.2.4 we know that as & — 0, :ng(t)

approaches xr(t) and T,f approaches 71 . ¢
Let us then consider the following impulsive control system:

Cb:f(tvwvg)v E(t7m’€)7é0a
{Am Ut 2,8), D(t,4,6) =0, t R (9.155)

where & € R” is the state variable, £ € 3 & (—=£,€) is a small parameter
perturbation that caused by parameter drift and X(¢,,£) = 0 defines a
switching surface for each £ € J. We assume that there is a T > 0 such that
S(t+T,2,€) = S(t,x,€). f € CH Ry xR x 3, R, f(t+T,x, &) = f(t,x,€)
forx e R*", (£ €Jand t € R U € C'Ry x R x J,R"] and



270 9. Impulsive Control of Periodic Motions
Ut+T,z,&) =U(t,z,§) fort e Rx e R*, £ €.

Let us assume that control system (9.155) has a T-periodic solution @ (t)
with impulse moment at {7 }¢_, when ¢ = 0 and there is a p € N such that

Tho=Th +T, kEN
We also assume that for each k = 1,--- | g, X(¢,x, £) is differentiable in some
neighborhood of the point (7{, z7 (1), 0) and

oX(rl xr(rl),0)

02 211 )0) por (7). 0) + o 7

ox

We then have the following reference system with respect to @r(t):

. of(t,zr(t),0
T T
Ay _ |:8U(Tk: 7gT(Tk: )70)
£r
aU(TT7mT(TT)7O)
(- PO 08 2 (af),0) ~ FF (), 0)
aU(TTamT(TT)7O)
- k Ot k +f(Tg+amT(Tg+)70)
62(757gT(Tg)70)
X ST ar(r1)0) g1 T wT o5l ar(r0) | L
—t e f (e (7 ), 0) + =
t=17l. (9.156)

Theorem 9.2.5. Let x(t, xo, &) be the solution of system (9.155) satisfying
(0,20, &) = xo and assume that

1. The reference system (9.156) has no non-trivial T-periodic solution;

2. There is a € > 0 such that for any §& € (—e,¢) and &y € R*, ||xg —
z7(0)|| < €, the solution x(t,xo, &) of (9.155) is defined on t € [0,T];

3. In some neighborhood of (t,x,&) = (T, 2r(0),0), x(t, zo, ) is continuous
with respect to (t,x0,&) and differentiable with respect to xy;

4. X(0,27(0),0) # 0.

Then, there is a & € (0,€) such that for &€ € [—&, )| system (9.155) has a

unique T-periodic solution x(t). X

Remark 9.2.2. The proof of Theorem 9.2.5 is similar to that of Theorem

9.2.4. Let the impulse moments of .’l:% (t) be {T,f}, then from the conditions of

continuity in Theorem 9.2.5 we know that as & — 0, a:%(t) approaches xr(t)

and T,f approaches 7l . ¢
Let us then consider the following impulsive control system:
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&= f(@), =¢2(),
{A:c =U(x,&), z € X(¢) (9.157)

where & € R” is the state variable, £ € J £ (—£,€) is a small parameter
perturbation that caused by parameter drift and for each ¢ € 3 the switching
set X(€) defines a hypersurface in R". Let us assume that X'(£) consists of o
non-intersecting smooth hypersurfaces given by

2k($,§):07 kzl,,,Q

feCHR" x J,R"] and U € C'[R™ x J,R"].
Let us assume that control system (9.157) has a T-periodic solution @ (t)
with impulse moment at {7} }¢_, when £ = 0 and

T,?+Q:TE+T, keZ, xr(t) #0 for some t € R

and
Yi(xer(t),0)=0, k=1,-

We also assume that for each k = 1,--- | o, Zk(m,f) is differentiable in
some neighborhood of the point (z7(7]),0) and

0@t ):0) ¢4, 0 £ 0.

ox
We then have the following reference system with respect to xp(t):
. Of(xr,0
Y= 7“85 Ly, el
oy - [Pertan
ox
OU (xr (1), 0
+ (- 2D far (7),0) - Flar ()0
T 82k(mT( ) 0)
+f(wT(Tk +)70>>X32 2z (71).0 Yy,
—ﬂlbilﬂ r(7f),0)
t=1l. (9.158)

We then show that @7 (t) is a solution of the reference system (9.158). For
t # 7f' we have

dir(t) _ fl@r().0) _ 0f(@r,0), (9.159)

dt dt ox

which is the first equation of the reference system (9.158). For ¢t = 73, we have




272 9. Impulsive Control of Periodic Motions

D (k) o f@r(n),0),  (9.160)

and
Adp(ry) = @r(r)) — &r(m) = fler(ry),0) — f(2r(m),0) (9.161)

which leads to the second equation of the reference system (9.158).

Since @7 (t) # 0 for some ¢ € R, it is a nontrivial T-periodic solution of
system (9.158) and therefore system (9.158) has a multiplier equal to 1. We
also assume that system (9.158) has no nontrivial T-periodic solution other
than dIT(t).

Theorem 9.2.6. Let x(t,z,&) be the solution of system (9.157) satisfying

(0,20, &) = xo and assume that

1. There is a € > 0 such that for any § € (—e,e) and -y € R, |xg —
zr(0)|| < e, the solution x(t,xo, &) of (9.157) is defined on t € [0,T+¢&];

2. In some neighborhood of (t,x,&) = (T,2r(0),0), x(t, zo, &) is continuous
with respect to (t, a0, &) and differentiable with respect to xy.

Then, there is a & € (0,€) such that for € € [—&, &) system (9.157) has a
unique T¢-periodic solution m%(t) X

Proof. Without loss of generality let us suppose that 7(0) = e; = (1,0,---,0)"
and 7 (0) = 0%. Let x(t, z4, &) be a solution of system (9.157) satisfying

te [0,T—|—€], §€ (_655)7 Loq = (xa,lv"' wra,n)Ta ”maH <E.

It follows from assumption 2 that

0x(t,0,0)
a-77(;,1

is a solution of the reference system (9.158) and

82(0,0,0)

= e.
a-f(;a,l

Since &p(t) is a solution of the reference system (9.158) with the initial
condition &7 (0) = e;, we then have

0x(t,0,0) 0x(T,0,0)
— 77 =gp(t) and ——"2 = x7(T) = z7(0) = e;.
7o (1) T r(T) =a7(0) = e
From the fact that
2 This can be achieved by using linear transformations satisfying @ = 5z 4 ar(0),

EcR™, det 5 #0and 5 '&7(0) = e;.
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0x(T,0,0)
oz,
is a monodromy matrix of the reference system (9.158) we know that the
multipliers, p;,i = 1,--- ,n, of the reference system (9.158) are roots of
8z(T,0,0)
T =0,
(9.’1:a ‘U ’
namely,
Loy e e
0 88;:2 e ai“
det a,2 a,n
: Oy, .
0 ez Ozan M
il (R
= (1—p)det : . :
Oy Oxy
as  Owanm H
2 (1—p)D(u) =0 (9.162)
where

81‘1' A 81‘1(T7070)
a.’[}a,j o a.’[:a,j

. (9.163)

Since p = 1 is a simple multiplier of the reference system (9.158) we know that
D(1) # 0. Let us choose &, from the hyperplane z,1 = 0, then x(t, z,,§) is
w-periodic if and only if

’l.U(w, wcuf) é m(wamcwf) — Lg = 0. (9164)

It is easy to see that w(T,0,0) = 0. Because

Oox(w, xy, & .
% — mT(T) =ey,
w w=T
the Jacobian matrix of w with respect to variable v = (w, x4 2, - - ,.I‘am)T
at point (7,0,0)T is given by
B B
1 88;21'2 o 6503171
ow _ 0 89:?2 -1 awffn
8’0 B . . - .
Oy Oy
0 8:(1,2 T 8wra,n -1

from which we have
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ow
det — = D(1) < 0.
v (1) =
Thus, it follows from implicit function theorem that there is a & € (0, 5) such
that (9.164) has the following unique solution

(@():2a2(€), ++  2an ()
for £ € [—&p, &) and satisfying
w(0) =T,242(0) =0, ,24,(0) =0.

Let us set T¢ = w(£), then system (9.157) has a T-periodic solution with
initial condition as (0,24 2(€), -+, Tan(€))T. |

Remark 9.2.3. T¢ approaches T as & — 0. Let the impulse moments of :c%(t)

be {T,f }, we know that as & — 0, wgp(t) approaches xr(t) and T,f approaches
L. Tt is also clear that if £ = 0 and the multipliers of system (9.158) satisfy

/1,1:1, |/~‘L’L‘<17 i:2a"'7n

then the T-periodic solution of system (9.157) with £ = 0 is orbitally asymp-
totically stable. ¢
Let us consider the following periodic impulsive control system:

inf(t733), t # Tk
Ax =U(k,x), t=m14 (9.165)

wherex € R CR*,t e Rand k € Z. f € C[(7k, Th+1] X 2,R"] for k € Z and
for each x € {2 we have

lim+ If(t,y)l < oo, keZ. (9.166)

ty)— (=
There is a T' > 0 such that
ft+T,x)=f(t,x). (9.167)
There is a ¢ such that U € C[Z x 2, R"] satisfies
Uk+o,x)=Uk,x), keZ, ze.
And let us assume that
Thto =T + 1, To <0< T < < Ty < Topt1.

For the sake of self-contained, we then present some useful theorems with-
out proofs which can be found in [3].
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Theorem 9.2.7. Let the following conditions hold:

1. f(t, @) is locally Lipschitzian with respect to & in domain R x £2;
2. Let S be a domain in R* with boundary O and closure © = SU() C (2.
S is a bounded and convex set and (S is defined by a finite number of

inequalities
Oi(x) <0, i=1,---,r,
where O; : R* = R, i=1,---,7, are smooth. If for & € O we have
:(x) =0, for somei=1,---r,
then o
i(T) 20,
ox

For any x € () let us define the set
D(x) 2 {ie{l,---,r} | i(x) =0}
3. Fort e R, x € O and i € D(x) we have

990,(x)
ox
4. 9i(x+U(k,z) <0 forxe®,i=1,---,r,and k=1,---  p.
Then the control system (9.165) has a T-periodic solution xr(t) € ©. X

ft,x) <0

Theorem 9.2.8. Let the following conditions hold:

1. Let S be a domain in R* with boundary O and closure ©® = SUQ C 2.
S is a bounded and convex set and (S is defined by a finite number of

inequalities
Oi(x) <0, i=1,---,r
where 0; : R* — R,i =1,--- ,r, are smooth. If for x € () we have
:(x) =0, for somei=1,---r,
then 00:()
5m 7 0.

For any x € () let us define the set
D(z) £ {ie{1l,---,r} | i(x) = 0};
2. Fort e R, x € O and i € D(x) we have

00;(x)
ox

F(t,z) <0;
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3. 0i(x+Uk,x) <0 forxe®,i=1,---,r,andk=1,--- 0.
Then the control system (9.165) has a T-periodic solution xr(t) € ®. X

Theorem 9.2.9. Let the following conditions hold:

1. Let S be a domain in R* with boundary O and closure ® = SUQ C 2.
S is a bounded and convex set and © is defined by a finite number of

inequalities
0:(x) <0, i=1,---,r
where 0; : R* — R i =1,--- ,r, are smooth. If for x € () we have
Oi(x) =0, for somei=1,---,r,
then o
i(z) 40
ox

For any x € O let us define the set
D(x) 2 {ic{l,---,r} | 9i(x) = 0};
2. Fort e R, x € O and i€ D(xz) we have

90:(z) .
o F(ta) = 0

3. LetWp(x) =I+U(k,x) and ¥, : @ - R*, k=1,---, 0, are homeomor-
phisms and ® C Y (®) fork=1,---,p.

Then the control system (9.165) has a T-periodic solution xr(t) € ©. X
Let us consider the following periodic impulsive control system:

T = f(tvx)’ t%Tkv
z(rh) = (x(n)), t=mk (9.168)

where x € R*, ¢t € R and k € Z. Let there be a T > 0 and a p € N and
let us denote 3y = [0,71], 2; £ (73, Tis1]si = 1,--- ,0— 1, and 3, = (7, T},
22 [0,7), then we have the following theorem.

Theorem 9.2.10. Assume that

1. v(t) and w(t) are the lower and upper solutions of system (9.168), re-
spectively, such that v(t) < w(t) fort € J;

2. f : Ax R* — R" is quasimonotone nondecreasing in J X R*, and is
continuous in J; X R® for i =0,---,p, and for each k = 1,---,0 and
xr e R”

lim ()] < oo
(ty)—(r )=
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3. There is a v € L3, Ry] such that

sup |f1(t7w)|§7(t)a Z:L yn
v(t)Se(t) Sw(t)

holds almost everywhere on J;
4.9, : R - R",k = 1,---,0, are continuous and nonincreasing with
respect to .

Then system (9.168) has a T-periodic solution ®r(t) for t € 1 such that
v(t) 2 ap(t) 2 w(t). X

9.3 Applications

In this section we will present some applications of periodic impulsive control
system to the control of chaotic systems to periodic motions.

9.3.1 Control Réssler System to Periodic Motions

In this section, we present the theoretical result of impulsive control of the

Rossler system to periodic motions. A sufficient condition for existence of

periodic trajectory of impulsively controlled Rossler system is given. Based on

the theoretical results, we present a systematic method of designing impulsive

control laws. We present the proportional and additive impulsive control laws

as two examples to show how an impulsive control law can be designed.
The Réssler system[26] is given by

T=-y—=z
y=z+ay (9.169)
z=zrxr+b—cz

where a, b, and c are three parameters.
The impulsively controlled Rossler system is given by

T=—-y—2z
y=x+ay , t#T1E, tEJ, (9.170)
Z=zrx+b—cz

and

z(n) =(@(n)), k=1, ,q, (9-171)

where ¥y, is a continuous and nondecreasing function. Then we use the follow-
ing theorem to guarantee that there exist periodic motions in the impulsively
controlled system.



278 9. Impulsive Control of Periodic Motions

Theorem 9.3.1. Assume that a > 0, b > 0, ¢ > 0 and the free Réssler
system in (9.169) is chaotic and z > 0, then the Rdossler system can be
impulsively suppressed into periodic trajectories. X

Proof. Let (z,y,2)" denote the solution of the free Réssler system, since
z > 0, we choose the lower solution v as

=z
vy =1y (9.172)
0

w =2
Wy = (9.173)
w3 = 2z

then condition 1 of Theorem 9.2.10 is satisfied.
Let uT = (xlvyaz)a vT = (x27yaz)a 1 < X2, and f2(t7x) =T+ ay,
fa(t,x) =b+ z(x — ¢) then

f2(t7u) - fQ(ta’U) = (xl - 1‘2) <0,
f3(t,u) — f3(t,v [b+ z(x1 — )] — [b+ z(x2 — ¢)]
= z(x1 —x2) < 0. (9.174)

The last inequality is because of z > 0. Thus condition 2 of Theorem 9.2.10
is satisfied.

Since the free Rossler system is chaotic, all its state variables are bounded,
condition 3 of Theorem 9.2.10 is satisfied.

Since the impulse generating law W is a continuous and nondecreasing
function, condition 4 of Theorem 9.2.10 is satisfied.

Then from Theorem 9.2.10, we know that the existence of periodic tra-
jectories of the controlled Rossler system is guaranteed. |

Numerical Experiments

The numerical experiments are as follows. In these experiments, we choose
the parameters as a = 0.398, b = 2, and ¢ = 4.0. The fourth-order Runge-
Kutta algorithm with step size of 0.005 is used. The initial condition is given
by (2(0),y(0), 2(0)) = (—2.277838, —2.696438,0.304911).

Figure 9.4 shows the results when the following proportional impulse gen-
erating law at a Poincaré section is used. The Poincaré section is chosen as
x = 0, and the proportional impulses are generated by

=
\]

Y1) = dala(m) = [1— Asgny(r)ly(m), N <1 (9.175)
2(ry) = 2(m)
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which is continuous and nondecreasing. Here sgn(-) denotes the signum func-
tion. Figure 9.4(a) shows the Rossler attractor of the free system. One can
see that z > 0 is satisfied. Figure 9.4(b) shows the bifurcation diagram with
respect to the control parameter A, from which one can find the period 1,
2, and 4 windows very easily. Figure 9.4(c) shows the controlled period 1
trajectory when A = 0.65. Figure 9.4(d) shows the controlled period 2 trajec-
tory when A = 0.45. Figure 9.4(e) shows the controlled period 4 trajectory
when A = 0.35. Figure 9.4(f) shows the controlled period 8 trajectory when
A = 0.305. We also found that if A\ is much greater than 0.77 then the con-
trolled Rossler system becomes unstable.

Fig. 9.4. Impulsive control of the Rossler system to periodic trajectories using
proportional impulses at Poincaré section = = 0. (a) Attractor of the free Rossler
system. (b) The bifurcation diagram of the impulsively controlled Rossler system.
(c) The controlled period 1 trajectory. (d) The controlled period 2 trajectory. (e)
The controlled period 4 trajectory. (f) The controlled period 8 trajectory.

We can also choose some other continuous and nondecreasing impulse
generating laws. One of them is given by

ZL’(T;) = x(Tk)v
y(r0) = A+ y(m), (9.176)

2(m) = 2(m),

which is called additive impulse generating law. Figure 9.5(a) shows the bi-
furcation diagram with respect to the control parameter A. From Fig. 9.5(a)
one can find the period 3 and period 6 windows. Figure 9.5(b) shows the con-
trolled period 3 trajectory when A = 0.303. Figure 9.5(c) shows the controlled
period 6 trajectory when A = 0.45.



280 9. Impulsive Control of Periodic Motions
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Fig. 9.4 (Continued)

Remark 9.8.1. The results in this section are adopted from [51]. In [11] the
same method was used to control the following chaotic system[57] into peri-
odic motions:

&=~z +ef(r) = (fy) +nsin(wt)
{y = -y +ef(y) +(f(z) (9.177)

where f(-) is a piecewise linear function given by

fz) = %(|x+1|—|x—1\). (9.178)
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Fig. 9.4 (Continued)

We choose the parameters as: e = 2, ( = 1.2, w = 7/2, and n = 4.04. The
uncontrolled system is chaotic with a chaotic attractor shown in Fig.9.6.

Ezxample 9.3.1. In this example, the impulsively controlled chaotic system is
given by

3’;=—x+ef(x)—Cf(y)+nsin(wt)} .
J=-y+ef(y) +¢f(@) ’ N
w(r") = du(m)
y(r") = dy(m)
switching set X; given by z(7;) = 0. (9.179)

}, d>0, t=m,

This kind of impulsive control law is called proportional impulsive control
law. The simulation results with d = 0.2 are shown in Fig. 9.7. Observe that
the controlled system approaches a period-1 trajectory. *

Ezxample 9.3.2. In this example, the impulsively controlled chaotic system is
given by

&=z +ef(z) - f(y)+nsin(wt)} A
y=—y+efly)+{f(x) ’ b

() =d+x(n; o

Y =d+y(m) f2 470 T

switching set X; given by z(7;) = 0. (9.180)

This kind of impulsive control law is called additive impulsive control law.
The simulation results with d = 0.6 are shown in Fig. 9.8. Observe that the
controlled system approaches a period-1 trajectory. * ¢
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Fig. 9.5. Impulsive control of the Rossler system to periodic trajectories using
additive impulses at Poincaré section x = 0. (a) The bifurcation diagram of the
impulsively controlled Rossler system. (b) The controlled period 3 trajectory. (c)
The controlled period 6 trajectory.

9.3.2 Control of Stepping Motor

A stepping motor can be modeled as a periodic impulsive control system with
periodic control impulses. Let us consider the following model of a two-phase
hybrid stepping motor:

d*0 do

Jom +Dg+ 1o = V2KT,, sin(N(U(t) — 6)) (9.181)
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Fig. 9.6. The chaotic attractor of the uncontrolled chaotic system in (9.177).

25

2t

-25
=4

Fig. 9.7. Impulsive stabilization of period-1 trajectories with d = 0.2.

where

and

Sz RET

~
ae 0’ 09

T
aQ

>

-cm- %] the moment of inertia,

- em/rad/s] viscous friction coefficient,

- cm] load torque,

- cm/A] torque constant,
maximum motor current,
number of rotor teeth,
mechanical angle,
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-1

-16‘12]:(5456

Fig. 9.8. Impulsive stabilization of period-1 trajectories with d = 0.6.

Th <
U(t) = o ;;) Ustep(t — ET)

(9.182)

where Uggep(t) is the unit step function. With ¢ = N6 we can rewrite (9.181)

as
% + ?%L@KI’” sin(p — NU(t)) + NfL
Let
| NV2K1,,
W=
and s = wt, (9.183) can be rewritten as
%+n% +sin(¢—NU(£)) Y By=0
where
D Ty

-~ By=-——-t_
VNV2KI,,J V2K,

Let us choose variables in (9.184) as

t=s, x:qS—NU(g), yz%

then (9.183) can be written as

(9.183)

(9.184)

(9.185)

(9.186)
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T=y

y = —ky — sin(x) — By } » t# kT,

Ar =ug, t=kuT, k€N,

2(0) = y(0) = 0 (9.187)
where z € S' £ {z € R mod 27} and y € R, u, = —Z is assumed. This step-

ping motor model can have very complex behaviors such as chaotic attractors
as shown in Fig. 9.9.

O \\}1 \\'\ //'('/ i/ Hi
= of A 118
-0.5
S \
-1r 7
=
_1sf
——
2 1 3 4 5 6
z(t)

Fig. 9.9. Chaotic attractor of the stepping motor model. Parameters are xk = 0.2,
ur =7, Bo =0 and wT = 4.5.

However, since a stepping motor should be operated along periodic solu-
tions, we need to control it into a periodic trajectory if it falls into chaotic
region. This problem is called stabilizing unstable periodic trajectories em-
bedded in a chaotic attractor. Since a periodic solution corresponding to a
fixed point of the Poincaré map of the stepping motor model, we need to
study the stability of fixed points of the following Poincaré map:

I : x(kwT) — x((k + D). (9.188)
Let us denote x(kwT) as @k, then we can simplify (9.188) as
1T : L — T+1- (9189)

a=(02)
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then from (9.187) we have

Tpy1 = eA“’T(wk + (ug, O)T)

(k+1)wT A((k41)oT—3) 0
+/Ich e <—sin(a:(5)) _ Bo) ds. (9.190)

Assume uy = u is a constant, then without loss of generality we have

w1 = e (@ + (u, 0)1)

+/OwT AWT—5) (_Sin(x(‘l)) - Bo) ds. (9.191)

where £(07) = 1, + (u, 0)" is the initial condition for the integration.

We then control a chaotic trajectory to a target periodic trajectory using
parameter perturbation method. For this purpose, let us rewrite the Pointcaré
map as

Zpy1 = I (zk, p)

where p € R™ is the parameter vector. Let us suppose that there is a target
periodic trajectory as a fixed point (x*, p*) satisfying

x* = II(z", p*),
then the variational equation in the neighborhood of (x*, p*) is given by
=2 +0, P=pP +DPg-
We then have

x* + Opy1 = (2" + 6k, p" + Dy

= II(z*,p*) + Apdy + Brpy, + -+ (9.192)
where
oIl oIl
An = - . Bu=4- (9.193)
x z=x*,p=p"* p rz=x* p=p*

Therefore, we have the following linearized difference equation in the neigh-
borhood of the target periodic trajectory as

6k+1 = Apb, + Bﬂpk. (9194)

Assume that (A7, Br) is controllable, then we can design the following linear
control law

pp = 6, (9.195)

such that (A + BpC) is stable. One design example based on this method
can be found in [29].
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Remark 9.8.2. In [10] the authors studied the stability of the trivial solution
of system (9.187) under assumption of By = 0 by using type-1 impulsive
control law. Let us rewrite system (9.187) as

r=y }, t # kwT,

y = —ky — sin(z)
Ar =ug, t=kuoT, keN,
o = (2(0),y(0))" (9.196)

where we use notation z = (z,y)" and let x(¢,to,xo) be any a solution of
impulsive control system (9.196).

Definition 9.3.1. The impulsive control system (9.196) is said to be even-
tually exponentially asymptotically stable, if for each € > 0, there exist three
positive numbers, v,6 = 6(¢) and T =T (), such that ||| < & implies

|(t, to, xo)|| < ee V(1)

fort >ty >1T. X
We then have the following conclusions whose proof can be found in [10].

Theorem 9.3.2. If there exist two constants, p and (3, satisfying

2b
O<,u<§—|—b2cmd1<ﬂ<e”°’T7

such that

f: uiek,uwT o
k

k=1 ﬂ

then

1.

lim ||:I)(t, to, .’130)” = 0;
t—o0

2. the impulsive control system (9.196) is eventually exponentially asymp-
totically stable.

X
Corollary 9.3.1. If there exists a constant g > 0 such that

Uk+1
Uk

<g<l1

fork > N, k € N, where N is a sufficiently large integer, then the conclusions
of Theorem 9.3.2 hold. X
One simulation result can be found in [10].

¢



10. Impulsive Control of Almost Periodic
Motions

In this chapter we study impulsive control of almost periodic systems. The
results can be used to control chaotic systems and design nanoelectronic
circuits.

10.1 Almost Periodic Sequences and Functions

In this section we present some basic knowledge of almost periodic sequences
and functions. To save space, only the immediately useful results will be
presented.

Definition 10.1.1. Lete > 0 and {x;},i € Z be a sequence in R", an integer
0 is called an e-almost period of the sequence {x;} if for each k € Z we have

||:Bk+g — :l:k” < €. (10.1)
X

Definition 10.1.2. A sequence {x;} is almost periodic if for any € > 0 there
is a relatively dense set of its e-periods; namely, there is such a natural number
N = N(e) that, for any i € Z, there is at least one number o € [i,i + N], for
which (10.1) holds for all k € Z. X

Definition 10.1.3. A function f(t) is almost periodic if

1. for any € > 0 there is a § = 6(€) > 0 such that if t; and to belong to the
same interval of continuity and |ty — ta| < 6, then ||f(t1) — f(t2)| < €;

2. for any € > 0 there is a relatively dense set S of e-almost periods such that
if €S, then ||f(t+7) — f(t)|| < e for allt € R that satisfy |t — 7| > €,
keZ.

X

Let ¥ be a countable set of real numbers. ¥ includes positive and negative

numbers with arbitrarily large absolute values. For any w > 0, the set {t €

% | |t| < w} is finite. We denote all such sets as B. On B we define a distance
dp as

dy(T1, Ta) 2 inf sup [p(t) — |
Y et

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 2893306, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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where ¥1,%5 € B, ¢ : T3 — To is a bijection. If ¥ € B then for any 7 € R,
the set ¥ 4+ 7 is constructed as ¥ + 7 = {t + 7 | every ¢ € ¥}. The space
(B, dp) is complete.

Definition 10.1.4. ¥ € B is Bohr almost periodic if for any € > 0 there is

such L(€) > 0 that one can find in any interval of length L(€) such a number

T that dy(Z, T+ 7) < €. ‘ X
For any i,j € Z, let us denote 77 £ 7,4; — 7;.

Definition 10.1.5. The family of time sequences {7;7}, i,] € Z, is equipo-
tentially almost periodic if for any € > 0 there is a relatively dense set of
e-almost periods, that are common to all sequences {7}, i,j € Z. X

10.2 Bohr Almost Periodic Linear Systems

Let us consider the following impulsive control system with impulses at fixed
time:

{;;; = A(t)x + u(t), t # 7, (10.2)

Ax=Brx+cg, t=1, k€L

where A : C[Ry,R"*"] is Bohr almost periodic, By € R**™, u(t) and c; are
almost periodic. The sequence of time {7;} is such that {7} } is equipotentially
almost periodic. We set a reference system as

{ib =A()x, t # 7,

Ax = Byx,t=1, k€. (10.3)

From the above assumptions we have the following Lemmas whose proofs can
be found in [27].

Lemma 10.2.1. For any € > 0 and any 0 > 0 there is such a real number
v € (0,€) and relatively dense sets of real numbers R, and integers Q) that the
following relations hold for r € R and q € Q:

L u(t+r)—u@)|| <eforteR |t —7|>¢ i €Z;
2. ||Bk+q — Bk” <€, Hck-i-q _CkH < €, keZ;
3.\l —rl<v, kel.

Lemma 10.2.2. If the conditions in Lemma 10.2.1 hold and the sum
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or

is bounded, then $(t) is almost periodic. X

Lemma 10.2.3. Let ¥(t,s) be the Cauchy matriz of the reference system
(10.3) and assume that for a,b >0

U(t,s)| < ae*b(tfs), t>s
[

then for any e >0, t,s € R, [t—7;| > €, |s—7;| > €, 1 € Z, there is a relatively
dense set of almost periods, R, such that for r € R we have

|W(t+r,s+7)—W(ts)| < eae E2)/2
where o > 0 is a constant. X

Lemma 10.2.4. If{T{} is equipotentially almost periodic, then for anyi > 0
there is such a o € N that in any interval of the real axis of length L > 0,
there are no more than o terms of the sequence {7}. X

Lemma 10.2.5. If {r}} is almost periodic then there exists the limit

lim Nt,t+T)
T—o0 T =P
uniformly with respect to t € R. X

Let p™2*(t) be the largest eigenvalue of the matrix
1
SIAW) +A4°(0)
and A;"** be the largest eigenvalue of the matrix
(I + By)"(I + Br)
and let us define

v & sup pm(t), o? £ max (Apax)?
t

Then it follows from the assumptions that for any € > 0
[ (t,s)| < KeP(t=*) (10.4)
where K = K(¢) > 1 and = f(e) = e+ v+ plna.

Theorem 10.2.1. If v+ plna < 0 then system (10.2) has a unique almost
periodic solution which is asymptotically stable. X
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Proof. Let us choose x; () = 01in (1.35), then we can construct the following
solution of system (10.2):

@1 () :/_ U(t, s)u(s)ds + »_ U(t,7)c;. (10.5)

First, let us check whether ;(t) is bounded or not. Since {77} is equipo-
tentially almost periodic, it follows from Lemma 10.2.4 that there is such a
constant £ > 0 that

7t > ¢ foralli € Z. (10.6)

Let us choose an € € (0, —y — plna) such that 8 = 3(e) < 0 and let G > 0
be

G = Sltlp lu(t)] + max llexl (10.7)
then for ¢t € (7%, Tk+1] we have
t
z1 ()] < / 1@ (t, )l |w(s)llds + > 1 (7l ell
- Ti<t

t
< / KGeP=9ds + Y~ KGePli=m) < (10.4)

T; <t

1
<KG|—-=+ ePlt=i)

Ti<t

k—1
1
= KG —B—‘v‘eﬂ(t_ﬂc) E exp ﬁg (Tj+1—7'j)
j=i

T, <t

k—1
+ el N eﬁé(k-l—“) = (10.6)

1=—00

1 1
Ka-2
< G< : 1_eﬂ§)
< 00. (10.8)

Therefore x1(t) is bounded. We are then going to prove that @1 (¢) is almost
periodic. It follows form Lemmas 10.2.1 and 10.2.3 that
t

@1 (t +7) — 21 (2)]| S/ [@(t+7,s+r)uls+r) —E(ts)uls)|

+ Z H!p(t + 7, Ti+q)ci+q - !p(tﬂ'i)CiH < L(E)E
Ti<t

(10.9)
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where L(e) is a bounded positive function of e. Therefore, x;(t) is almost
periodic. A solution x(t) = x(t, xo) with x(to, o) = xo of system (10.2) can
be given by

2(t) = W(t, to)ao + / Ut su(s)ds+ S Wt e (10.10)

to to<Ti<t

Given two distinct solutions x(t) = x(t, zo) and y(t) = y(t,y,), it follows
from (10.4) that

() =y ()| < KU |a(to) — y(to), (10.11)

from which and in view of 5 < 0 we know that the almost periodic solution
of system (10.2) is unique and asymptotically stable. [ |

Let us consider the following impulsive control system with impulses at
fixed time:

z=Alt)x+u(t,x), t # 1%,
{A:E:Bkav—i-ck(:/c)7 t=1,, k€L (10.12)

where A : C[Ry,R"*™] is Bohr almost periodic, By € R"*" is almost peri-
odic.

u(t,z),t € R is almost periodic in ¢ and {cx(x)}, k € Z is almost periodic
in k£ and both properties are uniform in @ € S,. Let us assume that w(t, )
and ¢ () satisfy the following Lipschitz condition

[u(t, 2) — u(t, y)|l + [lex(@) — cr(y)] < L]z -yl (10.13)
and
sup |lu(t,z)| + sup [er(x)|| £ Lo < 0. (10.14)
teER,®ES, teR,x€S,

The sequence of time {r;} is such that {7/} is equipotentially almost
periodic and
inf =& > 0.

We set a reference system as

&= Az, t £,
{A$=Bkw,t=Tk7 kel (10.15)

whose Cauchy matrix is ¥(¢,s). From the above assumptions we have the
following Lemmas whose proofs can be found in [27].
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Lemma 10.2.6. Let f(t) be an almost periodic function and the sequence
{7} is such that {7} is equipotentially almost periodic and

i%fr,g =¢>0,

then {f ()} is an almost periodic sequence. X

Lemma 10.2.7. Let f : R — 2, 2 C R”, be an almost periodic function and

g : 2 — R be a uniformly continuous function, then the function g(f(t)),t €

R s almost periodic. X
Similarly, it follows from the assumptions that for any ¢ > 0

102, 5)]| < K= (10.16)

where K = K(e) > 1.
Let = be the space of all almost periodic functions with discontinuities
at the points of {7}. For any f(t) € & we define its norm on = as

FQIES jglg\lf(t)ll- (10.17)

Let £2 C = such that for any z(t) € 2 we have ||z(t)||z < p. For z(t) € £
we defined an operator O as follows:

O(x(t)) 2 /_ (1, s)u(s, o(s))ds
+ ) Wt m)ek(@(T). (10.18)

TR<t

Let us assume that ||z(t)]|z < p. Since x(¢) is almost periodic, it follows
from Lemma 10.2.6 that the sequence {x(73;)} is almost periodic. Therefore
the sequence {ci(x (7))} is almost periodic. It follows from Lemma 10.2.7
that the function w(t, (t)) is almost periodic. It follows from Lemmas 10.2.1
and 10.2.3 that if x(t) € §2, then there is a relatively dense set R of e-almost
periods of x(¢) such that, for r € R, t € R, |t — 7| > € and k € Z we have

[0z (t + 7)) — O(z(1))|

< / W(t+rs+ru(s+rx(s+r)) —P(t s)u(s, x(s))|ds

) T+ 7, Thrg) kg (2(Thig)) — Pt 7 ek ((7r))|

< Ls(e)e (10.19)

where L3(¢) is bounded with respect to e. Therefore O(x(t)) € =. Further-
more, given ||z(t)||z < p and t € (7, Tk+1] we have
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IIO(w(t))Ilsé/ 1, 5)l[ sup (s, x(5))llds

— 00

+ i)l sup e (@(7))

TEe<t

/ K(—;’ pt— SLQdS—FZKEﬁ(t Tk) Lo

T <t

< KLy (—% +> ef“t—ﬂ))

T, <t

1
= KL> —54'6[” Tk)ZeXP ﬂZTJ-H
T <t

+ Plt=me) i eﬁﬁ(k—l—“) < (10.6)

1=—00

eBt—Tk)
)

< KL, <_

= KL, (— i

R BRI =

< KLy (— + #) . (10.20)

1—ePt
If KLy (—% + ﬁ) < p then we have O(2) C 2. Let us define

a 1 1
L4——B+71_€ﬂ£.

Given any two functions x,y € {2 we have

10(2(t)) — O(y(®))]= < iup/ 1@ (2, 8) (s, 2(s)) — uls, y(s))lds

eER J -
+ 3 7 ller(@(m)) — ey ()l
< KL La|l(t) — y(t)|=. (10.21)

If KLiLy < 1 then O is a contraction. Then from fixed point theorem we
know that there is an almost periodic solution of system (10.12). A solution
x(t) = x(t, xp) with x(to, o) = @ of system (10.12) can be given by

x(t) = U(t,t9)xo —i—/t U(t, s)u(s, x(s))ds

+ Y Wt m)ek(a(m). (10.22)

to<T <t

Then for any two solutions of system (10.12) z(t) = x(t,xo) and y(t) =
y(t,y,) we have
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l2(t) -yl < IIW(t; to)[lllzo — yoll
+ [ 179 s 2(6) — uls.y(5) s
o
+ > I ) lllex(@(m) = enly(m)]

to<TR <t
t
< KeP0t0) gy gl + / KePE9)L, a(s) — y(s)|ds
to

+ Y KU Ly [la(n) — y(n) | (10.23)

to<Tr<t

from which and using the transformation u(t) £ ||z(t) — y(t)|e~?* we have

u(t) < Ku(to) + /to @u(s)ds + Z @u(ﬂg) (10.24)

v v(s) to<TE<t "

which has the same form as (1.43). Then it follows from Lemma 1.7.1 we
have

u(t) < Kulto) [ (14 KLyefht=t); (10.25)

to<Ti<t

namely,

lz(t) —y()l| < Kll@(to) —y(to)ll [ (1 +KLy)elHEEDE0)

to<m, <t
= Ka(to) — y(to)]| (1 + K Ly) Mo DKL),
(10.26)
Let us assume that DN(tp, t) = w(to,t)(t — to) then we have
() =y ()] < Klx(to) — y(to)||
In(1+ KL
X exp ﬂ—FKLl—FM (t—to)
W(to,t)
(10.27)

from which we know that if 8+ K L, + 24-EL)

(10.12) are asymptotically stable. Therefore its almost periodic solution is
unique and asymptotically stable. This finishes the proof of the following
theorem.

< 0 then solutions of system

Theorem 10.2.2. Assume that

1 KLy (4 + ) < pi
2. KL1Ls < 1;
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3. B+KLi+20EELY 0 for big enough t—to, where N(to,t) = w(to, t)(t—

w(to,t)
to).
Then system (10.12) has a unique almost periodic solution which is asymp-
totically stable. X

10.3 T-Periodic Linear System with Almost Periodic
Control

In this section we study T-periodic linear systems that controlled by almost
periodic control signals.

10.3.1 First-Order Case

Let us consider the following first-order impulsive control system with im-
pulses at fixed time:

= px +u(t), t # %,
{szck, t=1,, kKEZ (10.28)

where p € C, u(t) and {c} are almost periodic and there is an integer ¢ such
that 744, = 7, + T for k € Z. Then we have the following Theorem.

Theorem 10.3.1. If system (10.28) has a bounded solution, then this solu-
tion is almost periodic. X

Proof. A solution z(t) = x(t,2p) with 2(0,x9) = 0 of system (10.28) is given
by

t
z(t) = et J:o+/ e Mu(s)ds + Z e e |, t>0,
0

0< <t

t
z(t) = e | o +/ e Mu(s)ds — Z e Hre, |, t<0. (10.29)
0

t<7,<0

We then study the following three cases.
1. Re > 0. In this case we know that

lim |e"!| = oo.

t—o0

Therefore, in order to have a bounded solution, the initial condition
should be chosen as
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o = —/ e *u(s)ds — Z e Hhey, (10.30)
0

TkZO

which is converge. Let us substitute g into the first equation in (10.29)
and get

z(t) = —/ e“(t_s)u(s)ds — Z eHt=Tr) ) (10.31)

t Tk Zt

It follows from Lemma 10.2.1 that there is such an almost e-period r =
r(e) that

lx(t+7r) —z(t)] < /too e“(tfs)\u(s +7) —u(s)|ds

+ T ey, -

TR >t
< L(e)e (10.32)
where L(e) is bounded. Therefore, we have proved that x(t) is an almost

periodic solution.
2. Re p < 0. In this case we know that

lim |e"!| = oo.
t——o0

Therefore, in order to have a bounded solution, the initial condition
should be chosen as

0
Zo :/ e Mu(s)ds + Z e HTrcy,. (10.33)

T <0

which is converge. Let us substitute x¢ into the second equation in (10.29)
and get

t
x(t) :/ e“(t_s)u(s)ds + Z M t=Tr) ) (10.34)

- TR<t
It follows from Lemma 10.2.1 that there is such an almost e-period r =
r(€) that

lx(t+7r) —z(t)] < / e“(t_s)\u(s—i—r) —u(s)|ds

— 00

t—
—|—E et gy, — eyl
TR <t

< Li(e)e (10.35)

where L1 (e) is bounded. Therefore, we have proved that z(t) is an almost
periodic solution.
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3. Re u = 0. Let us denote y = iw. Let us first study the case when ¢ > 0.
From the first equation of (10.29) we know that a bounded solution is
given by

t
z(t) = e ™ [ 2 +/ e sy (s)ds + Z e~ Wk, (10.36)
0 0< <t

from which we know that the sum

t
$(t)é/ e Wu(s)ds + Y e, (10.37)

0 0<ti<t

is bounded. It is also clear that e~*%u(s) and {e~*¢;} are almost peri-
odic. It follows from Lemma 10.2.2 that $(¢) is almost periodic. Therefore,
any a solution of system (10.28) is almost periodic.

10.3.2 Multi-Dimensional Cases

Let us consider the following impulsive control system with impulses at fixed
time:

z=At)x +u(t), t # T,
{Am:Bkm+ck, t=71,, KEZ (10.38)

where A : C[Ry, R"*™] is T-periodic, By, € R**™ is a constant matrix, w(t)
and ¢y, are almost periodic and there is an integer g such that 7,4, = 7 +T
for k € Z. We need the following reference system:

z=At)x, t # 7%,
{A:c =Brx,t=1, k€. (10.39)

Let M be a monodromy matrix of system (10.39) and let
A=Lmm (10.40)
=7 )

then we have the following Theorems.

Theorem 10.3.2. Assume that A has no eigenvalues on the imaginary axis
of the s-plane, then the impulsive control system (10.38) has

1. a unique almost periodic solution ;
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2. a unique almost periodic solution that is asymptotically stable if all eigen-
values of A are in the left-half s-plane.

X

Proof. Let us first prove conclusion 1. Without loss of generality, let us as-
sume that A = diag(R, L) where R € R™*™ and L € R"—")*(»=m) gych
that all eigenvalues of L and R are in the left-hand side and the right-hand
side of the s-plane, respectively. Let 7(t) be an n x n matrix defined as

o (Gl et sy
then we have the following properties:
TOH-707)=1 (10.42)
and for ¢ # 0 we have
%Et) = AT (). (10.43)
Given a,b > 0, then we have
17(8)]| < ae™"I. (10.44)

Let us apply a coordinate transform x = X (t)e~ 4ty £ O(t)y to system

(10.38) then we have

yZAy+U(t), t:Tkv (10 45)
Ay =0~ Yr)BO(m )y + O (i )ew, t =1, k€L ’

where v(t) = ©71(t)u(t) and denote Vj as

Vi 2071 )ex (10.46)
we then have the following claim:
Claim 10.8.2:
() 2 / Pt sys)ds+ S Tt —m)Vi (10.47)

k=—o0

is a solution of (10.45).
To prove that Claim 10.3.2 is true, we first show that y,(¢) is bounded.
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Aol S/_OO 17t = s)lllw(s)llds + D 17 =)l Vil

k=—o00

o0
< a sup ||1J(t)||/ e blt=slgs
t=—00 — 00

o0
oo —bjt—7]
+a max |[Vi| d e k < (10.44)
k=—oc0
t _ oo
<a sip o) Sgn(Ts)e—blt—s\
t=—c0 s=—o00

o0
+a max |Vl Z e blkl=
k=—oc0

k=—o0
< 22 ) (% o)) + o Vil
max _— S v max
“ b 1 — e b= t:LiI;O k=—o00 k

< o0 (10.48)

w = %161%1(77@“ — Tk). (10.49)

Then it follows (10.42) and (10.43) that

t

= [T(0) =T(07)]u(t) + / AT (t — s)v(s)ds

/ AT (t — s)v(s)ds + A Z T(t — ) Vi
k=—o00
=/1y1() o(t), t#m
Ayl—ZTTk—T V—ZTTk—Tl

i1=—00 i1=—00

= Vka s t = Tka (10.50)

which shows that y; is a solution of system (10.45) and Claim 10.3.2 is true.
For an € > 0, it follows Lemma 10.2.1 that there is such an e-almost period

r that
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ntn) w0 = [ Tt st S Tk -mv

- 1=—00

—/m Pt —sho(s)ds — 3 Tt —m)Vi

— 00

= /_OO T(t — s)[v(s + p) — v(s)]ds
n i Tt —73) (Vi — Vi) (10.51)

and

it +0) - w0l < [ " ae (s + 1) — v(s)ds

+ > ae TV, — Vil < K(e)e

1=—00

(10.52)

where K (¢) is bounded. This proves that y,(t) is almost periodic. Let us
suppose that y,(t) is an almost periodic solution, which is different from
Y, (t), of system (10.45). Then y,(t) — y,(¢) is an almost periodic solution of
the following system:

iy = Ay. (10.53)

Since A has no eigenvalues on the imaginary axis of the s-plane , system
(10.53) has no non-trivial almost periodic solutions. This leads to a con-
tradiction. Therefore, y, () is the unique almost periodic solution of system
(10.45). The system (10.38) has the following unique almost periodic solution:

/ O)T(t — 5)O~ (s)u(s)ds

+ Z OWT(t — )0 (e (10.54)

i=—00

We then prove conclusion 2. Since the difference between two solutions
of system (10.45) is a solution of (10.53), we know that if all eigenvalues of
A are in the left half s-plane then every solution of (10.45) asymptotically
approaches the unique almost periodic solution. Therefore, the unique almost
periodic solution of system (10.45) is asymptotically stable. Furthermore,
we know that the unique almost periodic solution of system (10.38) is also
asymptotically stable. |

Theorem 10.3.3. If system (10.38) has a bounded solution, then this solu-
tion is almost periodic. X
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Proof. Let us first consider a bounded solution of system (10.45). We can
always use a transformation to make system (10.45) into the following form:

U1 = My1 + biaya + - - + binyn +vi(t)
Y2 = XYz + bazys + - - - + banyn + va2(t)

yn—l - An—lyn—l + bn—l,nyn + Un—l(t)
Un = AnYn +vn(t), t# 7k,
Ay = Vi1,

Ayp = Vi, t=mn keT. (10.55)

We then solve (10.55) from bottom to up and it follows from Theorem 10.3.1

that the bounded solution of system (10.45) is almost periodic. It follows that

the bounded solution of system (10.38) is also almost periodic. u
Let us study the following almost-periodic impulsive control system:

{j; = A(t)z +u(t, x), t # 7, (10.56)

Ax = Bz +ci(x), t=1, kEZ

where A : C[Ry, R"*"] is T-periodic, By, € R"*" is a constant matrix, u(¢, )
is almost periodic in ¢ and ¢ () is almost periodic in & uniformly with respect
to «. There is an integer g such that 74, =7 + 7T for k € Z.

Let = be the space of all almost periodic functions with discontinuities
at the points {71 }. For any f(¢) € = we define its norm on = as

I£t)l= £ sup IFOI- (10.57)

Let {2 C = such that for any z(¢) € £2 we have ||z(t)|z < p. For z(t) € £
we define an operator O as follows:

/ O (t — s)O  (s)u(s, x(s))ds

+ Z O (t — )0~ (1) ex (x (1)) (10.58)

TEe<t

Let us assume that ||z(t)]|z < p. Since x(t) is almost periodic, it follows
from Lemma 10.2.6 that the sequence {z(7;)} is almost periodic. Therefore
the sequence {ci(x (7))} is almost periodic. It follows from Lemma 10.2.7
that the function w(¢, z(t)) is almost periodic. It follows from Lemmas 10.2.1
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and 10.2.3 that if x(t) € §2, then there is a relatively dense set R of e-almost
periods of x(¢) such that, for r € R, t € R, [t — 7| > € and k € Z we have

10z (t + 7)) — O(z(1))|

< / 16t + 1Tt — )01 (5 + ryuls + (s + 1))

— 00

—O)T(t — 5)O~ " (s)u(s, z(s))||ds
+ Z Ot +r) (t +r— Tk‘+g)6_1(Tk+g)ck+g(w(7—k+g))

—OM)Y(t — 7)0 " (1) ek (1)) |
)e

< L(e (10.59)

where L3(e) is bounded with respect to e. Therefore O(x(t)) € Z. Further-
more, given ||z(t)||z < p and ¢ € (7, Tk+1] we have

10z ())ll= _/ lem(t—s)e~'(s IIsup flus, 2(s))ds
+Y_lemr —m)e- (Tk)llsup\ICk(m(Tk))ll

Te<t
/ KeU=9) Lods + Y " KeP"™ L,
TR <t
1
(e z o)
5 T <t
1 k—1
=KLy 3 + P ZeXP 52 Tjy1 — Tj)
T <t Jj=t
1 k—1 )
<KL2< 3+ Pt Z eﬁf(k—l—“) < (10.6)
1 eﬁ(t Tk)
=KL —
2( 8 1—eﬁ€>
1

If KLQ( 3+ ﬁg) < p then we have O(2) C 2. Let us define Ly £

_1 1
Ié] + 1—ePE "

Given any two functions x,y € {2 we have
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[0(=(t)) — O(y(1))ll=
t
< SUP/ lONOT(t = )07 (s) ||l uls, 2(s)) — uls, y(s))|ds

teR
+ 10Tt — )0 (1) |l ex (2 (7)) — en(y(m)l
S KL1L4||£B(t) - y(t)”E (1061)

If KLiLy < 1 then O is a contraction. Then from fixed point theorem we
know that there is a almost periodic solution of system (10.56). A solution
x(t) = x(t, xo) with x(to, zo) = o of system (10.56) can be given by

x(t) = O)T(t — t0)O(to)xo + / O (t — )0 Y (s)u(s, z(s))ds

+ Y OMT(t—m)O (m)er(®(m)). (10.62)

to<T<t

Then for any two solutions of system (10.56) x(t) = x(t,xo) and y(t) =
y(t,y,) we have

l(t) —y (@) < Ot ) (t — t0)0 (o) ll|z0 — yoll
IIQ() L(t— )0~ (s)ll[uls, x(s)) — u(s, y(s))|ds

+ Z IO (t — )0~ () lller(@(m) — cx(y(m)l

to<T <t

t
< KXy — gy + [ KeIL a(s) - y(s)]ds
to

+ Y KU Ly[la(n) — y(n) (10.63)

to<Tr<t

from which and using the transformation u(t) £ ||z(t) — y(t)|[e?* we have

t
u(t) < Ku(to)+ | KLiu(s)ds+ Z KLiu(rg) (10.64)
c fo v(s) toSTR<t by,

which has the same form as (1.43). Then it follows from Lemma 1.7.1 that

u(t) < Kul(to) [ (14 KLy)efhrt=to) (10.65)
to<TR<t
namely,
lz(t) = y(@)]| < K|@(to) —y(to)l| [[ (1+KLyelHHEDEw0)
to<Ti<t

= Kll@(to) = y(to) [(1+ KLy Km(e-to)
(10.66)



306 10. Impulsive Control of Almost Periodic Motions

Let us assume that M(tg,t) = w(to,t)(t — to) then we have

lo(t) —y (@) < Kll(to) — y(to)l|
SN R TLE. 253 P
(10.67)

from which we know that if 3+ KL+ %

(10.56) are asymptotically stable. Therefore its almost periodic solution is
unique and asymptotically stable. This finishes the proof of the following
theorem.

< 0 then solutions of system

Theorem 10.3.4. Assume that

1. A has no eigenvalues on the imaginary azis of the s-plane;
2. The following Lipschitz condition holds uniformly with respect tot € R
and k € Z:

£t z1) — F(t,@2)|| + |lce(m1) — ci(x2)]| < K@y — @2]|. (10.68)

Then for a sufficiently small K the impulsive control system (10.56) has

1. a unique almost periodic solution ;
2. a unique almost periodic solution that is asymptotically stable if all eigen-
values of A are in the left half s-plane.

X

Note 10.3.1. The main results of this chapter are adopted from [3, 27]. Many
proofs of theorems had been rewritten to either avoid typos or provide more
detailed proofs. If A(t) € PC[(7k, Tk+1], R"*"], k € Z, all results in this chap-
ter still hold. ¢



11. Applications to Nanoelectronics

In this chapter we study applications of impulsive control theory to nano-
electronics. First, we present models of impulsive electronic devices that are
ideal models of nanoelectronic devices. Then, we study some examples of na-
noelectronic circuits consisting of driven single-electron tunneling junctions
(SETJ) and other nanoelectronic devices.

11.1 Models of Impulsive Electronic Devices

In conventional electronics, there are four basic variables: voltage v, current
i, charge ¢ and flux ¢. There are four kinds of basic electronic devices to
model the relations between them][6].

1. A resistor is defined by the relationship between current 4, voltage v and

time ¢ as
fr(v,i,t) =0;
2. An inductor is defined by the relationship between flux ¢, currenti and
time ¢ as
fL(¢7 ia t) = 07

3. A capacitor is defined by the relationship between charge ¢, voltage v
and time ¢ as

fC(Q7U7t) = 0;
4. A memristor is defined by the relationship between charge ¢, flux ¢ and
time ¢ as
fM(Qad):t) =0.

So far, there is no systematic research on developing a general framework to
handle nanoelectronic devices that containing impulse effects such as electron
tunneling. In this section, some ideal models of different kinds of nanoelec-
tronic devices with tunneling effects are present.

Let us introduce the following set of nanoelectronic devices with impulse
effects (impulsive devices for short). Since only the charge ¢ and the flux ¢ can
be results of some integral curves, the impulsive effects can only happen to ¢
and ¢. In contrast of four elementary device models in classical circuit theory,

T. Yang: Impulsive Control Theory, LNCIS 272, pp. 3073333, 2001.
O Springer-Verlag Berlin Heidelberg 2001
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there are only three kinds of elementary impulsive devices in impulsive circuit
theory.

Definition 11.1.1. Given charge q, flux ¢, time t and moments of tunneling
events, then

1. An impulsive inductor is defined by

fr(o,i,t) =0, t # 7,
{A¢:¢ka t = Tk; (11.1)

2. An impulsive capacitor is defined by

fC(q7i7t) = 07 t # Tk7
{Aq:%, t=Tk; (11.2)

3. An impulsive memristor is defined by

fM(Q7¢7t) :07t7é7—k7
Ag = qi
A=y |’

A (11.3)

X
There are two kinds of impulsive independent sources as defined below.

Definition 11.1.2.

1. An impulsive current source is given by q6(m.) such that a charge q is
applied impulsively at moment 7, to any electronic device to which this
impulsive current source is connected in series.

2. An impulsive voltage source is given by ¢6(m,) such that a fluz ¢ is applies
impulsively at moment 7, to any electronic device to which this impulsive
current source is connected in parallel.

X
The symbols for impulsive current source and impulsive voltage source
are shown in Table 11.1.
We then define four kinds of impulsive dependent sources; namely, impul-
sive controlled voltage and current sources.

Definition 11.1.3. Let v =v(t),t € Ry be a voltage and i =i(t),t € Ry be
a current, then

1. an impulsive voltage-controlled current source(IVCCS) is given by q(v)6(%)
such that a charge q(v) is applied impulsively at moment 7, to any elec-
tronic device to which this IVCCS is connected in series.

2. an impulsive current-controlled current source(ICCCS) is given by q(i)6(m)
such that a charge q(i) is applied impulsively at moment 7, to any elec-
tronic device to which this ICCCS is connected in series.
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Table 11.1. Symbols of impulsive independent sources.

Type of sources | symbols | characterization
|
i
— >
+
v (o
impulsive current source | e—— | Aq(m) = ¢
i
+
+
\ T)9edty
impulsive voltage source | o— Ap(ri) = ¢

3. an impulsive current-controlled voltage source(ICCVS) is given by ¢(i)6(m)
such that a flux ¢(i) is applied impulsively at moment 7, to any electronic
device to which this ICCVS is connected in parallel.

4. an impulsive voltage-controlled voltage source(IVCVS) is given by ¢(v)6 ()
such that a fluz p(v) is applied impulsively at moment 7, to any electronic
device to which this IVCVS is connected in parallel.

X
Table 11.2 shows the symbols for four elementary impulsive controlled
sources.

Remark 11.1.1. In fact, to model impulsive electronic circuits , it is enough to
add two impulsive independent sources and four impulsive dependent sources
into classical electronic circuits. This is because an impulsive inductor can
be modeled by a classical inductor connected in parallel with an impulsive
voltage source, an impulsive capacitor can be modeled by a classical capac-
itor connected in series with an impulsive current source, and an impulsive
memristor can be modeled by a classical memristor connected in series with
with an impulsive current source and in parallel with an impulsive voltage
source. However, in many cases, it may be convenient to keep the models of
these three kinds of elementary impulsive electronic devices because they can
keep the physical integration of electronic devices. ¢

Ezample 11.1.1. We then present an example of a kind of impulsive capacitor
called single electron tunneling junction(SETJ) where an electron can tunnel
through the barrier in a time period of the order of 10~°s and causes the
voltage of the junction capacitor a jump in the order of 1073V. Since the
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Table 11.2. Symbols of impulsive controlled sources.

Type of sources | symbols

| characterization

v & qv)dy

IVCCS — | Aq(mi) = q(v")
i
v ey qiin)a(t)
ICCCS e Aq(mk) = q(i")
i
Vo {Daina)
ICCVS - Ag(1i) = ¢(i")
IVCVS Ag(1i) = p(v")

junction capacitor voltage is a state variable of the SETJ model, it is practical
to model SETJ using impulsive differential equations. Since SETJ had been
used in many nanoelectronic circuit models, the impulsive control theory
becomes a very important tool for designing and programming nanodevices
which will be the building block for the next generation of computers.

The symbol of a SETJ is shown in Fig. 11.1(a). Observe that a SETJ is
modeled by one explicit parameter; namely, the junction capacitance C. The
charge, ¢, in the junction capacitor is the essential variable of the SETJ. If
we choose the charge ¢ as the state variable, then the SETJ is modeled by

the following impulsive differential equation:
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d
— =i )] < Vi,
_ —-€, U(Tk) > VT7
Aq(Tk) = { e, Uc(Tk) < _VT (114)
where e is the electron charge and
e
Vr = BYel

is the quantum-mechanical tunneling voltage.
If we choose the junction voltage v as the state variable, then the SETJ
is modeled by the following impulsive differential equation:

do(t) 1. .
pralell if |v(t)| < Vo,
Av(r) £ v(r) = v(mk)

- =2V, U(Tk) > Vr,
o { QVT, U(Tk) S —VT. (115)

It is easy to see that the SETJ is equivalent to the impulsive electronic
circuit shown in Fig. 11.1(b) where the junction capacitance of the SETJ
is assigned to a linear capacitor and the tunneling effects of the SETJ is
modeled by an IVCCS.

| |
—
+ +

v cE9q . oV (1)3(1)

o | P e
(a) (b)

Fig. 11.1. (a) The symbol of the SETJ. (b) The equivalent impulsive electronic
circuit of the SETJ.

*

11.2 Driven SETJ Electronic Circuit

The block diagram of an isolated SETJ circuit biased by a DC voltage source
Vp and driven by a sinusoidal pump v,(t) is shown in Fig. 11.2. In this section
we call this impulsive electronic circuit as a driven SETJ electronic circuit.
This impulsive electronic circuit has been investigated for implementing logic
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operations via “tunnel phase logic” (TPL) in [23, 18, 12, 47, 45]. This TPL
operation has many potential applications in digital technology[23, 18, 12]. In
a TPL operation, the phase of periodic solutions are used to encode digital
operations, therefore, the periodic solutions of driven SETJ circuits are of
great interest.

+
cl %

@ \J;p(t) :Vpcosmpt

Fig. 11.2. A driven single-electron tunneling junction circuit.

The driven SETJ circuit in Fig. 11.2 can be modeled by a nonautonomous
impulsive differential equation. Let us choose the state variable as the voltage,
ve, across the SETJ. The sinusoidal voltage source (pump) is defined by

vp(t) =V, cos(wpt).
The DC voltage source V} is in series with a resistor R.

Remark 11.2.1. Observe that in a driven SETJ circuit, the plant itself is
impulsive and we can use the AC pump signal and the DC bias as continuous
control inputs. Therefore, the problem of control a driven SETJ circuit to a
T-periodic solution is a type-III impulsive control problem . ¢

11.2.1 Circuit Model and its Dimensionless Form

The dynamics of the SETJ circuit in Fig. 11.2 is governed by the following
nonautonomous impulsive differential equation:

dve (t) _ 1

C5 = 25 —volt) = Vycos(wyt), if fuc(t)] < Vi,

A’Uc(ti) = Uc(t;_) - 'UC(ti)

(11.6)
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where {t1,t2,- - ,t;,- - } are moments when ve(t;) = £Vr. Here vo(t) is the
junction voltage, and
—
T~ ac

By simple algebra we can normalize (11.6) into the following dimensionless
form:

—:’}/<a—bCOST—Q>, if |6(¢)] <,
T

A0(r;) £ 0(r;7) — 0(3)

[ =27, 0(1) >,

_{ SR (11.7)
where

W I _ 27Cve _ o
a_VT7 b_VT’ b= e 7=t V_Rpr'
Without loss of generality (11.7) can be simplified as:
Z—izw(a—bcom——g), if 6(t) <,
Af(r;) = —2m, ifO(r) =m,
[0(0)| < (11.8)

where
{r:} 2 {r;| 0(1;) = m}. (11.9)

For convenience, we use ¢ to denote the normalized time 7 in (11.8) and
rewrite (11.8) into the following more compact form of nonautonomous im-
pulsive differential equations:

do ¥
E——;H—l—v(a—bcost), t# 7,
Ab(r;) = =27, t=m,
10(0)] < . (11.10)
where {11, 72, -+ ,7;,- - } are moments when 6(¢) = 7.

11.2.2 T-periodic Solutions

In this section we give the conditions under which a driven SETJ circuit
has T-periodic solutions, where T is a positive real number. Since the pump
source bcos(t) is 2m-periodic and the tunneling events for a T-periodic solu-
tion should also be T-periodic, we have
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T=2nm, Titp=1;+T, (11.11)

where n and p are positive integers. The following theorem gives the analytical
form of the T-periodic solutions of the driven SETJ circuit.

Theorem 11.2.1. There exists a T = 2nw (n is some positive integer) such
that the dimensionless SETJ equation (11.10) has n distinct T -periodic solu-
tions given by

1 T
0*(t) = e~ =t —— l/ 7T~ (a — beos(T + 2qm))d
1—e" 7 0
p
- ZQﬂe_l(T_Tl)]
=1
+/ e 7Ty (a — beos(T + 2qm))dr — Z ome = (=T
0 o< <t
¢g=0,1,--,n—1. (11.12)
where Tip =T; + T X

Proof. Let the initial condition be 6(0,6y) = 6. Any solution 6(t,6y) of
(11.10) is given by

t
0(t,0) = e =0 +/ == (a — beosT)dT

— > 2mem =07 (11.13)

o< <t

Since v(a — beosT) is a 2m-periodic function, a 27 phase shift will result in
a new solution sharing the same initial condition 6. Thus, (11.13) can be
rewritten as

t
0(t,0) = e =0y + / e~y (a — beos(T + 2qm))dT
0

> 2mem T g=0,1,2,--. (11.14)
o< <t

For T-periodic solutions that has 6y as its initial state, we have the following
condition:

T
(1—e=T)hy = / e =T y(a — beos(t + 2qm))dr
0

p
—227re_%(T_”)7 ¢=0,1,2,--- ,n—1. (11.15)
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Since (1 —e~=T) #0, it follows that

1 T
0o = ———== l/ e *T=Ty(a — beos(r + 2qm))dr
l—e" = 0
p
_ZQWe‘Z(T_”)] ., ¢=0,1,2,--- n—1. (11.16)
i=1

Substituting (11.16) into (11.13) we obtain the following n distinct T-periodic
solutions:

y 1 T _4
0*(t) = e*?ti_lT l/ e~ T~ (a — beos(T + 2qm))dr
0

t
ZQT(@ =(T=m) +/ e~ (= (a — beos(T + 2¢m))dr

0
Z 2me~ =) =0,1,2,---,n— 1. (11.17)
o< <t

Remark 11.2.2. Observe that Theorem 11.2.1 asserts that the SETJ circuit
in Fig. 11.2 has at least one T-periodic solution. So far, a T' = 4nm solution
has been found in [23]. This theorem shows that for the same periodic orbit
(limit cycle) associated with a driven SETJ, the phases of the tunneling
events (i.e., the moments of impulse effects) can be shifted by 27 without
changing the initial condition which gives rise to a T-periodic solution. It
also shows that a driven SETJ can have n distinct 2nm-periodic solutions.
Thus, we immediately have the following corollary. ¢

Corollary 11.2.1. If the SETJ equation (11.10) has a 2nm-periodic solu-
tion, then there are (n— 1) additional distinct 2nm-periodic solutions with 27
phase shifts between consecutive solution pairs. X

Remark 11.2.3. The existence of n distinct 2nm-periodic solutions in a driven
SETJ circuit can be used to build robust digital memories as suggested in [23].
This is because the different phase shifts can be used to represent different
memory states. For example, to build a binary digital memory, we must
choose SETJs that have 4m-periodic solutions. The coexistence of two 4m-
periodic solutions has been reported in [23]. ¢

11.3 Return Maps of Driven SETJ Circuits

Since the driven SETJ circuit in (11.10) is driven by a periodic signal, it
is convenient to construct return maps based on the period of the pump
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signal. The pth-time return map can be defined by II, : 0,, — 0,,4p, where
0, = 0(2nm). In [23], the authors presented some numerical results on Il,.
In this section, we will present both theoretical and numerical results on 11,
p=1,2,---. In this section, we will use extensively the following formula:

1
/e‘” cos(bx)dzr = m@‘” [acos(bx) + bsin(bx)] + ¢ (11.18)

where c is a constant.

To study the return map II; : ,, — 6,1, we can choose 8,, € [—m,7) as
initial conditions at ¢ = 0 and calculate 6,1 at time ¢t = 27. Using (11.13)
with initial condition 6y = 6,,, II; is given by the solution of the following
two equations:

27
Ops1 = e~ =M, —l—/ 67%(2”77)7@ —bcosT)dr
0

— Z 2me” = (27T

0<r; <271
27 5
=e 20, +ar —are” ) — b’ye_%/ e~" cosTdT
0

_ Z 2776_%(277_71'(971))

0<7;(0n)<2m
by2m
— e 279 1—e 2 _
e hn+(1—e )(aﬂ 7r2+72>
_ Z 2776—%(277—71'(971))’
0<7;(0n)<2m
0(7:(0n),0,) =7, 7:(0n) € (0,27). (11.19)

Observe that the only uncertainty comes from impulsive events. Let us con-
sider first the case when there is no impulsive event for a given 6,,:

¢
0(t,0,) =e ='0, +/ e~ 7" Ty(a — beosT)dr
0
—e 70, +ar(l—e )
bryn? |
_’YQTWQ (sin(t) + %cos(t) - %6_?t)
<m, foragiven §, € [-m,m) and t € (0,27].  (11.20)

By combining the results in (11.19) and (11.20) we can derive a closed
form expression for I1; when there is no impulsive event as follows:
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by2m
=2 —2
0n+1—€ 79n+(1—6 ﬂ/) (aﬂ'—m>7

0(t,0,) = e =0, +an(l —e =)
bym? v
—727_:772 (sin(t) + %cos(t) - %e_?t)
<, foragivend, € [-m,m)and t € (0,27]. (11.21)

This result shows that if there is no impulsive event in a driven SETJ circuit,
then II; is a straight line with a slope e~ and a shift given by

2
a2 (1l-e?) (aw - M)

7-‘-2_|_,-YZ

along the 0, 1-axis. Observe that the slope e=?7 < 1 is always satisfied
because of physical settings. Hence, if @ € [—7, ), we can guarantee that the
2m-periodic solutions are asymptotically stable.

Let us consider next the situation when there is an impulsive event within
any 27 time period. The interest is to find the initial condition 6* for a 27-
periodic solution which has only one impulsive event within each period. In
this case, 0, = 0,11 = 6* should hold and if 71 € (0,27] is the moment of
the impulsive event, we can write

by2m
7-‘-2 + ,-Y2

0" = e 270" + (aw - ) (1—e27) —2me =77 (11.22)
In this equation, there are two unknown parameters 6* and ;. We need to
construct one more equation in order to find both unknown parameters. One
condition we know is that (75, 6*) = m which leads to the following equation:

T=e 70 +an(l—e 7))
bym?

i (sin(Tl*) + %COS(TI*) - %e—%ff) . (11.23)

Since 1 — e~27 # 0 is guaranteed by physical settings, from (11.22) we have

. 1 by2m 9 _ X (mer)
7= e | (v ) () e
by?m ome~ = (27—71)
=am— 5 R B S (11.24)

Substituting (11.24) into (11.23) we have

v b727r 2re—x(27—1)
e 2492 1—e 2

) +ar(l—e =71)

byn?

_72 + 2

. * Y * — X
(sm(T1 )+ - cos(7]) — e 1) . (11.25)
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The solutions of this equation gives 77". We can solve this equation by nu-
merical methods. The reasonable solution of 77 should be in interval (0, 27].
If there is no solution in interval (0,27], then it means that there is not
2m-periodic solution with this set of parameters.

As for other initial condition 8,, # 6*, the moment of the impulsive event
satisfies 7 # 7. The return map is then given by the solution of the following
equations:

by2m
=2 —2
9n+1 = e 79n+(1—8 ’Y) (Clﬂ'-m)

—271'6_% (277_7'1 (971))

0(11(0,),0,) = e~ 7700, 4 am(1 — em = 0n))

b’}’ﬂ'2 . ° Y 2 (en)
R (sm(ﬁ(ﬂn)) + — cos(r1(0n)) — e )
=7, T71(0n) € (0,2m). (11.26)

Remark 11.3.1. Using the same method presented in this section we can de-
rive many other return maps. Observe that whenever an impulsive event
occurs in a return map, there will be an exponential effect on the straight
line segments in the return map. I, is the solution of the following equations:

2pm
Ongp = e~ (2P 4+ / e_%(zp”_f)v(a —bcosT)dr
0

— Y amerF@m)

0<T; <2pm
2pm
— o—2p7 —2py —2py 2T
=e 0, +am —are — be e’ cos TdT
0

— Y ope FEnon)
0<7i(0n)<2pm

2
= e 270, + (1 — e 2P7) (aﬁ _ b >

_ Z Qﬂe—%(%ﬂ'—ﬂwn))’
0<7i(0,)<2pm
0(1:(0,),0n) =7, 7:(0,) € (0,2pm). (11.27)

The behaviors and theoretical analysis of two-coupled driven SETJ cir-
cuits can be found in [44]. ¢
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11.4 T-Periodic Solutions of a Second-order SETJ
Circuit

Let us study the existence of T-periodic solutions of the second-order SETJ
circuit shown in Fig. 11.3. In this circuit (' is a linear capacitor, Cs represents
the junction capacitance of the SETJ. The state variables are v; and v that

are voltages across C'; and Cy, respectively.

+ +

Ci(t) A'A c

E=OROROTE

2aC, -B2C,V,

Fig. 11.3. The circuit block diagram of a second-order SETJ circuit.

Let {mx(v2)}, k € N, be the set of time moments when tunneling events
happen in the SETJ. When ¢ # 74,(v2) we have

d’l)l

T Crva,
d’l)g 2 .
QE = —[“Cav1 — 2aC3v9 + Cai(t). (11.28)

Let ¢1(t) and ga2(t) be the charges in C; and Cy, respectively, when ¢t = 73, (v2)
we have
Aq1 =0, = Av; =0,

—e, if Uz(Tk) > VT
Ago = ’ J
% {e if ’L/Q(Tk) < -V, =

A

Avy = e/Ch = ¢ 2 {_WT’ if vo(me) = Vi, (11.29)

>
QVT if UQ(Tk) < - T,

where e is the electron charge and

The state equation of this circuit is then given by
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QZMQ+@ t# 7i(v2)

) A v u(t)
ALY = (9, ¢ = r(o0) (11.30)
= (). . .
——
ck

The eigenvalue A; o of A are the roots of
M 4200+ 6% =0. (11.31)
Let &(t) = e, which satisfies
() = AD(t), (11.32)

be the normalized fundamental matrix of system (11.30) at ¢t = 0, then we
have
1. If a® — 3% > 0, then \; 2 are distinct and real and

1 )\16/\2t _ )\26>\1t 6/\1t _ e>\2t ]
Q(t) )\1 )\2 (_)\1)\2(6/\1t _ e}\Qt) )\16/\1t _ )\26)\2t 9 (11'33)

2. If o — 32 =0, then \; 2 = —« and

(A +at)emt  temt )
P(t) = ( —a%te—at (1 —at)e-at) (11.34)

3. If w? £ 32 —a? >0, then A2 = —a*iw and

B(t) =

1 <e‘0‘t [w cos(wt) + asin(wt)] e~ sin(wt) )

w\ —(W?+a?)esin(wt) e wcos(wt) — asin(wt)] )"
(11.35)

Let us denote the initial voltage of capacitor C; and that of the SETJ
junction capacitor Cy as v(tJ) = vo £ (v1(0),v2(0))", then for ¢t > 75 the

solutions of system (11.30) are given by

v(t) = P(t — 10)vo + /t &(t — s)u(s)ds

70

+ Y B(t—T)e (11.36)

To<Tr<t

Let us assume that there is a 7' > 0 and a ¢ € N such that

Thto(v2) = Tk (v2), u(t+T) =u(t), chkto=ck, tER, k€ Z (11.37)
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then the system (11.30) is T-periodic. Let us study the existence of T-periodic
solutions of system (11.30). Let v(7;") be the initial condition of a T-periodic
solution, then we have

[[ —&(T)|o(ry) = /TQ D(1, — s)u(s)ds + Z@(TQ — 1) (11.38)
7o k=1

Then we have the following possible situations.

1. If Ay # 2pw/T and Ao # i2qn/T for all p,q € Z, then the multipliers
p12 = er2T of (11.32) are not equal to 1. In this case, system (11.30) has
a unique T-periodic solution whose initial value vg is given by (11.38).

2. A1 # 0 and A2 = 0. In this case, (11.32) has one linearly independent

T-periodic solution
1
o= (1),
Therefore the adjoint equation to (11.32),
U(t) = —A*W(t) (11.39)

also has one linearly independent T-periodic solution

(1) = (—11/)\1) .

Then from (9.68) we have

Te i(s) ° e
S L P N ) (11.40)
[ 5
If the condition in (11.40) holds, it follows from (11.38) that we can find

v(157) £ (vi (1), v2(757)) T by using the following equation

v1(7y) can be arbitrary,

(1 —eMTYuy () = / eM (e~ (5)ds
To
)

+) Mg, (11.41)
k=1

Thus, system (11.30) has a family of T-periodic solutions.
3. A1 = A2 = 0. In this case, (11.32) and the adjoint equation (11.39) each
has, respectively, one linearly independent T-periodic solution

B, (1) = (é) , and ¥ (1) = (?) .
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Then from (9.68) we have

To e
/ i(s)ds + > _cx = 0. (11.42)
7o k=1

If the condition in (11.42) holds, it follows from (11.38) that we can find
v(r) = (v (1), v2(757)) T by using the following equation

v1(7y) can be arbitrary,
To 4
’UQ(TS_)T = / Z(S)Sds + Z TkCk - (1]_43)

0 k=1

Thus, system (11.30) has a family of T-periodic solutions.

4. M2 = %iw £ i2pr/T for some p € Z. In this case, (11.32) and the
adjoint equation (11.39) each has, respectively, two linearly independent
T-periodic solutions

(wt) L sin(wt)
b(t) = (—Zossin(wt) c<S>S(wt) >

and

W(t):( cos(wt) wsin(wt)>.

—Lsin(wt) cos(wt)
Then from (9.68) we have

To e
/ cos(ws)i(s)ds + Z cos(wTg)ex = 0,

0 k=1
To o
/ sin(ws)i(s)ds + Z sin(wTy)er = 0. (11.44)
7o k=1

If the condition in (11.44) holds, then any v(%) = (v1(7y ), va(1s)) "
satisfies (11.38). Therefore, all solutions of system (11.30) are T-periodic.

Ezxample 11.4.1. In this example let us choose parameters as

—2, k is odd,

a=2, =1, T=1, rsmdck:{2 I is even

We have Ao = -2+ V/3 < 0, therefore the T-periodic solutions are stable.
In the simulations shown in Fig. 11.4 we choose the AC pump current source
as
i(t) = 10sin(27t).

From Fig. 11.4(a) we can see that the system approaches a limit cycle asymp-
totically. From Fig. 11.4(b) we can see that the solution, which the system
approaches, is a T-period solution. However, within each period, there are
two tunneling events.

*
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Fig. 11.4. The simulation results of controlling nanoelectronic systems to 7T-
periodic solutions. (a) vi(t) versus v2(¢) plot. (b) Waveforms of i (t)(thin-solid),
v2(t) (thick-solid) and i(¢)(dotted).

11.5 T-Periodic Solutions of a Nanoelectronic Circuit

Consisting of IVCCS

Let us study the existence of T-periodic solutions of the second-order SETJ
circuit shown in Fig. 11.5. In this circuit, there is an impulsive voltage control
current source (IVCCS) connected in series with the SETJ. C is a linear
capacitor and C5 is the junction capacitor of the SETJ. Observe that the
IVCCS is triggered by the tunneling events of the SETJ.
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G,C,V,(ty)

Fig. 11.5. The circuit block diagram of a second-order SETJ circuit with impulsive
voltage control current source controlled by tunneling events of the SETJ. 7.,k € N
are time moments of tunneling events in the SETJ.

Let 7,(v2), k € N be time moments of tunneling events in the SETJ, when
t # 71 (v2) we have

d’Ul

CIE = C1v2,
d’Ug .
CQE = —CyG1v1 — CoG3vg + CQZ(t)7 (11.45)

where G1 > 0, G3 > 0, 7, = kT, k € Z. i(t) is a T-periodic current source
and we assume that G% # 4G.

Let ¢1(t) and ¢2(t) be charges in Cy and Cs, respectively. When ¢t = 73, (v2)
we have

Agq1 =0, = Av; =0,
Aq2 = CQA’UQ
= Qk —‘r/ OQGQUQ(Tk)é(Tk)dt = Qk + CQGQUQ(Tk), =
Avy = Govs + ¢y, (1146)
where
] —e if ’Uz(Tk) > ~T7
Qk o {6, lf UQ(Tk) S — ~T, (1147)
_ _2VTa lf UQ(Tk‘) Z NTa
= {2‘7% if vy () < Vi, (11.48)
and y .
Vp = —.
20,

The state equation of this circuit is given by
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()= (o 6) ()4 (i) 1%
— " =

¢ A v u(?)
v\ _ 00 U1 0 B
A <U2) n (O GQ) <U2> + <Ck)’ t= Tk(v2)v (1149)
H/_/
B o

The companying homogeneous system of (11.49) is given by

Q (& 6) Q t# (o)

) A v
U1 o 00 V1 o
()= (00) (). 1=t 150)
N——
B

Let the A; 2 be the eigenvalues of A, then we have

A2 = 5 (11.51)
and
1 Arerzt — Ngett et _ gAat
At 1 2

e = N (_)\1/\2(6)\115 —eMat) ettt — Nyetet (11.52)

The monodromy matrix for (11.50) is given by
1
M = I B AT =
(I + B)e W
Arer2T — NgeMT eMT _ gxeT
X (_(1 + G2)>\1/\2(€A1T _ €>\2T) (1+ Gg)()\leAlT _ /\26)‘2T)> )

(11.53)

whose eigenvalues are the multipliers, p; 2, given by the roots of the following
equation:

1
A1 — A2
+(1 4 Gp)eM+r2)T — ¢, (11.54)

M2 _ {)\16)\2T o )\26)\1T + (1 + G2) [)\16)\1T o )\26)\2T:| } M

System (11.49) has a non-trivial T-periodic solution if and only if at least
one multiplier is equal to 1, then substitute g in (11.54) by 1, we have

A1 — Ao+ )\26le — )\16>‘2T

1+ G2 - /\1€A1T — /\2€A2T — ()\1 — )\2)€(A1+>‘2)T.

(11.55)

Then we have the following two cases.
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1. (11.55) holds. In this case rank(M — I) = 1 and the system (11.50) has
one linearly independent T-periodic solution. It follows from the first
condition of Theorem 9.1.6 we know that the following adjoint system of
(11.50)

{:i:: —A*x, t =1, (11.56)

Az = —(I+ B*)"'B*z, t = 7,

also has one linear independent T-periodic solution @ (t) whose initial
condition x7(07) £ (21(0),22(0))T is given by

xr(07) = (I + B*) e A T (07)

1
B vy — Vg
Z/leZIQT _ V26V1T 6V1T _ el/zT
X ylyg(eulT—e‘QT) v1e’1T —pger2T wT(0+)7
- 1+Go 1+G2
(11.57)
where
Gs + /G2 — 4G
Vg = 2 3 ! (11.58)
2
are two eigenvalues of —A*.
Assume that (11.57) has the following nonzero solution:
zr(0%) £ (21(0), 22(0)" (11.59)

then we can construct a non-trivial T-periodic solution of (11.56) as

or# (1)
= e e (0)
1

" 21(0)(r1€72t — vge’1t) + x5 (0) (et — ev2t)
—21(0) (1 v2(e"t — €72t)) + 22 (0) (v1€”1t — vae™2t) |7

t e (0,7). (11.60)

Therefore, it follows from condition 2 of Theorem 9.1.6 that system
(11.49) has a T-periodic solution if and only if ¢, and i(t) satisfy (9.68);
namely,

T
/Oxg(t)i(t)dt+ S aa(rf)ex = 0.

o<, <T
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2. (11.55) does not hold. In this case, from Theorem 9.1.5 we know that
(11.49) has a unique T-periodic solution. Furthermore, in view of (11.54),
if the condition

pE s = ( + p2)® = 2pape < 1 (11.61)
namely,
1 2
AT = oMt 4 (1 + Go) [MeMT — Xae™T]}
AL — A2
—2(1 4 Gy)e~M1HA)T g (11.62)

is satisfied, then multipliers of (11.50) satisfy |u1 2| < 1. Thus, system
(11.49) is asymptotically stable.

11.6 T-Periodic Solutions of First-order Nanoelectronic
Circuits

11.6.1 Circuit Consisting of Linear IVCCS

Let us study the existence of T-periodic solutions of the first-order SETJ
circuit shown in Fig. 11.6. In this circuit, there is an impulsive voltage control
current source (IVCCS) connected in series with the a linear capacitor C'.

CG V(1) CG(tvV
Vv f f -cGvar(t)
c

T .

Fig. 11.6. The circuit block diagram of a first-order nanoelectronic circuit with
impulsive voltage control current source controlled by a clock signal 7, k € N.

Let 7, k € N be the clock signal that control the IVCCS, when t # 7, we
have
dv 9
CE = CG(t)v — CG(t)v* /r(t), (11.63)
where r € PC[R, R],

inf r(t) >0,
t€[0,T7]
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and G € PC[R,R] and G(t) > 0 for t > 0.
Let ¢(t) be charge in C. When t = 7, we have

Aq =CAv
_ / CCro(m)8(m)dt = CCro(m), =
Av = Gro(Tk). (11.64)

Let us assume that 1+ G >0, k€ N.
The state equation of this circuit is given by

o= G(t)o(t) — G)* () /r(t), t#m,
Av = Gpo(1), t=1,, keN (11.65)

Let us assume that there are 7' > 0 and ¢ € N such that for t € Ry and
keN

Gt+T)=G), rt+T)=r(t), hto =Tk + T, Giyo = Gi. (11.66)

For the purpose of logic operations, we may need to find conditions under
which the T-periodic solution of circuit (11.65) either positive(logic 1) or
negative(logic 0). Under this condition we assume that v(t) # 0 for all t € Ry .
Let z(t) = 1/v(t) then from (11.65) it follows that

i = —Gt)x(t) + G(t)/r(t), t+# m,
z(r) = Hlex(Tk), t=1,, keN (11.67)

The reference system is given by

&= —G(t){l?(t), t 7é Tk
a(r) = ﬁw(m), t=m, k€N (11.68)

whose Cauchy matrix is given by

W(t,s) = exp (— /:G(T)dr) 11 Hle. (11.69)

s<t<t

Then we have the following solution of system (11.67):

t
x(t) = ¥(t,0)z(0) —l—/ U(t,s)G(s)/r(s)ds (11.70)
0
which is a T-periodic solution if

T
(1= w(t,0)](0) = /O (T, $)G(s)/r(s)ds. (11.71)
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Let us assume that the multiplier p of the reference system satisfy

T o 1
p=¥(T,0) = exp (—/0 G(T)dT> II T <! (11.72)

k=1

and
/ TG (s) r(s)ds > 0 (11.73)
0

then (11.71) has a unique solution z(0) = zg > 0. Furthermore, from (11.70)
and the definition of ¥(t,s) we know that x(t,0,29) is positive. Therefore
vp(t) = 1/x(¢,0, ) is a positive T-periodic solution of circuit (11.65).

11.6.2 Circuit Consisting of Nonlinear IVCCS

Let us study the existence of T-periodic solutions of the first-order SETJ
circuit shown in Fig. 11.7. In this circuit, there is a nonlinear impulsive voltage
control current source (IVCCS) connected in series with the a linear capacitor
C'. Also observe that if Gy > 0 then there is a negative resistor in this circuit.

CGV(KT))

v = -cah) oo

CT_

Fig. 11.7. The circuit block diagram of a first-order nanoelectronic circuit with
impulsive voltage control current source controlled by a clock signal kT, k € N.

Let kT, k € N be the clock signal that control the IVCCS, when ¢t # kT
we have

O% = CGov — CGyv? /7. (11.74)

Let us assume that » > 0 and Gy > 0. Let ¢(¢) be charge in C. When ¢ = kT
we have

Ag =CAv
_ /m CCo(kT)S(T)dt = CG(u(KT)), =
Av = G(v(kT)) (11.75)
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where G € C'[Ry,R] and G(v(kT)) > —v(kT) for v(kT) € R;. The state
equation of this circuit is given by
0= Gov — Gov?Jr,, t#kT,
Av = G(v(kT)), t=kT, keN (11.76)

Let us assume that there are 7' > 0 and ¢ € N such that for t € Ry and
keN

G(t —I-T) = G(t), T‘(t +7T) = T(t)7 Thto =Tk + 1T, Grip = Gy (11.77)

If we use the nanoelectronic circuit (11.76) to represent the state of logic 1,
then we need to find a positive T-periodic solution vp(t) = vr(t,0,v9) of
(11.76) with v7(0) = vo > 0. When ¢ € (0,T] we have

vo
e=Got (1 — e=Gol)yy /7

vp(t) = (11.78)

Since vp(t) is a T-periodic solution, we have the following conditions:

— Yo
e GoT 4 (1 — e~ GoT )y /1’

vr(T) vo = vp(T) + Gur(T)) (11.79)

from which we can find a positive vr(T') by

B ror(T) + rG(vp(T))
~ reGoT 4 (1 —e=CGoT)op(T) + G(up(T))]

vr(T) (11.80)

Then we have the following variational equation with respect to vp(t) and
circuit (11.76):

& = Gox — 2Govr(t)z/r,, t# KT,
_ 0G(vr(kT))

A
. ox ’

t=kT, keN (11.81)

whose multiplier is given by

T
1= exp {/o (Go — 2Gour(t)/r) dt} <1 + %) . (11.82)

Then the existence of a positive T-periodic solution is given by 0 < p < 1.

11.7 Nanoelectronic Circuit Consisting of Nonlinear
IVCCS

Let us study the existence of T-periodic solutions of the second-order SETJ
circuit shown in Fig. 11.8. In this circuit, there is a nonlinear impulsive voltage
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+
'Czi 1
V2
C,l ,cosfut+q)
o
-C,(1+G)V,(1y)

Fig. 11.8. The circuit block diagram of a second-order nanoelectronic circuit with
impulsive voltage control current source.

control current source (IVCCS) connected in series with the a linear capacitor
Cs.
The IVCCS is controlled by impulse moments {7} satisfying

vi(r) =0, keN.

When t # 7, we have

dv
Cld_tl = CIUQ(t)u
d’UQ . .
OQE = —Cyi1 + Caig cos(wt + ). (11.83)

Let us assume that i3 > 0, 32 > 0, w > 0 and ¢ € R is a constant phase. Let
q1(t) and g2(t) be charges in C; and Cs, respectively. When ¢ = 74; namely,
v1(t) = 0, we have

Aql = 01AU1 = 0,

AQQ = C2A'U2
_ / —O(1 + Qs (m)S(m)dt = —Co(1 + Chua(m), =
Avy = 0, Avg = —(1 + G)UQ. (1184)

Let us assume that G € (0,1). The state equation of this circuit is given by

V1 = Vg
{@2 = —i1 + iz cos(wt + @) sur(t) # 0,

Avy =0
{AE =—(1+G)vy ;i (t) = 0. (11.85)

To represent logic 1, let us find a nonnegative T-periodic solution, vy (t) =

(T (t),v¥ ()T, of circuit (11.85). Let us assume that there is only one im-

pulsive in one period and we have the following initial condition
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V1 (0+) =0, 7}2(0+) = vy9 > 0, (11.86)

then for t € (0,7] we have

o (t) = —i1t%/2 + <v20 - %sin(qﬁ)) t+ % cos(¢) — % cos(wt + ¢),
oI (t) = —irt + vao — %Sin(gb) + %sin(wt + ). (11.87)

Since the AC current source is of period 27 /w, then T will have the values of

2
T=m=Z, meN (11.88)
w

Then from (11.86) and (11.87) we have the following conditions for vy (T) =
vr(07):

iWT?/2 = <v20 - %sin(qﬁ)) T,

vl (T) = —iy T + va. (11.89)
From the behavior of the IVCCS we know that

voo = va (TT) =[1 — (1 4+ G)|vd (T) = —Guvd (T). (11.90)
Thus from (11.89) and (11.90) we have the following conditions:
1T

u () =155 (11.91)
TG
V20 = il—F—G7 (11.92)
oo L WwT1l-G ,
igsin(¢p) = —21% £ —iR. (11.93)

To study the stability of vy, we use the following variation system of
circuit (11.85) with respect to vrp:

= @w, t #mT,
A
ar = <(1 + G)(—illli;cgs(@)/v?(T) —10— G> -

B
t=mT, meN (11.94)

The monodromy matrix, M, is given by
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M = (I + B)e” = (‘pG p;CiTG) (11.95)
where
b= (1 +G)2(z’i11; io cos(¢)). (11.96)
Then the multipliers, y1,2, are given by
2+ (2G —pT)p+G*=0. (11.97)

v (t) is asymptotically stable if and only if |u7 2| < 1. If |1 2| < 1, then from
(11.97) we have

0=pu%+(2G — pT)p + G*
< +|(2G = pT)p| + G*
<1+|2G —pT|+G? (11.98)

1+ ﬂ ’
1+G

from which we have

0 < izcos(g) < iy (11.99)

In view (11.93) and (11.99) we have
12
72
R? + [1 + (;—g) ]

which gives the conditions for the asymptotic stability of the T-periodic so-
lution.

lpi2 <1 — <11 <iz/R  (11.100)
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admissible control, 159, 167, 171, 185

— set of, 183

adverb, 231

adverbial, 221, 222, 224
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almost everywhere, 277

almost periodic, 289-306

almost periodic function, 289, 289-290,
294, 303

almost periodic sequence, 289, 289-290,
294

almost periodic solution, 291, 293,
295-299, 302, 305, 306

analytic, 31

asymptotic stability, 42, 44, 46, 49, 70,
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— uniform, 47, 70, 215
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48, 69, 73, 74, 76-78, 82, 86-90, 93,
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Banach space, 258, 261, 267

barrier, 309
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— with respect to part variables, 201,
203, 204

basin of stability, 232, 233, 235

beating phenomenon, IX, 6, 9-11, 68,
71, 76, 99

bijection, 290

block diagram

— circuit, 319

— of a first-order nanoelectronic circuit,

327, 329

— of a second-order nanoelectronic
circuit, 331

— of a second-order SETJ circuit, 324

— of a typical verb control system, 220

— of a typical verb controller, 221
— of an isolated SETJ, 311

Bohr almost periodic, 290 297

Boolean logic, X

boundary, 275, 276

— upper, 49
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254, 261, 262, 275, 276, 278, 291,
292, 294, 297-300, 302-304

— $-equi-, 107, 109

— n-uniformly $-, 107, 111

— t-uniformly $-, 107

— from above, 73, 117, 134, 203

— from below, 73, 77, 117, 134, 138,
203, 204

— uniformly, 23, 262

— uniformly $-, 107

capacitor, 307, 320

— classical, 309

— impulsive, 308, 309

junction, 309, 310, 323

linear, 224, 311, 319, 323, 327, 329,
331

of SETJ junction, 2, 320

— switching, 7

Cauchy matrix, 12, 154, 250, 253, 255,

291, 293, 328
Cayley-Hamilton theorem, 30
center of gravity, 224
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central bank, 2

chaos generator, 18

chaotic attractor, 98, 190, 191, 194,
195, 281, 283, 285

chaotic system, IX, X, 48-52, 190, 193,
225227, 277, 278, 280, 281, 283, 289

— impulsively controlled, 189-194, 281

— nonautonomous, X, 187-197

— uncontrolled, 191, 194, 195, 225

— verb-controlled, 225

characteristic exponent, 239

charge, 2, 307, 308, 310, 319, 324, 328,
329, 331

circuit, 319

— chaotic, 224-226, 228

— Chua’s, 224

— classical electronic, 309

— driven SETJ, 312-315, 317

— driven SETJ electronic, 311

— first-order nanoelectronic, 327-330

— first-order SETJ, 327, 329

— impulsive electronic, 309, 311

— isolated SETJ, 311

— nanoelectronic, X, 289, 307

—— model of, 310

— nanoscale electronic, 2

of SETJ junction, 312, 315

second-order SETJ, 319-323, 327,

330-333

two-coupled driven SETJ, 318

circuit theory

— classical, 307

— impulsive, 308

clock signal, 71, 327, 329

closed form, 316

closed loop system, 229

closed set, 262

closure, XIII, 275, 276

column space, 29

communication system

— chaotic spread-spectrum, VIII

— secure, 48

— spread spectrum, 48

commute matrix, 18, 20, 22

comparison method, IX, 35-70, 155

comparison system, 35-47, 49, 52, 65,
69, 70, 126, 130, 150-153, 156, 157,
160, 161, 164, 165, 168-170, 178-181,
183, 184, 188, 194, 196, 205209,
213217

— multi-, IX, X

— single, IX, X

— vector, IX
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comparison theorem, 69, 163, 217

— classical, 36, 66, 67, 127, 161, 206

complete space, 290

completely stable, 150

— uniformly, 150

componentwise inequality

- =,14

- ja 14

- >, 14

- t7 14

computational verb, 219-235

— center, 221

— collapse map of, 224, 229

— collapse of, 235

— compound, 224

— evolving system of, 229

— firing level of, 223

— focus, 221

— inner system of, 229

— lifetime of, 222

— node, 221

— outer system of, 222, 225

— similarity between, 224

computational verb control system, 219

computational verb system, 219-235

computer, 226, 310

— digital, 222

confluence, 6

continuous control, 2, 3

continuous control system, 18

continuous matrix, 186

contraction, 267, 295, 305

control error, 220-223

— change of, 223

— normalized, 223

control function, 166

control impulse, 20-23, 26, 113, 119,
126, 233, 245, 267

— equidistant, 192, 196

— periodic, 282

control input, 2, 3, 28, 159, 220, 229

— continuous, 2, 3, 126, 139, 312

— continuous additive, 199, 205

— impulsive, 3, 126, 139, 199, 205

control instant, 1, 2, 40

— equidistant, 2

control law, 1-3, 119, 227

— continuous, 3, 27, 29, 86

—— linear, 27

— impulse

—— verb, 235

— impulsive, 3, 93, 216, 217, 242, 277

—— additive, 277, 281

—— equidistant, 48

—— linear, 17, 27, 42, 237, 286

—— proportional, 277, 278, 281

— nonimpulsive, 1

control method, VII, 2

— impulsive, VII

control signal, 27, 219, 222, 224, 225,
232, 235

— almost periodic, X, 297

— impulsive, 237

— periodic, 237

control system, 219

— first-order impulsive, 297

— impulsive

—— first-order linear T-periodic, 255

—— type-I, 287

—— type-III, 312

— linear periodic impulsive, 241

— verb, 219-235

— with impulse effect, VII

control with computational verb, 219

controllability, 168

controllable, 27, 28, 167, 169, 185-187,
286

controlling verb, 219, 222, 224, 228,
229, 233

— adverb modified, 231

conventional electronics, 307

converge, 97, 139, 140, 145, 298

convergence, 81, 85

convex set, 262, 275, 276

countable set, 289

current, 307

DC bias, 312

decreasing, 80, 81, 84

— mono, 176

— mono-, 175

— strictly, 9

derivative, 15, 71, 104, 230

deterministic process, 4

deverbification, 219, 220, 222

device model

— elementary, 307

— impulsive, X

— nanoelectronic, X

difference equation

— linear, 229, 286

differentiable, 268-272

— continuously, 7, 8, 13, 42, 211

differential equation, 4, 7, 210

— with discontinuous righthand sides,
VII



— impulsive, VII, VIII, 1, 2, 4-13, 66,
71, 189, 310, 311

—— T-periodic, 237

—— nth-order, 189

—— first-order, 189

—— linear, 11

—— nonautonomous, 312, 313

—— scalar, 39

- solutlon 7

— impulsive integro-, 208-217

— ordinary, 7, 94

—— linear, 229

—— scalar, 161

— with impulse effect, VII

digit bit, X

digital controller, 71

digital memory, 315

— binary, 315

digital operation, 312

digital technology, 312

dimensionless form, 313

discontinuity, 6, 114, 127, 131, 294, 303

— of first kind, XIV

— of the first kind, 5

distance, 4, 99, 160, 289

drug resistance, 3

Duffing’s oscillator, 195-197

— mpulsively controlled, 195

dynamical system, 4

— chaotic, 48

— continuou-time, 4

— conventional, 4

— discontinuous, 5, 7

— discrete-time, 4

eigenvalue, 18, 19, 22, 48, 89, 125, 238,
239, 241, 242, 245, 299, 300, 302,
306, 320, 325, 326

— largest, 23, 41-43, 48, 50, 87, 88, 90,
121, 122, 291

— smallest, 90

electrical engineer, VIII

electron, 309

electron charge, 311, 319

electron tunneling, 307

electronic device, 308, 309

elementary impulsive device, 308, 309

equi-asymptotically stable, 149

equi-stable, 149

equilibrium point, 112, 219

equipotentially almost periodic,
290294

error signal, 220
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Euclidean norm, 4

eventually practically stable, 150

eventually strongly practically stable,
150

eventually uniformly strongly practi-
cally stable, 150

evolution operator, 4

evolving process, 4

experts’ knowledge, 219

exponentially stable, 24, 75, 248, 255

external force, 187

financial system, 2

finer, 53, 55, 57, 61, 62, 113, 113, 114,
117, 130, 131, 134, 136, 137

— uniformly, 136, 213

finite, 4, 5, 9, 23, 41, 43, 49, 149, 167,
185, 193, 289

first-order approximation, 153

fixed point, 5, 227, 228, 259, 263, 267,
285, 286

fixed point theorem, 295, 305

— Banach’s, 259

fixed-time impulse, IX, 17, 71-118

flow, 5

flux, 307

focus verb, 221

friction coefficient, 283

fundamental matrix, 11, 12, 27, 30, 94,
97, 154, 186, 237, 238, 241, 248, 249

fuzzy, 234

fuzzy control, X

fuzzy system, 219

fuzzy value, 221

global stability, X, 106-112
goal, 1

Grammian matrix, 27

Green’s function, 247, 257, 265
— generalized, 251
Gronwell-Bellman inequality, 91

hit, 6, 9-11, 126, 128, 130, 138-140,
145, 200

homeomorphism, 276

human expert, 219, 225

— verb knowledge of, 232

human natural language, 219

hybrid control system, VII

hyperplane, 273

hypersurface, 5, 6, 271

ICCCS, see impulsive current-controlled
current source
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ICCVS, see impulsive current-
controlled voltage source

ideal model, 307

IF-THEN, 219

IF-THEN rule, 222

— ELSE-rule, 231

— THEN-rule, 231

implicit function theorem, 269, 274

impulse control, VII

impulse effect, 233, 240, 315

impulse generating law

— additive, 279

— equidistant, 18

— nondecreasing, 278, 279

— proportional, 278

impulse interval, 18, 19

impulsive control, 1

impulsive control algorithm

— adaptive, 257, 264

impulsive control system, VII, 1, 68

— linear, 186

—— type-1, 26

—— type-II, 26

— nonlinear, 153

— time-varying, 42

— type-1, 3

type-11, 3, 186

type-111, 3

impulsive controllability, 29

— partial, 29

impulsive controlled currents source,
308

impulsive controlled source, 309, 310

impulsive controlled voltage source, 308

impulsive controller, VIII, IX, 98, 162,
215, 242

impulsive current source, 308, 309

impulsive current-controlled current
source, 308

impulsive current-controlled voltage
source, 309

impulsive dependent source, 308, 309

impulsive devices, 307

impulsive differential equation, 5-7

impulsive effect, VIII, 1, 2, 4, 7, 307

impulsive event, 6, 316-318

impulsive feedback law, 17

impulsive independent source, 308, 309

impulsive integral inequality, 15

impulsive phenomenon, VII

impulsive system

— nonautonomous, 13

impulsive verb control, X

impulsive verb controller, 233

impulsive voltage control current
source, 323, 324, 327, 329, 331

— nonlinear, 329

impulsive voltage source, 308, 309

impulsive voltage-controlled current
source, 308

impulsive voltage-controlled voltage
source, 309

impulsively, 233

impulsively controllable, 27, 32

in parallel, 308, 309

in series, 308, 309, 312, 323, 327, 329,
331

increasing

— monotone, 206, 208

— monotone strictly, XIV

— quasimonotone, 206, 208

— strictly, 9

inductor, 307

— classical, 309

— impulsive, 308, 309

— linear, 224

inequality, 275, 276

infinite, 5, 9, 242

information processing, 18

initial condition, 315-318, 321

initial state, 4, 28

initial value problem, 7

initial voltage, 320

insect, 2

integral curve, 307

integrally positive, 15, 61, 111, 112,
117, 131, 134

interior, 103

interval of continuity, 289

IVCCS, see impulsive voltage-controlled
current source, see impulsive voltage
control current source

IVCVS, see impulsive voltage-controlled
voltage source

Jacobian matrix, 90, 273

jumping condition, 5

jumping operator, 4-7

junction capacitance, 310, 311, 319
junction voltage, 311

Lebesque measure, 145

left-continuous, 36, 66

limit, 14, 21, 22, 26, 53, 66, 68, 77, 87,
89, 94, 97, 99, 121, 123, 124, 135,
138, 154, 156, 178, 210, 260, 291

limit cycle, 243, 245, 315



linear approximation, 94-98

linear control system, 18

— conventional, 27

linear impulsive control, 17-33

linear impulsive control system, 151

linear impulsive system, 169-170

— nonautonomous, 169

linear system, 228

linear verb control system, 228

linearly dependent, 28

linearly independent, 11, 27, 28, 31, 32,
251, 321, 322, 326

linearly independent function, 32

linearly independent solution, 250, 251

— T-periodic, 250

linguistic member, 221

Lipschitz condition, 121, 123-125, 199,
205, 293, 306

locally Lipschitz continuous, 97, 99

locally Lipschitzian, 13, 37, 67, 68, 113,
114, 117, 128-131, 134, 173, 175, 184,
188, 206, 208-210, 213, 275

logarithmic norm, 151, 216, 217

logic 0, 328

logic 1, 328, 330, 331

logic operation, 312, 328

look-up table, 232

Lorenz system, 48-51

— impulsively controlled, 48

lower bound, 33

lower solution, 14, 276, 278

Lyapunov function, 15, 41, 43, 65, 85,
92, 191, 194, 196, 216, 217, 230

— vector, 65

Lyapunov second method, 71-85, 118

Lyapunov’s Theorem, 230

machine intelligence, 219

manifold, 4, 7

market, 2

mathematical induction, 32, 45, 59, 63,
64, 80, 83, 127, 153

mathematical model, 4

matrix

— negative definite, 90

— positive definite, 41, 42

— self adjoint, 42

— symmetric, 41

matrix function, 11, 27

— continuous, 23

maximal interval of existence, 9

maximal solution, 36, 36, 38, 66, 67,
69, 127, 128, 130, 151, 157, 161-163,
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165, 167, 171-173, 177, 179, 184, 185,
188, 206, 207, 210, 211

— left, 209

— right, 209

measurable, 15, 57, 145

measuring accuracy, 149

mechanical angle, 283

mechanical system, VII

— with impact, VII, VIII, 2

mechanics

— classical, 4

membership function, 221

membership value, 223

memory state, 315

memristor, 307

— classical, 309

— impulsive, 308, 309

metric space, 4

microelectronics, X

minimal solution, 36

minimum shock, 235

modern control theory, VII

moment of inertia, 283

money, 2

monodromy matrix, 238, 241, 248, 253,
269, 273, 299, 332

monotone strictly increasing, XIV

motor current, 283

multicomparison system, 66, 65-70,
170-187

multiplier, 239, 239, 240-243, 248, 255,
272-274, 321, 325, 327, 329, 330, 333

— simple, 240, 273

nanodevice, VIII, X, 3, 310

nanoelectronic device, VIII, 307

— with impulse effect, 307

— with impulse effects, 307

nanoelectronics, X, 237, 307-333

natural enemy, 2

neighborhood, 9, 74, 99, 104, 121, 122,
286

neuron, 18

node verb, 221

non-singular, 237-239, 247, 248

non-trivial, 239, 242, 245, 247, 248, 270,
302, 325, 326

nonautonomous system, X, 17

nondecreasing, 14, 35, 36, 40, 53, 66,
68, 127, 130, 150, 152, 156, 160-163,
166, 170, 171, 176, 178, 184, 188,
210, 215, 277-279

— quasimonotone, 14, 66, 170, 171, 175,
176, 184, 276
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nonincreasing, 37, 45, 46, 58, 72, 77,
114, 118, 127, 128, 130, 131, 135,

137-139, 145, 201, 202, 210, 211, 213,

277

nonlinear impulsive voltage control
current source, 331

nonlinearity, 86

nonnegative function, 257, 258, 265

nonsingular, 18, 22, 28, 96, 249-252,
269

norm, 258, 261, 267, 294, 303

normalized fundamental matrix, 246,
320

observing verb, 219, 219, 223, 224, 228,
229

ODE, see ordinary differential equation

open set, 7, 10

open subset, 205

operator, 258, 259, 262, 267, 294, 303

optimal control, VII

— impulsive, X

orbit, 5, 160

— periodic, 315

ordered set, 4

outer system, 219, 224

output, 1, 3, 17, 40, 219, 220, 222-225,
229

parameter drift, 256, 257, 264, 267, 269,
271

parameter perturbation, 257, 264, 267,
269, 271

— method, 286

partial stability, X, 199-208

partially stable, 200, 201, 204, 207

— uniformly, 200, 201, 208

— uniformly asymptotically, 208

periodic motion, 280

periodic signal, 315

periodic solution, X, 237-287, 312

- pT-, 239

— nontrivial, 266

periodic trajectory

— target, 286

— unstable, 285

phase, 315, 331

phase shift, 314, 315

phase space, 4, 7

phase state, 112

physical system, 2

piecewise continuous, 5, 15, 114, 119,
169

piecewise linear function, 190, 193, 280

plant, VIII, 2, 3, 17, 18, 40, 86, 98, 113,
119, 219, 220, 222, 229, 231-233, 235

— chaotic, 98

— conventional, 1

— example of, 2

— impulsive, 1, 312

— linear, 237

— natural period of, 1

— nonimpulsive, 1

— periodic, X

— time constant of, 1

— uncontrolled, 126, 139, 199, 205

Poincaré map, 285

Poincaré section, 278, 282

polynomial

— nth-order, 30

— characteristic, 30

population, 2

positive definite function, 76, 78, 81

positive definite matrix, 230

— symmetric, 90

positive function

— bounded, 293

positive solution, 329

power, 239

— minimum, 235

power system, 232

practical stability, 156

practical quasi-stability, 155

practical stability, X, 149-197, 217
— of a prescribed solutlon 160

— of an invariant set, 160

— of conditionally invariant set, 160

— orbital, 160

— partial, 160

— property of, 151, 164, 174, 217
— standard, 160

practical stablhty in terms of two
measures, 159

practically asymptotically stable, 150

practically quasi-stable, 157

practically quasistable, 150, 165

practically stable, 150, 152-159, 168,
169, 174, 175, 177, 179, 180, 184,
185, 187, 189, 191-193

— contracting uniformly, 181

— strongly, 154, 157, 175

practically unstable, 150

predator-prey system, VIII

proper continuation, 9

pseudoimpulsive, 232

pulse phenomenon, 6

pump, 312



pump signal, 316
pump source, 313

quantum effect, VIII

quantum mechanical effect, X

quantum mechanics, 311

quasiequicontinuous, 261, 263

quasimonotonically increasing, 68, 178

quasipractically stable, 175

qusi-equi asymptotically stable, 149

— in the large, 149

qusi-uniformly asymptotically stable,
149

— in the large, 150

Rossler system, 277-279

— impulsively controlled, 277

rank, 32

— full, 33

Rayleigh principle, 230

real canonical form, 25, 26, 89

reasoning flow chart, VIII, 69

reference signal, 219, 220

reference system, 24, 86, 119, 154, 257,
265, 268, 270, 271, 290, 293, 328

relatively compact, 261

relatively dense, 289-291

relatively dense set, 294, 304

resistor, 307, 312

— linear, 224

— negative, 224, 329

return map, 315, 316, 318

root, 320

rotor teeth, 283

sampling interval, 222

saving rate, 2

scalar product, 4

secure communication, XI
sensor, 149

sequence, 80, 81, 84, 85, 103, 289
set

— compact, 99

SETJ, 307, 319

signum function, 279

similar, 238

similarity criteria, 222

single electron tunneling junction, 309
single-electron tunneling junction
— driven, see SETJ

sinusoidal pump, 311

sinusoidal voltage source, 312
slope, 317

smooth, 275, 276
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spacecraft, VII, 2

spectral radius, 19

spread spectrum communication, XI

stability, 44, 46, 69, 79, 82, 85, 123

— contracting practical, 180

stability in terms of two measures,
112-118, 213-216

— practical, 159-169

stability of integro-differential impulsive
control systems, X, 199

stability of set, 98-112

stability property, 213

stable, 3840, 45, 69, 70, 72, 74, 76, 78,
80, 82, 83, 85, 95, 96, 108, 213, 216,
240, 242, 256, 286

— contracting practically, 179-181

stable initial condition line, 242,
243-245

stable region, 231

stable set, 100, 101, 103

state equation, 319, 331

state space, 4

state transition matrix, 12, 20, 24, 86,
96, 120

state variable, 1, 2, 4, 17, 187, 233, 267,
269, 271, 310-312, 319

— change of, 187

— changeable, 2

stepping motor, 112, 282-286

— control of, X

— two-phase hybrid, 282

straight line, 317, 318

strongly practical stability, 157, 175

strongly practically stable, 150, 157,
184

strongly uniformly practically stable,
150

subsequence, 103

switching set, 4-7, 271

switching surface, 9, 10, 14, 76, 77, 79,
80, 83, 85, 126, 128, 130, 138-140,
145, 200, 269

symmetric matrix, 230

system fault, 232, 233

target point, 98
target set, 7, 98
term-set, 221
terminal condition, 29
terminal state, 28
threshold, 225
time-invariant, 123
torque, 283
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TPL, 312

trajectory, 5, 6

— chaotic, 286

transformation, 186, 239, 240, 296, 303,
305

— linear, 32, 272

trivial solution, 19, 20, 3740, 44, 46,
47, 49, 53, 56, 59, 64, 68-70, 72-80,
82, 85, 130-132, 134, 135, 149,
179-181, 202-204, 207, 208, 213-217,
287

tunnel, 309

tunnel phase logic, see TPL

tunneling effect, 307, 311

tunneling event, 308, 313, 315, 319,
322-324

tunneling voltage, 311

unbounded, 254

uniform, 22, 26, 87, 121, 123, 124, 291,
293

uniform property, 75

uniform stability, 47, 70

uniformly, 75, 258

uniformly asymptotically stable, 149

uniformly continuous, 61, 114, 132, 294

uniformly convergent sequence, 260

uniformly globally asymptotically
stable, 107

uniformly practically asymptotically
stable, 150

uniformly practically quasistable, 150

uniformly practically stable, 150, 158,
181

uniformly stable, 38, 46, 47, 70, 72, 95,
139, 144, 145, 149, 202, 208, 214

uniformly stable set, 100, 102, 105

unit step function, 284

universe of discourse, 220, 221, 223

unstable, 18, 150, 241, 255

upper solution, 15, 276

Van-der-Pol oscillator, 233-234
variation system, 332
variational equation, 286, 330
verb

— center, 221

— simple, 221

verb collapse, 219, 222

verb control, 219

verb control rule, 219, 229, 231, 232
verb control system

— linear, 230

verb controller, 220, 222, 224, 225
verb inference engine, 219, 220, 222
verb inference rule, 222

verb logic, 229

verb reasoning, 222

verb recognition, 219

verb rule, 221, 222, 224

verb rule base, 219

verb similarity test, 222

verb singleton, 222

verb statement, 229
verbification, 219, 220, 223
verbification rule, 223

— symmetric, 223

verbify, 219, 221

verification

— block of, 223

voltage, 307, 309, 319

— of junction capacitor, 310
voltage source

- DC, 311, 312

weakly ho-decrescent, 57, 61, 113, 113,
114, 117, 130, 131, 134
weighting operator, 224

zero matrix, 32
zero solution, 71, 86—89, 120-125
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